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M. A. SINBEL! 
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Cairo, Egypt 


Boundary-Layer Solution for a Flow in a 
Diverging Passage Having a Swirl Component 


In this paper a solution is given to estimate the boundary-layer thickness owing to 
translational and rotational motion. The solution is an attempt to derive the boundary- 
layer equations when the main stream possesses both swirl and axial velocity. The de- 


velopment of the boundary layer in a conical duct is influenced by centrifugal action in 
addition to the pressure and viscous forces. The boundary-layer momentum integral 
equations are derived and presented herein for a set of spherical polar co-ordinates. The 
solution has been carried out for laminar flow. A turbulent form of the solution can be 
obtained by the introduction of the mixing-length theory. A numerical solution is car- 


Derivation of the Equations 
HE equations of steady motion of a viscous fluid 
which flows symmetrically with respect to the axis @ = 0 are in 
spherical polar co-ordinates 


ou v du u v? 1 ( op ) 
u— + — = 
oR R 6 R R p \OR 
(v: 2u 2 oa 2v cot 6 (1) 
and 
ow v Ow uw uw cot 6 


oR R R 


where 
R = distance of a point from origin which is taken at the ver- 
tex of the cone 
6 = angle which radius vector makes with axis 
u = radial velocity 
v = component of velocity in axial plane perpendicular to R 
w = component of velocity perpendicular to axial planes 
p = pressure 
p = density 
vy = kinematic viscosity 


and the pressure is given by 


Cc? 
const (3) 


p R? sin? 6 


therefore 


1 Lecturer, Faculty of Engineering, Ain Shams University, Ab- 
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Discussion of this paper should be addressed to the Secretary, 
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Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Applied Mechanics 
Division, December 9, 1957. Paper No. 59—APMW-14. 
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ried out to make a comparison between the estimated and actual measured values. 


1 Op 
tee = (4) 
p OR sin? 6 

If the boundary layer is thin compared with R some terms may 
be neglected, as shown by Taylor, and the approximate forms are 


ou 4 v Ou 4 w? v 5) 
“OR RO” Rsint6 oe 

ow v ow uw vy 
u— — + — — (6) 

oR R 00 R R* 

The full equation of continuity is 

ou 1 ov 
+ + = (0 (7) 


ok R 2 


From the equations of motion (5) and (6) in which the boundary 
layer is assumed to have a definite thickness 6, variations in sin 0 
in the boundary layer may be neglected and sin # taken as sin @ 
(5) then becomes 


ou v Ou 
—- — — 
fo R 20 d 
+ ( 10 [3 8) 
R* sin? 6 ~ R* 20 jena 


From the equation of continuity 


v ou 1 du 2u? 


In the present problem at 6 = a, u = 0; andat 6 = a — 6/R, 
u =U. 
Again from the equation of continuity (7) 


(x + 2u) = (v)a—3/R (10) 


a—é/R 


From (8) and (10) 
v ou Ou 
= 2 
R? | |... fe aR d6 
u? Cc w? 
f R o+f =) 


U aad ( ou 
R + +2u) a9 (11) 
R oR 
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This may thus be called the longitudinal momentum integral. 
In the same way, the transverse momentum integral obtained 
from (6) is 


v Ow 


Using the equation of continuity (7), therefore 


v 1 e ou 2uw 


From the boundary conditions at 6 = a, wo = 0; and at 
6 = a — 6/R, 


Cc 
(vw)a-s/R = Rana’ V)a-38/R 
v ow 


ou 2uw 
+ ao (13) 


Substituting (13) for the second term in (12), 


v ow 
(3),..-2 — ao +f 


Cc a 
(n> oR + 2u) 


These longitudinal and transverse momentum integrals pertain 
to a laminar boundary layer in which du/dt is zero. In a turbu- 
lent boundary layer du/Odt is not zero, although it may be repre- 
sented by the stress to which it gives rise. Accordingly, a new 
term proportional to the square of the velocity gradient in the 
longitudinal and transverse directions is introduced. The factor 
of proportionality is called the mixing length similar to Prandtl’s 
definition of mixing length. The mixing length in a turbulent 
flow represents a value proportional to the motion of molar volume 
of fluid across the direction of basic flow. 

The formula r = pl*(du/dy)* was first given by Prandtl in his 
theory of the mixing length, assuming a special kind of mechanism 
for the turbulent exchange of momentum. According to Prandtl, 
in the case when the shearing stress across the boundary layer is 
constant, the mixing length is determined by the distance from 
the wall. As a first approximation, he assumed the mixing length 
simply to be proportional to this distance. Here u denotes the 
resultant velocity and the expression is not applicable to its com- 
ponents. In Cartesian co-ordinates the shear stress, in the case 
of turbulent boundary layers, consists of two terms (the mean 
value of viscous stress plus the apparent shearing stress due to 


turbulence) 
Un 


The first term is important only for the very small distance from 
the boundary. In the same way the left-hand side of equations 
(11) and (14) is adjusted; the first (v/R*)(0u/00)9 = becomes, 
adding the apparent shear stress due to turbulence, 


4 E [» a (3) | 
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w? 
+{ 


R ( or 


The left-hand side of equation (14) becomes, after adding the 
apparent shear stress due to turbulence, 


+5 (3 ‘| 
206" & \ 00 
Therefore 


ou 
9 


Equations (15) and (16), by assuming a suitable form for the 
distribution of velocity through the boundary layer, are 


u 


sin @ 
where f() is assumed here to take a quadric form 


S(n) = an + by? + + dn! 


Also 

R sin @ an 

where 
¢(n) = a’'n + + c'n® + 

and 

R(a — 


and varies from 0 to 1 through the boundary layer. 

The boundary conditions are u = w = 0, at 6 = a, ie., at n = 
0, and 

Cc Ou ow 
u=U, w= —_, —= 

R sin a’ 
at 0 = (a — 46)/R, i.e., at n = 

The two variables E and 6 determine the boundary layer at any 
point so that F and 6 are functions of R only and can be deter- 
mined by using the momentum integrals (15) and (16). 

The values of 0u/OR and 0(uw)/OR which occur in the momen- 
tum integrals must be expressed first in terms of the variables 6, 
E, and n, hence 


2), 
sin @ R dR R? 


d 
n an ve) 


E R d 
3) 
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ou u? 
(12) 
E(,_R of 
+ Re (: 5 
and 
oR sin? @ fe R? OR R 


Before these values are inserted in the momentum integrals, the | Now equation (17) becomes 


variable of integration is changed from d@ to —(6/R)dn, with 
the boundary conditions at 7 = 0,f = 0,andatyn=1,f=1, ER, + _C_ | de! ( 
on dn 


1, 
therefore [= E? db,* | 


v sin a | dn 


dR, dR, 


1 df 1 
nf 
0 0 
ff fin + fod | (19) 
0 0 


Also 
f d 1 In the same way equation (18) becomes 
n (fe)dn = 1 -f fedn 
dn df C | df! df 
and dn v sin a |dn "dn 
1 1 dE? E? E* 
d 
1 (= E? db, 
The right-hand side of equation (16) becomes R. ( f ¢ ") /s f fdn aR, 4 3? ae, )| 
dE 
= — — (20) 
| ad ak 
Now the particular forms of f and ¢ have to be considered 
R sin? ad? dR Jy R sin? ad dR = + by 
3 4 5 Jo 
+ i a b d 
R sin? ad? += =G 
- 3 4 0 
and equation (16) itself becomes a? ab 4 2ac ad 
_ prsina Pm (2 5 3 
Cc dn 6? \ dn 2bd + c? cd ad 
+ +—+—e#h 


f fedn — sin) 
a” 4 + b’? + 2a’c’ a'd’ + 
(x — 4+ ) (17) Jo 3 2 3 


dR 6? dR + 
+ +—— 4 


= M 
Now considering the equation (15) in the same way 7 4 9 
v sin @ ( df aa’ 4 ab’ + bb’ + ac’ + a'e 
& \adn 4 5 
4 ad’ + a'd + be’ + bie, bd’ + + 
R? 0 dR 26? dR 6 7 
R dk? E*R cd'+c'd dd’ 
+ *dn + fd + (18 4 + 
2 dR 262 dR i} 8 9 
To reduce (17) and (18) to nondimensional form, the length along df 
the generator from the vertex to the point at which the boundary dn Oot Re tay + oy 


layer may be supposed to start may be taken as Ro. The nondi- 
mensional variables are then 


R, = df _ 


5 6 ( Cc dn 
\v sin a dg 


=a’ + 2b'n + + 


L? = [?/§? 


As stated by Prandtl,’ since the sign of du/dy and the sign of r 
are required to change together, the formula connecting stress dy 


with velocity gradient is better written as in =a 
du 

T= ot | l Putting df/dyn at » = any value from 0 to 1 = n and dg/dyn = 

: dy m, n varies from a to a + 2b + 3c + 4d as 9 varies from 0 to 1; 


7 : : m varies from a’ to a’ + 2b’ + 3c’ + 4d’ as 7 varies from 0 to 1. 


? Prandtl, ‘‘Aerodynamic Theory,” vol. 3, Springer, Berlin, 1935, : i ‘ 
p. 130. At the wall, the ratio of df/dn to dg/dn is equal to E. 
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Equation (19) becomes 


—ER; [ 


dE? E? 
= ry + — (20s 
Equation (20) becomes 
dk, \h-G E' dR, 
~h—-G (h-G)E R, 
2n 
From (20a) and (20b) 
dk, Rr, AR, 
n(N G) J, + EL, (nta)t 
v sin @ 
+ 2h h(N — G) 
—mh—-—G J - 
h 41+ — (mIz) 
vy sin 
(20c) 


h(N — G) 


It was found experimentally that the term for the shear stress 
resulting from laminar flow is negligible compared to the turbu- 
lent stress except at the wall, so that equations (20b) and (20c) 
can be put in the form 


dk, AR, 
Cc Cc 
v su 1a sin @ 
MN — G) 
(20d) 
and 
= 5,2 dE? db, 
2m — = \ 
"sa t*a ™ 


since L, is in the direction of the radial motion and Zy in the direc- 
tion of the whirl motion. Therefore 


Lh 
la 


The values of LZ, and J, are equal also at the wall n/m = E for 
the special case when f(4) = ¢(7). 
Introducing these relations in equations (20d) and (20e), 


dh, AR, 
E — (1/E?) 
= n? L,? (20f) 
and 
2 _ “Sina E(h — G) ( aE* d6,* 
2n*R, adr, ar.) 00) 


480 / vecemBeR 1959 


Check With Taylor's and Binnie’s Work 
Before solving the two equations (20b) and (20c), a check is 
made with the work done by Binnie and Harris in their solution 
for the boundary layer for swirling liquid flow through a nozzle. 
Binnie assumed the same function for both the radial velocity 
u and the component of the velocity perpendicular to the axial 
planes; i.e., 


= G(R)¢(n) 


Cc 


R sin a 
where he assumes ¢(7) to take either the form ¢(n) = 2n — * or 
= 2n — 2n* + nf. 
From our assumption that u and w take the forms 


sin @ fin) 

and 
(n) 


we notice that to reduce our formula to those given by Binnie 


Sin) = ¢(n) also 
CE 
= GR 
R sin a 
i.e., 
Binnie gives another function 
1 Op 
F(R) = — . 
p OR 
therefore 
"2 
F(R) = 
(%) R sin? 


In reducing his formula to the nondimensional form, Binnie as- 
sumes two other functions: 


f(R,) = F(R) sin? 
and g(R;) = G(R) mine 
Therefore 
R sin @ 
E= 
ahs) Rosina C 
dE* 
“aR, = + 2Rig? 
f i C? sin? 1 
g g C? 


We now employ the functions assumed by Binnie for the ex- 
pressions for g with the particular form of ¢ = 2n — n° 


1 1 d 
[ean = 053, [ean = 05, =2 
0 0 dn Jn=0 


Binnie considered the laminar case only, so the terms in equations 
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(20a) and (20b) which contain the mixing length are omitted; 


hence 


om 6,2 dE? 
(h—-G) E aR, dR, 
and 
= 
db,* 2h 2(1 — M) 6: 
+ OR, h-G (h-G)E R, 


man=(%) 2 


for Binnie’s assumption 


1 1 1 
h= = =N = sean 
1 1 
fy sen =f gdyn = 0.6 


The first equation reduces to 


0.13462 dR, R, 26,7 dR, 6," 
which is the equation given by Binnie. 
The second equation reduces to 
30 g dg g 18f 
6,2 6b; a dR, dR, R g 


which is the second equation given by Binnie. 
In another case he replaced the velocity distribution by another 
form 


ee - 


His two equations were of the form 


1702 db? dg 
+5 
26% dR, dR, R, 
: ( 2 fi 2 
6,? 6,2 dR, dR, g 


Taylor considered the case with pure swirl. His two functions 


for the velocity distributions were 


fin) = 9 + 


and 


Station 2 
6 (experimental)em......... 1.3 
0.2979 


0.613 

‘(calculated ), em.. 1.6283 
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Table 1 Numerical solution (10° 14’ cone) 


= 2n — 


His two equations were of the form 


_ _ 98 2E* 330E*R, 
dR, 
49E6,* 
— (B38) «= = 


Note on Experimental Procedure 


Generation of Swirl. Two methods were used for introducing 
swirl at the entry: 

(a) Swirl introduced by a spiral case, the side wall of which 
was a logarithmic spiral of 10 deg spiral angle. The width of the 
case was 5 in. and the diameter of the throat was 5.63 in. A bell- 
mouth made of wax was fitted at the entrance to the diffuser, 
which improved the flow considerably. The spiral case was 
bolted directly to the working section without any length in 
between. 

(b) Swirl introduced by a set of 16 stationary guide vanes 
made of thin sheet brass '/;, in. thick. The sheet was rolled to a 
suitable radius of 3.2025 in. The vanes are 1.83 in. long, having 
a chord of 3.25 in. and an angle of twist of 20 deg. The blades 
are set radially at the entry on an outside radius of 9in. They 
are fitted on a wooden board and can be set at any convenient 
angle. A bellmouth, made of wax, is screwed to the wooden 
board, Fig. l(a). 

Measuring Instruments. ‘Two cones having a concluded angle of 
10° 14’ for the first cone and 14° 14’ for the second, are used for 
the experiment. In the first cone, traverses were taken at posi- 
tions 2, 4, 6, and 8, corresponding to distances from the apex of 
the cone equal to 76.9, 86.1, 95.1, 104.8, and 114.4cm, respectively. 

The diameters of the ends of the test sections were 12 and 6 in., 
downstream; the 12-in. end carried a flange joined to a 12-in. pipe 
leading to a fan. For velocity measurements, a pitot cylinder 
together with a static tube was used. For readings near the wall, 
a hot-wire anemometer was used, Fig. 1(b). 

The pitot cylinder was used for the total-head measurements. 
It also gave the direction of the flow. It was of the so-called 
cantilevered cylinder form in which the pressure holes are near 
the end of a protruding cylinder. The cylinder had an outside 
diameter of '/,in. The two holes had an included angle of 80 deg. 
The cylinder was calibrated in a wind tunnel against a standard 
pitot tube. The accuracy of the instrument is about '/, deg on 
angle and 1 per cent on velocity. The air direction in the two- 
dimensional case is assumed to be along the axis. The direction 
of rotation, when swirl is introduced, is read off an angle scale. 

The coefficient of the 80-deg tube is taken to be 1. 

A Prandtl static tube is used for measuring the static head. 
The head of the tube, which is introduced in the air current is bent 


4 6 8 
1.3 1.9 2.3 
0.2907 0.3294 0.315 
3.5431 32.9487 2. 99: 


7034 0.7784 


0.8624 


0.084 .072 
2.6601 2.1404 1.7777 
0.722 0.833 0.94 
0.014022 0.020976 0.023022 
4.2544 5.3778 5.671 
1.5028 1.78 1.7917 
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t 
aa 
= 
= 
(experimental)........... 13.9472 l 
1 
= ical)..... 0.777 7 
h I, (graphical) 0.777 0 0.7509 
1 
G= f, Sdn(graphical)..... 0.873 0.7974 0.8229 
on 
AF 


Fig. 1(¢) Stationary guide vanes for introduction of swirl 


at right angles to face the stream and terminates in a conical plug. 
This form of head deflects the air only slightly and, at a short dis- 
tance back from the end (3 em), where the flow is once more 
sensibly parallel to the tube, four small holes are drilled. The tube 
has an outside diameter of 4 mm. 

It was not possible to take the readings within 5-mm distance 
from the wall because of the size of the static tube. A hot-wire 
anemometer was used mainly for the readings in that region and 
to check to readings obtained by the afore-mentioned instruments. 
A variable inclination manometer was used after being calibrated 
against a micromanometer. 

The Hot-Wire Anemometer. ‘The two ends of a platinum wire, 1 em 
long and 0.003 in. diam, are joined to two manganin supports by 
means of very thin locating screws. The two supports are fixed 
to an ebonite rod which in turn is fixed to a micrometer traversing 
unit having a protractor and a pointer fitted to it. Before use, 
wires were annealed by passing a current through them sufficient 
to raise their temperature to red heat for some hours. The wire is 
then calibrated in a jet of air which passes through an orifice of 
2-in. diam. The wire is calibrated in the center of the jet against 
a standard pitot tube. When the hot wire is used for measure- 
ments in swirling flow, it has not been used asa yawmeter. The 
direction was given by the pitot cylinder. It was possible to ad- 
just the distance between the wire and the wall down to 0.005 in. 

Method of Numerical Solution. The velocity distributions for the 
radial component and the perpendicular component are deter- 
mined experimentally. A curve is drawn for u and w against 
where 


Fig. 1(b) Hot-wire anemometer and setup of experi 


n= (a-8) 


7 varies from 0 to 1 through the boundary layer. The velocity is 
measured at the following positions of 7: 7 = 0, 0.2, 0.4, 0.6, 0.8, 
and 1.0. 

An average value for E is taken through the boundary layer 
and it is assumed to be constant for every particular section. The 
nondimensional value for L (the ratio of the mixing length and the 
boundary-layer thickness 6) is determined semiempirically from 
equation (20f) as follows: 


(a) From the radial and tangential-velocity distributions an 
estimate can be made for the translational boundary-layer thick- 
ness 6. The radial-velocity distribution curves showed a definite 
point of inflection at the edge of the boundary layer as seen in Fig. 
2(a). The tangential-velocity curves showed a change to the 
free-vortex shape, Fig. 2(b). Thus the experimental value for the 
nondimensional boundary-layer thickness 6 is calculated from 


Table 2 Numerical solution (14° 14’) 


Station 2 


6 (experimental), em.... 2.5 
C,m perece........... ©.2381 
6,7 (experimental)...... 59.8562 


h= % (graphical) 


G = fj; graphical). 
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2.6 
0.2435 
63.8161 


0.6349 


0.7407 


0. 1055 
3.6873 
0.7093 
0.0388 
8.9604 
2.9163 


0.5761 


0.6941 


0.118 
2.8309 
0.8639 
0.0575 
13.077 
4.3636 
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wk 
| 
= 4 = 
| 
{ 
3 4 5 6 
3.2 3.5 3.8 
0.2310 0).2277 0.2796 
92.281 109.0116 156.5201 
0.5583 0.536 0.6416 
0.6588 0.67 | 0.7396 
2.9078 2 2073 
0.7879 0.9423 
0.0514 0.0601 
11.76 12.375 
6 (calculated), em....... 2.2824 3.9174 3.7387 


vew METRES/SEC 


vsina 


a = half the angle of the cone 5° 7’ for the first cone, and 7° 7’ for 
the second cone; C is the vortex constant. An average value for 
C is assumed for every section. 

(b) The constants G, h, M, and N were obtained graphically by 
plotting the curves u/U, 1 — (u/U), and (u/U)[1 — (u/U)} 
against y/6. h = = Sfdn. G isthe ratio of the areas 
under the momentum-thickness curve to the area under the dis- 
placement thickness curve. G — his the area under the momen- 
tum-thickness curves. 

(c) (dE*)/(dR;) is determined graphically from Fig. 3. 

(d) (db,2E/(dR,) is determined graphically in a similar way as 
(dE*)/(dR;) by plotting 6,? against R,;. Therefore 


« [= -® sina) 
2R, Cc dR, 


E(h — G) sin , 
+ OR, ( =| 


from which L?n? is calculated, 
The experimental value of L*n? is introduced in equation (20g) 
and is calculated. 


Conclusion 


The following conclusions can be drawn from the analysis of 
the three-dimensional solution and a comparison of the numerical 
results for the turbulent boundary layer. 


1 It is possible to generalize the velocities in the boundary 
layer by use of two characteristic quantities 6, and Z, where 6, is 
the nondimensional boundary-layer thickness and £ is given by 
the deviation of direction of the surface drag from that of the pres- 
sure gradient. 

2 The three-dimensional boundary-layer equations can take 
any form (hyperbolic, parabolic, and so on), depending on the 
shape of the velocity profiles in the boundary layer. 

3 When the velocity distributions were plotted on a logarith- 
mic scale it was noticed that the readings of the hot-wire ane- 
mometer were not sensitive in the 1-mm from-the-wall region. 
This can be accounted for by shifting the origin 1 mm from the 
wall or by assuming a suitable value for the stress at the wall 
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Lo 
Logarithmic plot of velocity distributions 
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’ Logarithmic plot of distribution i = aaa 

2 s 20 
Yous 
3 
rT) 

+ + ++ + 
| 
| | | 
4-4 

! 
Fig.3 Experimental & against 


which gives rise to a value of the velocity at 1 mm near enough to 
the experimental value. 

4 The semiempirical solution of the three-dimensional equa- 
tions shows a fair quantitative agreement with the experimental 
values. 
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Slow Rotatory Motion of a Circular 


Disk About One of Its 
Diameters in a Viscous Fluid 


An analytic solution is presented for the case when a rigid circular plate is made 


to rotate about a diameter in its plane, in an infinite mass of viscous fluid. Formulas 
are derived for the velocity components, pressure, and the couple experienced by the 


disk. 


Sai INVESTIGATIONS regarding the motion set up in 
an infinite mass of viscous fluid when a circular disk is being 
translated edgewise as well as broadside-on have been made as a 
limiting case to the motion of an oblate spheroid [1].2 The case 
of a steady rotation about its normal axis has been studied by 
Jeffery {2} as a limit to the case of an oblate spheroid rotating 
about its major axis. Jeffery, however, outlined an independent 
approach in terms of certain dual integral equations for this par- 
ticular mode of motion of the disk but could not give a complete 
analysis. These integral equations are a special case of the in- 
tegral equations which have been discussed subsequently by 
Titchmarsh [3] and Busbridge [4]. It is a matter of simple 
verification that all the afore-mentioned three modes of motion 
of the disk can be solved by the use of the dual integral equations 
as pointed out by Jeffery for the case of one of these modes of 
motion. In fact, Gupta [5] has recently discussed the case of its 
broadside-on translation by this method. 

There is a fourth mode of motion of the disk; namely, its steady 
rotation about a diameter in its plane. This case does not appear 
to have been discussed so far. The reason apparently is that it 
cannot be analyzed as a limiting process to the motion of an 
oblate spheroid. The purpose of this paper is to provide a solu- 
tion for this case by the use of the integral equations mentioned 
previously. The accuracy of our results has been checked by em- 
ploying certain limit processes to the solution of the corresponding 
problem in elastostaties recently solved by Bycroft [6]. 


Equations of Motion and Their Solution 


After neglecting the second-order terms, the Navier-Stokes 
equations governing the steady flow of a viscous fluid in cylindri- 


eal co-ordinates are [7] 


u 2 ov op 
(v r? r? 00 ) or’ 1) 
v2 + 2 Ou v 4 L Op (2 
r? 06 260’ 2) 


1 This work was sponsored by the U. S. Army under Contract No. 
DA-11-022-OR D-2059 with the University of Wisconsin. 
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op 
. 3 
(3) 


vv = 


The equation of continuity is 


ow 
u we 


4 
r o6 dz (4) 


From the equations (1-4) we get after some appropriate dif- 
ferentiation and addition 


Vp = 0, (5) 
where 
1 oO 1 
2 = - + 4 6 
or? or OF r? Of? (6) 
The appropriate stresses required in the analysis are 
»,, 
Ou ow 
= + 7 
Sr ) (7) 


Pos = 


The disk coincides with the plane z = 0. In view of the sym- 
metry it will be sufficient to consider the region above the disk; 
i.e., the region z > 0. 

Let us start with finding an appropriate solution of equation 
(5). The solution is to be such that (a) it vanishes at infinity; 
(b) it is equal but opposite in sign at a point (r, 6 + 7, z) to that 
at the pomt (r, 8, z). We may therefore put 

p = 2pa*B(a)F(r)e—@ sin 8, (8) 


where B(a) is a constant. The reason for the constant 2ua? ap- 
pearing in (8) will become clear shortly. Equation (5) then be- 


comes 
The required solution of this equation is 
F = J,(ar). (10) 
Thus from (8) we get 
p = sin 8. (11) 
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a 

4 

at 

1 Ow + ov 

ae 

aA 

; 


Putting this value of p in equation (3), we see that w is given by 
the relation 

= sin 0, (12) 
Its complementary solution is found, as before, to be 
w = aA(aje~“*J,(ar) sin 8, (13) 
while the particular solution is, as can be easily verified, 
w = [a@B(a) + sin 8, (14) 

Thus the complete solution for w is 
w = [@A(a) + aBla) + sin 0. 


In order to find the complementary solutions of equations (1) 
and (2) we put 


(15) 


u = —A(aje~* sin 6, 


dg(r) 
or 


v= cos 8, 


and find as above that 
g(r) = 
Similarly the particular solutions of (1) and (2) are, respectively, 


v = —aB(a)ze~** Jar) 
r 


Thus the complete solutions for u and v are 


wWi(ar) 
or 


u = —[A(a) + aB(a)zle~@ sin 0, 


v = —[A(a) + aB(a)zle~™* cos 


The constants appearing in the relations (8), (15), and (18) have 
been so adjusted as to satisfy the equation of continuity (4). 

In view of the symmetry of the problem and the fact that the 
fluid is viscous, we require that u = 0 = v in the plane of the disk; 
ie.,z = 0. This gives A = 0 and we have finally 


sin 0, (19) 


u= i 


as J\(ar) 


v = —aB(a)ze~ cos 8, (20) 


w = [aB(a) + a®B(a)zje~*J,(ar) sin 8, (21) 


p = sin 8, (22) 
and 
Paleo = —2ua*B(a)J,(ar) sin 0. (23) 


We generalize our solution by integrating the expression for u, 
v, and w with respect toafrom0to ©. The boundary conditions 
in the plane of the disk become 
w = wor sin 8, r < ro, 
(24) 
Puleo = 0, >To, 
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where rp is the radius of the disk and « is its angular velocity. 
These boundary conditions yield the dual integral equations 


aB(a)J(ar)da = wr, < ro, 
(25) 
f, a*B(a)J(ar)da = 0, r>ro. 


The solution is [3, 6] 


and thus 


Pes| = 


[== — cos an | Ji(ar)da 
r 0 ars 


—Spoor sin 
= (27) [8] 


The couple required to maintain the motion is 


2s 
T= [2 f Par? sin Odr 
0 0 


3 
0 o (ro? — r*) 


32 
(28) 


Evaluation of w in Planez = 0 


From formulas (21) and (26) we see that 


Aworo f aro 
sin 6 - 
us 0 


We introduce two dimensionless quantities; viz., 


= 


ore) (29) 


W = 


From equation (29) we get 


W= = (1, — I:) sin 6, 


i= f J (ar)da, 
0 a*ry 


= f J (ar)da. 
0 


Now the value of J, is known and is given as [8] 


0 for R<1, 


for R 1 
. 1 > 


To evaluate J, we use the relation 


1 
Ji(zt) -f tJo(xt)dt, 
0 
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= — cos an (26) 
Ta ars 
| 
(16) 
or 
and (17) 
(18) R= (30) 
where 
and 
J cos | 
WA and get 


0 Qa 


Therefore for R < 1 


ForR>1 
1 
R 
0 2 Rt 
(R?-1)'2 
= 2 sin (385) 


Finally from (31), (34), and (38) we have 


2R 


The first part of the foregoing solution is just the boundary con- 
dition (24). 

Here a word about shearing stresses will be in order. If we 
calculate the shear stress from the values of u, v, w given by 
equations (19-21), their value is zero. It should, however, be 
noted that if one were to write the answer for the problem for 
both positive and negative z, some of the z in the equations would 
be replaced by |z|. It would emerge from this that the shear 
stresses are not odd functions of z. A careful investigation of the 
implications of the formulas for the shear stresses would probably 
then reveal that, despite the fact these formulas contain a factor 
|2|, the limit of these stresses as 2 tends to zero would not be zero. 

Some of our results can be checked. Bycroft [6] has recently 
solved the problem of the equilibrium of a rigid circular plate on 
a semi-infinite elastic space where he has discussed all the four 
modes of equilibrium. Now there is a well-known limit process 
by which the results in elastostatics can be compared with those 
in viscous incompressible fluids where the flow is governed by 
linearized Navier-Stokes equations. We will describe it briefly for 
our particular case. When a rigid circular disk resting on a 
semi-infinite elastic stratum (i.e., z > 0) is made to rotate about 
a diameter in its plane, the equations of equilibrium in Love’s 


notation are [9]: 


oA 2u 0@ Owe 
(A + 2p) + (40) 
1 aA da, 0, 
(A + 2p) — — 2p Sr? (41) 
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| (sin | sin for R>1 


20, = (43) 


and A is given by the left-hand side of the equation (4). The 
solutions of these equations will tend to the equations for our 
problem under the following limiting process [10]: 


A— such that —p 


We can compare two of our main results, namely (8) and (28). 
Now the solutions given by Bycroft for A and the couple 7’ act- 
ing on the side of the disk which is in contact with the elastic 
stratum are, respectively, 


4 
W= (1, — Is) sin 6 A= Ci\(a)e~ (ar) sin 8, (44) 
( R sin 0 for R<1, 
= 44 (39) 


C, being a constant and 
+ 
45 
+ 34) (45) 


where « is the angle of rotation in this case. 

From (44) it is clear that as A— 0 and A\A —p, 
with C\(a) = 2a°B(a@); and from (45) it is clear that T — 
(16/3)auro*, which is just half of the value of the couple in our 
problem, as indeed it should be. 
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in a Rectangular Strip 


The thermal stresses for the plane-stress problem of a circular hot spot in an infinitely 
long straight strip of rectangular cross section are derived by a Fourier integral ap- 
proach. The hot spot is located on the longitudinal center line of the strip, and its 
radius is such that the boundary of the hot spot is tangent to both edges of the strip. 


The temperature may be any function of the radius within the hot spot and is assumed 
to have a constant value (zero) throughout the rest of the strip. Numerical values are 
given for the stresses on the edges and both center lines of the strip for a particular case. 


I, 1s the purpose of this note to present some results 
for the thermal stresses in the plane-stress problem of a circular 
hot spot in an infinitely long straight strip of rectangular cross 
section. The hot spot is located on the longitudinal center line 
of the strip, as shown in Fig. 1, and its radius is such that the 
boundary of the hot spot is tangent to both edges of the strip. 

The temperature inside the hot spot is denoted by 7, where 7’ is 
any function of r only and r is the radial co-ordinate or distance 
from the center of the hot spot. The temperature outside the 
hot spot is assumed to be constant and no loss of generality results 
if the datum of temperature is so chosen as to make this constant 
zero. The linear coefficient of thermal expansion, @, is assumed 
to be constant. 

The solution of the problem was obtained by starting with the 
known solution! for the stresses due to the same hot spot in an 
infinite plate. Next, a strip of width 2a was assumed to be cut 
from the infinite plate without disturbing the stress system. 
This required the maintenance of normal and shearing stresses on 
both edges of the infinite strip. Finally, the stresses due to re- 
moving the normal and shearing stresses on the edges of the strip 
were added to the stresses for the infinite plate to obtain the total 
stresses for the problem of Fig. 1. 

For an infinite plate with temperature, 7’, any function of r, the 
known stresses! transformed to rectangular co-ordinates for con- 
venience in the present problem are 


EaTy? Ea(xc? — y?) 
z* + y* (z* + y*)? 


2 r 
0 


= — 


Eal x? 


= - > 
r+ y? 


(z* + y*)* 


EaTry 
Try = 


2Kary 


18. Timoshenko and J. N. Goodier, “Theory of Elasticity,” 
McGraw-Hill Book Company, Inc., New York, N. Y., second edition, 
1951, pp. 
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Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics, 
March 17, 1958. Paper No. 59—A-8. 
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Fig. 1 Infinitely long rectangular strip with a hot spot 


where E is Young’s modulus, A is a dummy variable of integration, 
and the subseript 1 denotes that these are the stresses for an in- 
finite plate and only part of the stresses for the problem of Fig. 1. 
For the case of a hot spot of radius a, i.e., when 7’ = 0 for r > a, 

quations (1) to (3) are still applicable for the stresses in the in- 
finite plate. 

If a strip of width 2a with edges y = +a is assumed to be cut 
from the infinite plate containing the hot spot without disturbing 
the stress system as given by Equations (1) to (3), this requires 
the maintenance of boundary stresses 
CEa(z* — a*) 

(x? + a?)*? 

2CEaax 


(Tey, = + 


(Cy, = (4) 


(5) 


on the edges of the strip. In Equations (4) and (5), C is a constant 
given by 


f, * (6) 


When the boundary stresses given by Equations (4) and (5) 
are removed from the edges of the strip, the additional stresses 
thus produced may be found by the well-established Fourier in- 
tegral procedure* and, when these stresses are added to the 
?L. N. G. Filon, “On an Approximate Solution for the Bending of 
a Beam of Rectangular Cross Section Under Any System of Loads, 
With Special Reference to Points of Concentrated or Discontinuous 
Loading,” Philosophical Transactions of The Royal Society of London, 
England, vol. 201, series A, 1903, p. 63. 

Other references dealing with the application of the Fourier-integral 
method to straight-beam problems are given in the Bibliography of 
the paper: C. W. Nelson, C. J. Ancker, Jr., and Ning-Gau Wu, ‘The 
Stresses in a Flat Curved Bar Due to Concentrated Radial Loads,” 
JOURNAL oF AppLieD Mecuanics, vol. 19, Trans. ASME, vol. 74, 
1952, pp. 529-536. 
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| y HOT SPOT 


stresses with subscript 1, the total stresses for the problem of Fig. 1 
are found to be 
EaC 


= + 
z 4a? 


wy 
(3w + we” — cosh 


2a 


wy 
« + — anh — 
a 2a wr a 
0 sinh w + w 2a 
EaC 
= 
fa? 
wy 
(w — we-” + w*) cosh —— 
2a 
uty . wy 
sinh - 
a 2a wr 
0 sinh w + w 2a 


wy 
(w + we” — w?) sinh 
2a 
wy wy 
+ cosh 
a 2a — 
sin —— dw (9) 
0 sinh w + w 2a 


where w is a dummy variable of integration. 

Obviously, the evaluation of the stresses by means of Equations 
(7) to (9) and (1) to (3) is about as simple for one distribution of 
temperature within the hot spot as it is for some other. However, 
in order to show some numerical results, a specific temperature 
distribution must be assumed and the following results are based 
on the assumption that the temperature has a constant value 7’ 
throughout the hot spot and, of course, is zero everywhere else 
in the strip. 

The stresses were computed along the top edge of the strip, the 
vertical center line, and the horizontal center line, by means of 
the following equations obtained from Equations (7) to (9): 


w wr 
ae «© w cosh — cos —— dw 
= ) 
i 2 0 sinh w + w 
EaT 
(o,)z=0 
wy 
(3w + we-” — w*) cosh 
2a 
wy wy 
@ + sinh —— 
a 2a 
0 sinh w + w 
EaT, EaT, 
2 8 


1 
(w — we” + w*) cosh —— 
2a 


wy 
— — sinh — 


2a d 12 
0 sinh w + w 
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= (Ox) + — 


EaT, 3w + we” — w* wr 
cos — dw 
sinh w + w 2a 


5 0 
(13) 


EaT, w — + w? wr 
(Oy )ymo yoo + cos dw 
Ss 0 sinh w + w 2a 


(14) 


The foregoing are the only nonzero stresses at the three locations 
investigated since o, and 7,, are zero on the edges of the strip and 
T,, is also zero on both center lines of the strip. 

The infinite integrals required in Equations (10) to (14) were 
evaluated by expanding the numerator of each integrand in a 
Maclaurin series in powers of w, except that the factor e~“ 
occurring in the numerators of some of the integrands was not 
expanded. Thus each integral was expressed as a series of integrals 


of the type 
1 u*dw (15) 
2(k!) 0 sinh w + w 
w*e ~“dw 


hp 
2(k!) f sinh w + w 


The integrals I, and II, are two of the four Howland’s integrals 
and tables of values of these integrals are available.** The con- 
vergence of each series of Howland’s integrals was improved by 
For example, one of 


ll, = (16) 


application of a Kummer transformation.® 
the integrals required in Equations (13) and (14) is 


wr 
COs dw 
2a z\* AY 
— = + 101, 
sinhw+w 2a 2a 


and the series in the right member of this equation converges 
By use of a Kummer transformation, 


(17) 


poorly as x approaches 2a. 
Equation (17) can be replaced by 


wr z \* 
Ww Cos dw 
P 2a 2a 
0 sinh w + w 


2 
E —I,)- 61 - 
4 


and the series in the right member of Equation (18) converges 
well for z = 2a with poor convergence as z approaches 4a. 
The values of 7, along the top or bottom of the strip are given 
in Table 1 and shown graphically in Fig. 2. Values of a, and o, 
along the vertical center line of the strip are given in Table 2 and 
plotted in Fig. 3. Values of ¢, and ¢, along the horizontal center 
line of the strip are given in Table 3 and plotted in Fig. 4. It 


B. Ling and C. W. Nelson, Evaluation of Howland’s In- 
tegrals,”” Annals of Academia Sinica, 1955, pp. 45-50 (Taiwan, China). 

‘Chih-Bing Ling, ‘Stresses in a Perforated Strip,"” JournNaL oF 
Apptiep Mecuanics, vol. 24, Trans. ASMF, vol. 79, 1957, pp. 365- 
375. There is one typographical error in the Howland’s integrals 
tabulated in this reference. This error is in the value of Ir for which 
the correct value is Ir = 0.972699 which is the value given in the 
reference under footnote 3. 

Konrad Knopp, “Theory and Application of Infinite Series,” 
Blackie and Son Limited, London and Glasgow, first edition, 1928, 
or second edition, 1951. 
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f 
Tey = Try + 
J 
| 4 
2a 
At 
i 
j 


1 | 
\ 
I. Fig. 3 Variation of oc. and c, along vertical center 
7 ExT. line of hot spot 
A 1.0 \ 0.64 
tA \ / 
ExT. 
0.5 0.4 a i 7 + 05 (O5)y=0 
= 
| > 
| 4 ~ 
value of (02) just inside STRESS 


boundary of hot spot 


Table | Values of 0, along top or bottom edge of strip shown in Fig. 1 


Table 2 Values of 0, and c, along vertical center line of strip, x = 0 


(o2)2=0 (ay) z=0 
EaT, 
a 0.8350 0 
0.8a 0.2322 0.0873 
0.6a —0.0417 0.0768 
0.4a —0. 1736 0.0494 
0.2a —0. 2346 0.0285 
0 —0. 2525 0.0210 


should be noted that the value of (o,)y-«. in Fig. 2 (outside the 
hot spot) is 1.8350 EaT'y while the value of (a,)y-+*.o in Fig. 3 
(inside the hot spot) is 0.8350 Ea7. The latter value is indi- 
cated by point A in Fig. 2 in order to call attention to this dis- 
continuity in 
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ET. 


Fig. 4 Variation of o, and c, along horizontal center 
line of strip 


Table 3 Values of 7, and oc, along horizontal center line of strip, y = O 


(oy)y—o 
0 —0.2525 0.0210 
0.2a —0. 2453 —0.0105 
0. 4a —0.2276 —0.0962 
0.6a —0. 2088 —0.2131 
0.8a —0. 1982 —0.3350 
—0.4416" 
10a —0.2012 
1.2a —0.0652 0.3253 
1.6a 0.0276 0.0922 
2.0a 0.0333 0.0120 
* Inside the hot spot. 


* Outside the hot spot. 


The numerical results in Tables 1, 2, and 3 confirm the natural 
expectation that the greatest stress for the problem of Fig. 1, with 
T = T> throughout the hot spot, is 7, at the top or bottom of the 
hot spot. The value of this maximum stress is found to be 1.8350 
EaT , considerably greater than the value which would 
occur at the same point due to heating a narrow strip along 
the line z = 0 to a temperature 7’) above the temperature of the 
rest of the bar. 
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| 
EaT, 
0 1.8350 
0.2a 1.6200 
0.5a 0.8525 
1.0a 0.0168 


Impact and Moving Loads on a Slightly 
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Curved Elastic Half Space 


Two-dimensional Fourier transforms are employed to treat the two-dimensional dy- 
namic problem of elastic half space having a slightly wavy boundary. The various 
boundary curves considered include square and triangular bumps and holes, and 
sinusoidal and periodic boundaries. The number of different types of surface loadings 
considered are: (a) Normal tractions and zero shear, (b) impulsive normal tractions and 
zero shear, (c) suddenly applied normal tractions and zero shear, (d) concentrated nor- 
mal load and zero shear, (e) concentrated impulsive load and sero shear, ({) pulsating 


normal load and zero shear, (g) moving loads, (h) pulsating moving loads, (i) vertical 
and horizontal loads, (j) moving vertical loads. Stress and displacement components 
for special cases of the loads described in (a, c, f, and g) acting on a sinusoidal boundary 
lead to a solution which requires evaluation of a single indefinite integral. Closed-form 
results are given for a uniform pulsating pressure load. 


Bas problem of dynamical and moving loads on a 
wavy boundary is of considerable practical’and theoretical in- 
terest. The waves produced by moving vehicles, impact, and 
other types of dynamical loads on a foundation having a wavy 
surface fall into this category. Applications also may be found 
in the field of geophysics and in the oil industry. The problem 
in its realistic form is a formidable one. By assuming that the 
boundary is slightly curved, however, it is possible to give a treat- 
ment. This, of course, is the case in the problem of the semi-in- 
finite plane with a boundary curve which is almost but not quite 
straight. A number of important problems, for example, the 
sinusoidal boundary having a long wave length, naturally fall into 
this category. 

The equations for a two-dimensional isotropic, elastic body 


1 The work contained in this paper was sponsored by the Office of 
Naval Research. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J.,. November 29-December 
4, 1959, of Tue American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 12, 1958. Paper No. 59—A-2. 


with zero body forces, subjected to dynamical loads on the wavy 
surface, are solved. Ina number of cases, it is found that a closed- 
form solution is possible. 


Formulation of Problem 

The equations of motion in rectangular co-ordinates z, y, and 
time ¢ for a two-dimensional, homogeneous, isotropic, elastic body 
having zero body forces are 


+ =p =p (1) 


Here ¢@,, ¢,, T,, are the stress components; u, v are the dis- 
placement components, and p is the mass density per unit vol- 
ume. The stress and displacement components are related to 
each other by Hooke’s law: 


o, =X (2: + + 


or oy or 
ou Ov Ov 
—, 
(= * =) 
T (= + = (2) 
dy 


where A and yu are Lamé’s elastic constants. 


Nomenclature 


z,y = rectangular co-ordinates 
t = time 
&, ¢, m, = Fourier-transform variables 
A, = Lame constants 
© = velocity of irrotational waves 
C, = velocity of equivoluminal waves 
= components of stress tensor 
o, = traction normal to boundary 
T, = traction tangential to boundary 
€ = perturbation parameter 
oi = 0,1,2,...) = coefficient of €* in expansion of 
T,(i = 0,1,2,...) = coefficient of in expansion of 
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o,, 0, = vertical and horizontal components of sur- 
face traction 

u,v = components of displacement vector 

¢, ¥ = displacement potential functions 

f(z) = equation of boundary surface 

F(m) = one-dimensional Fourier transform of a 
function F(z) 

F(£, £) = two-dimensional Fourier transform of a 
function F(z, t) 


Vo = velocity of moving load 
V = 
2r/r = wave length of sinusoidal boundary 
w/(2re,) = frequency of pulsating surface load 
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i 

| 

x 


If we introduce two functions $(z, y, t) and Y(z, y, t) such that 
(3) 


equations (2) become 


az? 


+ 2%), 


a, = AV*d + 2u ( aroy 


oy = AV + ( dy? 2), 


op 
ox? 


=H (2 


By introducing (3) and (4) into (1), we find that they are satis- 
fied if @ and W are the solutions of the wave equations 


2, 


ow 


where 


= = (A + 2u)/u, = + 2u)/p, 


= p/p, r=cat (6) 


The equation of the wavy boundary, Fig. 1, may be written in 
the form 


y=@¢f(x), «<1 (7) 


where € represents a small perturbation parameter which, for 
example, may be selected as the ratio of the height of the highest 
hill to the smallest wave length, or in some other fashion. 
The boundary conditions read: At y = ef(zx), 
o, = + 2r,,nn, + o,n,* 
(8) 


T, = (o, — O,)nn, + — n,*) 


where @, and 7, are prescribed functions at the boundary curve, 
and n, and n, are the components of the inner unit normal which 
are given by 

where the prime represents differentiation with respect to z; i.e., 
f'=<df/dz. We now substitute (9) into (8) and expand the result 
into a power series ine. Neglecting the terms containing e” for 
n > 3, we obtain: 


o, = oO, — 2ef'r,, + — o,) + O(e*) 
T, = Ti, + — o,) — + O(e*) 


The problem is now reduced to finding solutions of (5) which 
vanish at y = © and satisfy (10) at the boundary y = eéf(x). 


Fig. 1 Elastic half space with wavy boundary 
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The General Solution 


To find the solution of (5), we introduce two-dimensional 
Fourier transforms 


1 
H&E, y,f)= on ff t, r) exp [i(Ex + 
and a similar one for Y. The inverse of (11) is given by 

1 
If we now apply (11) to (5), we obtain 

= d*/dy* = 
p = — q = — 


Solutions of (13) vanishing at y = © have the forms 


@ = = Be-w (14) 


The stress and the displacement components are now obtained 
by using (14) in (12) and the result in (4) and (3). 


1 
ow ff + b, Be~w)Edédt 


1 
f + byBe-w)Edtag (15) 


1 
ff + b;Be~w)Edédg 


ff + gBe-w)Edédt 


5 Jf — 


a, -(e by = — 


o,/2p 


o,/2p 


Try 


where 


bs = az 


a; = — E = exp|—i(& + [7)] 


The functions A(£, ¢) and B(&, ¢) in (14) to (16) will be deter- 
mined from the boundary conditions (10). To this end, we 
substitute (15) into (10). Hence, 


1 
= ff — 2ef’as + — 


+ — 2ef'bs + — Edédt (18) 


T,/2h = ff {Alas + €f'(a2 — a,) — 
+ Blb; + — bi) — 4} Edédt 


Transactions of the ASME 


(4) 
oy? 
as) 
— | 
(16) 
(10) 


We write 
= % + €0; + €70, +..., 
= To + + +... 


A = Ay + €A; + +..., (19) 
B= B, + + &B, +... 


e~ = 1 — epf + '/re*p*f? — ..., ete. 


Substituting (19) into (18) and equating the coefficients of the 
powers of €, we obtain: 


1 


(20) 
1 
on ff (asAo + b:Bo)Edidf = ro/2u 
(aA, + b:B,)Edtdgt = 2 
on 2D) Qu 
1 
on ff {Ao( pfaz + 2f'as) + + 2f'b;)] 
(21) 
1 
f + b;B,)Edtdg = 
Qu 
1 
ff | Aolpfas + f'(a, — 
<7 
+ Bolgfbs + Edédt 
1 
+ b.B,)Edtdg = 
1 
> ff Ai(pfaz + 2f'as) + + 2f'bs) 
— Aol'/sp*ftaz + 2pff'as + — 
— + 2gff'bs + — 
(22) 


= ff (asAy + byBa)Edgag = 
Qu 
i ‘ 
+} on {2 ilpfas + — a2)] 


+ Bilqfbs + f'(bi — 
— + pff'(a, — a2) — 
— Bol'/2q°ftbs + — bx) — 2f'bs)} B dé dg 


Equations (20) to (22) are, respectively, the coefficients of 1, €, 
and €? in (18). Consistent with (10), we ignore terms in (18) 
with order higher than e?. 

We note that equations (20) are the boundary conditions for 
the case of a flat boundary. Thus (21) and (22) represent the 
first and second-order corrections that would be needed when the 
boundary curve is not a straight line but a wavy one. From (20), 
we solve for Ap and Bo by taking the Fourier transforms of both 
sides. Hence, 


Journal of Applied Mechanics 


+ = Go/2u, asAo + b:By = Fo/2y (23) 
or 
Ao = — bat), Bo = + ato) (24) 
D = azbs — aybz 


The quantities Ap and Bo, so determined, may be substituted 
into the integrals on the right of (21) to evaluate these integrals. 
But, since we leave the form of f(z) general, we cannot solve for 
A, and B, from these integral equations in their present forms. 
Thus, we introduce a Fourier-integral representation of f(z) into 
these integrals; i.e., we write 


» 
f(z) = | f(z) = ni(ne~ 


= f der (25) 


Let us, for instance, consider the first of (21) and introduce (25) 
into the right-hand side of this equation. 


1 
1 
[Ao( paz — 2ina,) 


+ Bo(qbz — 2inbs)|f(m) exp [—i(Ex + fr) — (26) 


If we set £ + » = x, d& = dk, then the triple integral on the right 
of this equation becomes 


1 
fff [Ao(paz — 2inas) + — 2inh,)|§ 


J(n) exp [—i(xx + (27) 


If we replace & by «x on the left of (26) and use (27) on the right, 
the integrals on both sides become double Fourier integrals. We 
now can take the Fourier transforms of both sides and obtain 


1 


1 
aA; + = f [Ao(paz — 2inas) 
Qu 2r 


+ Bo(qbs — (28) 


A similar procedure applied to the second of (21) gives 


+ = + { Ao[pas — in(a, — 
26 


+ Bolqbs — in(by — (29) 
The solution of (28) and (29) gives: 


Aj(x, = [24 D(x, + 


— 


(30) 
= [24 D(x, + 5) 


+ a(x, + 
where 


and 
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— 


4 
i 


= x f [Li(Ao, Bo, 
—@ (31) 


i(k, = ~ [M,(Ao ,Bo, 


L,( Ao, Bo, 9) = Ao(pa: — 2inas) + Bo(qb: — 2inbs) 


M,(Ao, Bo, 9) = Aolpas — in(a; — 
+ Bolqbs — in(b, — 


It is now clear that the same procedure may be used to solve for 
A; and B, from (22). The result follows: 


A(x, £) = [2p D(x, + — + 
Bik, = [2p D(x, —aala, + $2) + + B)] 
(33) 


(32) 


and 


5.(k, ¢)/2p = on f 


+ ff [In(Ao, Bo, Mm, 


Kin 


h(x, = [M,(Ai, Bi, 


+ [M2( Ao, Bo, ™, 


i ™ Fim )dndnz 
where 


Ao, Bo, m1, 72) = Aol —'/2p*a2 + 2ipasm 
+ (a; — + Bo[—*/2q%b2 + 2ighsm + (61 — 2] 


Ao, Bo, mM, = Ao[—'/2p*as + ip(a, 
— + Bol —'/2q2bs + — b2)m — 2bsm m2] 


This comp'etes the problem formally. Given the boundary 
curve y = éf(x), we can calculate A and B in terms of the 
boundary values of the normal and tangential tractions o, and 
T,, by using (19), (24), and (30)-(35), up to and including the 
terms of the order €?. Equations (15) and (16) can then be used 
to calculate the stress and the displacement components. 

In the following, we first consider certain special types of 
boundary curves €f(x) and then special cases of ¢, and 7,-dis- 
tributions. 


(35) 


Some Special Boundary Curves 


A few special boundary curves of interest are shown in Figs. 
2-4. We will give f() in each of these cases. 


e 


Flat Hole Bump 
Fig. 2 Boundaries with a fiat hole or a bump 
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Fiat Bump or Fiat Hole, Fig. 2. In this case, we have 


h for |z| <c 


f(z) = (36) 


0 for |z|>c 


For h > 0, we have a hole, and for h < 0, we have a bump. 
We select € = h/2c< 1, and using (25), we obtain: 
Jin) = (4e/n) sin ne 


Let us note, however, that this type of boundary violates the 
assumption concerning the smallness of the slope of the boundary 
curve, at the points z = tc, since at these points f’ = +. 
It is believed, however, that the results are still valid away from 
these points. 

A Triangular Hill or a Triangular Hole, Fig. 3. 


h(1+2/c) for 
—2z/c) for 
0 for |z|>c 


(37) 


In this case, we have 


éf(z) = (38) 


It is a hill or a hole according to whether h > Oorh <0. Equa- 

tion (25) gives 
jin) = — cos ye), € = h/2c (39) 
Sinusoidal Wavy Boundary, Fig. 4. In this case, we have 
= hsinrz (40) 

Equation (25) formally gives 
Jn) = — 9) — — € =hr/w (Al) 
where 6 represents the Dirac delta function which has the formal 
properties that 


eo for u=0 


= F(z) = F(u) — x)du 


0 for 
(42) 


5 5 
| | 


Triangular Hole Triangular Hill 
Fig. 3 Boundaries with a triangular hole or a triangular hill 


u/r 
x 


Fig. 4 Sinusoidal wavy boundary 
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In obtaining (41), we used the formal relation? 
= e~ (43) 


We note that the present case is by far the most interesting of 
all three. Moreover, in this case, we can readily evaluate the in- 
tegrals appearing in the expressions (31) and (34), by using the 
properties of 5(u) expressed by (42). The result is 

E=«+ 
5i(«, $)/2 = Bo, 


(x, $)/2u = (w/2ir)[Mi( Ao, Bo, 
f=«+r 
g=«-r 


— Ao, Bo, Fr, 
t=«—2r 


(w*/4r?)[L2( Ao, Bo, <r, 


£)/2u = (w/2ir)[L,(Ai, Bi, Fr)) 


(44) 


h(x, £)/2u = (m/2ir)|Mi( Ar, By, 


— (m*/4r?)[M2( Ao, Bo, Fr, 


§=«—2r 


— Ao, Bo, =r, r)), 


In these equations, the upper sign goes with the upper value of & 
and the lower sign with the lower value. 

The case of a more general periodic boundary curve can be 
treated in a similar fashion by taking 


f(z) = h,, sin nrz 
which gives 


= —ix h,[6(—nr — — — 


Here 
h, = &k,, k, = O(1) 


We may select € in such a way that the slope ef’ is not large. 
This imposes a condition on h,. The calculation of 5, . . ., 4 is 
similar to the one given previously. We shall, however, not pursue 
this further, but go on to the consideration of special types of sur- 
face tractions. 


Some Special Types of Loading 

A few special types of boundary loading are of fundamental in- 
terest. In the following, we calculate Ap and Bo. The co- 
efficients A;, ..., B: are calculated in terms of Ao and By through 
the general expressions (30)-(35). In the case of the special types 
of boundary curves studied in the previous section, we use the 


equations developed therein. 
Normal Tractions and Zero Shear. In this case, we have 


o, = N(z,r), 7, = 90 (45) 
Hence, 
=T, = ... 20 


Oo = N(Z,T), =O: =.. 


Equations (24) give 
Ao = (2uD)~bsN(E, Bo = —(2u D)“asN(E, (46) 


2 All of these relations can be justified in a distribution sense. See, 
for instance, L. Schwartz, ‘‘Theorie des Distributions,"’ Herman and 
Company, Paris, France, vols. 1 and 2, 1950. 
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Normal Tractions and Zero Shear. This is obtained from 
(46) by taking N(z, 7) = N(x) 8(r). Hence, 


Ag = Bo = N(E) (47) 
In case the normal load is a uniform pressure po, we substitute 
N(E) = (48) 
Suddenly Applied Normal Load and Zero Shear. This type of load 
is expressed by o,; = 7; = 0, except: 
| N(z) for r>0O 
oo = 


(49) 
0 for r<0 


To determine %, we introduce Heisenberg’s delta function 


= — —— (50) 
2riu 


Then, 


ag 
si 1 for r>0 
+e f | 
Jo 


The function on the right may be used to obtain the Fourier 
transform of (49). 
= N(E)b+($) (52) 
If the load N(z) is a uniform pressure, we use (48) for N(£). 
Concentrated Normal Load and Zero Shear. In (45), by taking 


N(z, tT) = N(r) 6(z), we obtain the case of time-dependent con- 
centrated load acting at the origin of the co-ordinates. Hence, 


Ao = Bo = a, (53) 
Concentrated Impulse Load and Zero Shear. If further we take 

N(r) = No6(r), (53) reduces to 
Ao = Bo = (54) 


The concentrated load is applied at the origin of the co-ordinates 
impulsively. 

Pulsating Normal Load and Zero Sheer. In this case, we have (45) 
with 
N(z, 7) = N(2z) sin wr 
which leads to 

Ao = —w — £) — — 
By = — £) — — 


(56) 


If, further, the normal load is concentrated at the origin of the 
co-ordinates, then N(x) = Nod(x). Hence N(£) = No must be 
substituted into (56). If the normal load is a uniformly dis- 


tributed pressure po, we use (48). 
Moving Leads. Moving normal and tangential stresses may be 


represented by 


o, = o(s — Vr), = — Vr), V = Vo/e, (57) 


where s is the are length along the boundary curve and Vo is the 
load velocity tangential to the boundary curve. 
For s, we have 


=z z 
s= f (1 + = x + f'%dz + Ofe*) (58) 
0 ae 0 
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Using (58) in (57) and expanding the result into a Taylor series 
about (x — Vr), we shall have 


o, = — Vr) + '/,€80 (x — Vr) + O(e*) 
(59) 


r, = r(x — Vr) + — Vr) fdr + 
If the load is a concentrated type, then we write 


o(x — Vr) = Pix — Vr), r(x — Vr) = Qi(z — Vr) (60) 


where P and Q are the magnitudes of the normal and tangential 
force components. 
From (59), it is clear that 


0 — Vr), = 90, = '/200' 
(61) 


=z 
f, fdz 


In the subsequent analysis, we need the Fourier transforms of 
(61). Thus, 


1 
= ff a(x — Vr) exp + dr 


Upon writing z — Vr = a, this becomes 
G = +), To = + 


where we used (43). The inclusion of &2, 7, and the retention of 

the terms of the order of €? in the analysis require much effort for 

a relatively small return. Therefore, in the analysis of a moving 

load, they will be ignored. If we assume that the surface load is 

moving with a constant horizontal velocity, we find that all ¢; = 

T, = O except oo and 7, and the latter are given by (61). 
Pulsating, Moving Loads. In this case, we have 


=7(x — Vr), 1 =90, = 


(62) 


Oo = a(x — Vr)sinwr, T = o(x — Vr)sinwr (63) 


excluding the terms of the order of e?. 


= + EV + $) — + EV + (64) 


and a similar expression for 7o. 

Vertical and HorizontalLoads. When the vertical and the horizon- 
tal components of the tractions, 7, and o,, are given, we express 
o,, and 7, in terms of these tractions by 


= On, + = Thy — ON, (65) 


Upon using (9) and expanding the result into powers of €, we 
obtain 


= €f'o, + O(e*) 


(66) 
T, = + €f'o, O(e*) 
It is now clear that 

(67) 

T =f'0,, = —'/f"o, 

Thus we have 

To = (68) 


To obtain &,, we write the Fourier transform of (f'o,) and use 
(25). Hence, 


= = fff ni(n)o,(2, 7) exp [i(Ex — nx + 
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If we now substitute  — 7 = x, this expression reads 


i 
-— f (E — K)f(é — (69) 
An expression for 7; follows from (69) by taking —@, for &. 
Fourier transforms of a and 7, are calculated in a similar fashion. 
The result is 


1 
= Sn? ff - — — dk 
(70) 


and a similar expression for 72. 
Moving Vertical Loads. This follows from (67) by taking o, = 0, 
and 


0% =0,(4 — Vr), =90 


(71) 


= 0, — Vr) 


We ignore the terms of the order of €? and higher. The Fourier 
transform of gp is identical to (62), while that of 7, is: 


= (i/2(E + + 


where @, is a concentrated load and using ¢, = pi(x — VT), we 
find 


(72) 


a(f) =p (73) 
When the boundary is sinusoidal, (40) will be used in (72), lead- 
ing to 


= (w/2r(E + + VG + — HE 4+ VE — 
(74) 


If further the load is a vertical concentrated load, we find 


7, = (wp/2r(— + + + 1) 
— (75) 
Many other types of loads are possible. However, they are 
excluded here since the method of treatment is now made clear. 


Stress and Displacement Components 

Once the constants A and B are determined, the stress and 
displacement components are calculated from equations (15) 
and (16). It is found that the various integrations reduce to 
single integrals in the following special cases concerning the 
sinusoidal boundary: (a) Pulsating normal concentrated load, (b) 
moving concentrated load, and (c) suddenly applied pressure. 
The expressions for the stress and displacement components have 
been obtained as single integrals in these cases but are not pre- 
sented here as they are unduly long and can be obtained readily, 
if desired, by using the results of the two preceding sections. 

One case, which is of particular interest because of its simplicity, 
is the uniform pulsating pressure on a sinusoidal boundary. Al- 
though this case is not as important practically as some others, 
nevertheless it provides an easy case for numerical calculations 
and permits us to get an insight into how the boundary irregulari- 
ties influence the solution to the problem. 

For a uniform pulsating pressure on a sinusoidal boundary, we 
have the results of the preceding subsection “‘Pulsating Normal 
Load and Zero Shear’ with 0; = 7; = 0 for all i except 


= N(E, = — — — (76) 
This value may be used to determine Ao, Bo, A;, and B;. These 


are then used in (15) and (16) to get the stress and displacement 
components 
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w(y + 7) + [e/D(—r, w)] 


| + > (r? — 1/:8%w*) cos wr 


o,/Po = 


— 2rrB-? (r? — B%w*)'* sin 
+ Q[mwr(r? — w?)'/(r? — B%w*)'/ cos wr 
+ 2mrB-*(r? — 1/28%w*)(r? — B%w*)'/* sin ori} sin rz 
—sin wr — [€/D(—r, w)] 
| P[—mwr-(r? — 1/28%w*)? cos wr 


+ — 1/28%w*)(r? — B%w*)'/* sin wr] 


+ Q[mwr(r? — — w*)'/* cos wr 


o,/Po = 


— — 1/.8%w*)(r? — B%w*)'/* sin wr)} cos rz 


{PI —mw(r? — w?)'/(r? — cos wr 
— — w?)'(r? — B%w*)'”* sin wr) 
+ Q[mw(r? — w?)'/*(r? — 1/28%w*) cos wr 


+ — 1/,8%w*)? sin wr)} cos rz 


(2y/po)u = le w)) { 1/,B%w*) COS WT 
+ — B%w*)'/* sin wr) 
+ Q [—mw(r? — — cos wr 


— 273-%(r? — 1/.8%*)(r? — B*w?)'/ sin wr)} cos rz 


= 28-*w= cos w(y + 7) + [e/D(—r, w)] 
{ P[ —mwr-(r? — 1/28%w*)(r? — w*)'/* cos wr 
— 2nr8-%X(r? — 


+ Q[mra(r? — w?)'/* cos wr 


/, . 
w?)'/? sin wr] 


+ — sin wr}} sin rx 


P = exp [—y(r? — Q = exp [—y(r? — 


a<c-eeram 


From equations (77) we note the following interesting results: 

The perturbation terms consist of standing waves in the z- 
direction. We may consider these as waves propagating to the 
left and right with propagation velocity v/c; = w/r. Thus the 
disturbances generated by the surface undulations are propagated 
to the left and right with a frequency-dependent propagation 
velocity v/c; = w/r, where we, is the frequency of the pulsating 
pressure. 

If 0 < w/r < 1/8, then the perturbation is exponentially 
attenuated in the y-direction; therefore they are confined to the 
neighborhood of the surface. When 1/8 < w/r < 1, the per- 
turbation term multiplied by Q begins to propagate downward 
with a frequency-dependent propagation velocity v/c; = w(8%w? — 
r?)~'/tand when 1 <w/r < , the perturbation term containing P 
also begins to propagate downward with propagation velocity 
= w(w? — 

Since each perturbation term contains the factor D(-r, w) in the 
denominator, we can expect singular behavior when it vanishes. 
It vanishes when the velocity of propagation of the disturbances 
is equal to the velocity of propagation of Rayleigh waves in the 
medium. This condition prevails when the wave length of the 
surface corrugations is equal to the wave length of the Rayleigh 
wave having frequency we). 

The amplitudes of the pertubation terms are plotted in Fig. 5 
for materials satisfying Poisson’s condition (A = mw) and y = 0 
(approximately at the surface). The correction terms for u, v, 
and a, show a resonance at w = 0.531 r; that is, when the corru- 
gation wave length is equal to that of the Rayleigh wave fre- 
quency we;. We are led to expect something of this sort from the 
foregoing discussion. The amplitude of the correction to the 
shear-stress component is independent of the load frequency 
while the normal stress 7, grows continually with frequency. The 
results in Fig. 5 are computed from the formulas: 


0 + €H,(0) cos (wr — de) cos rz 


v = (po/3uw) cos wr + €H (8) cos (wr — do) sin rz 
o, = sin wr + cos (wr — sinrz (78) 
o, = —posinwr + €H,(6) cos wr sin rz 
Tz, = 0 + sin wr cos rx 


Fig. 5 Variation of amplitude of 
correction term with frequency for 
uniformly pulsating load on a sinu- 
soidal boundary 


ve > 


Journal of Applied Mechanics 


pecemBer 1959 / 497 


~ 
q 
x: 
on 
q 
ia 
ig 
a 
10 arves for “,ye 
3 
— # (@) % 
y 
Y 
| 
i / 


where 


(2ur/mpo)H (0) = {O[1 — — (1 — — 
+ (1 — 


(2ur/mrpo)H (6) = 
—{*/,0%1 — 0) + — — 
— (1 — */,9))*}'2/D(8) 


= 
Jou — 30)'1 — — (: + — 


+ — sm} 


(1/mpo)H (0) = = 1 
= (1 — — [(1 — 30)(1 — 


6 = (w/r)*, 0 < 6 < '/; for solution vanishing at y = @. 
do, oi, and ¢, are phase angles. 


The resonance phenomena found in the analysis should be in- 
terpreted only as a tendency for the quantities u, v, and o, to be- 
come large as surface corrugations wave length approaches the 
Rayleigh surface wave length. Since the analysis is based on the 
assumption that the perturbations are small, the validity of this 
result must await experimental verification or a more exact 
theory. 


Surface Waves 

As in the case of Rayleigh surface waves for the flat boundary, 
we may investigate the possibility of surface wave propagations 
in the case of a slightly curved boundary.* This is accomplished 
by setting 7, = 7, = Oonthe boundary. According to (19), this 
implies that = = =T =... =0. 

From (23), we find that 

D = — ash, = 0, Bo = —azAo/bz (79) 


or, according to (17), 


(80) 


The roots of (80) give the Rayleigh surface wave velocities, as is 
well known. Using the conditions o, = 7; = 0, through (30) to 
(32), we obtain 


1 
A,(x, = | 


— nf f(n) 


[te — + — 9)? + —1/287f?] 
— K(x — — — 9)? — 


x — 9)? — — — — BX 


(81) 


+ The authors are indebted to a referee for suggesting this portion 
of the analysis. 
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[ — — 9)* — 
+ (K — n)(x? — — — 
x — — — — 9)? — 
for a general boundary shape. For the sinusoidal boundary, 
(41) may be used to simplify (81) to 


Ai(k, = — +r)? 


— — + — + r)? 

+r, — — 1/28?) — )? 
— 1/4857] — x(x — r)(x? — — 7)? — 

— — $) 


+ — Ag + 7, 


+Adlk — 1, 


(82) 
2rD(k, ¢) 
— + + — + 7)? 
— + — + $) 
+ — — — 
— (K — r(x? — — — 
x — 1)? — 7)? 


= [ —K[x? — +r)? 


(x* — + 7, + — 1, 


Several points of interest may be observed. From the ap- 
pearance of D(x, ¢), which in view of (79) is zero, in the de- 
nominator, one may think at first that Ao = O must be true, 
making a surface wave propagation impossible. However, sub- 
stitution of A; and B, into expression (21) will show that D(x, [) 
will cancel out, and (21) will be satisfied without any restriction 
on Ap. Thus in a half space of slightly curved boundary there 
exist Rayleigh surface waves of arbitrary amplitude. These waves 
travel to the right and left from the source point as is apparent 
from the occurrence of k — { and« + ¢ in the foregoing expres- 
sion. The velocity of these waves is the same as for the half space 
having a flat boundary. 
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Tiss tanks of the form shown in Fig. | are used to 
provide an example of a system with nonlinear second-order 
terms, where a linear feedback controller is used to control a two- 
capacity process. The volume of a parabolic tank is expressed as 


Va = Coys + (1) 


where y: is the height of liquid above the plane of symmetry and 


C, is a constant. 
The differential equations which define the behavior of the 


control system may be written as 


d? d 
RR (y2 + ays®) + RC: at (y2 + 


d 
+ (Re + RC, + (1 + 


d 
= RF + CiRs +e (2) 


where the FR and C are resistances and capacities of the system, 
respectively. If the inflow F or the level y, is subjected to a 
sinusoidal disturbance, then Equation (2), after necessary change 
of variables, becomes 


(y + + M, + BY?) 
dt? 


+ Y = Geos (pt — $) (3) 


where the quantities 8, M,, M,, G, p, and @ are all parameters. 
The object of this paper is to find periodic solutions of Equation 
(3) by various approximate methods. 


Solution by Iteration Method: 
To start with a specialized form of Equation (3), the following 
equation is to be considered: 


1 See similar treatment of iteration procedure in ‘‘Nonlinear Vibra- 
tions in Mechanical and Electrical Systems,”’ by J. J. Stoker, Inter- 
science Publishers, New York, N. Y., 1950. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Society or MecHanicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 21, 1958. Paper No. 59—A-19. 
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Stability of Forced Oscillations With 
Nonlinear Second-Order Terms 


A solution is obtained for forced oscillations with nonlinear second-order terms. The 
stability of this solution is given by its variational equation. The boundary of stability 
is analyzed by both the perturbation and continued fraction methods. The amplitude 
of osclllation with damping terms is also determined by the iteration procedure. 


2 
“ (Y + BY’) + Y = BG, cos pt, where G = BG, (4) 


Transposing all the terms with 6 to the right-hand side and in- 


troducing p*Y on both sides of the equation, Equation (4) takes 


the following form for the nth-order iteration: 


a d? 


dt? dt? (BY »-1*) 


+ (p? — 1)¥a-1 + BGy cos pt (5) 


This is a recurrence formula linking the nth and (n — 1)th ap- 
proximations, where Y, = Oforn <0. The sequence Yo, Y;.. . 
is now considered, where Y,, satisfies Equation (5). Here it is 
convenient to start the iteration process with p? = 1, B = 0. 
For the zero-order iteration of Y, Equation (5) has the solution 


Y. = A cos pt + C sin pl (6) 


The term C sin pt would eventually be zero in the next step of 
the iteration process. It is therefore convenient to omit it here.* 
The equation for the first-order iteration is 

d? 
a Y, + p*¥; = [(p? — 1)A + BG, + 0.75p*BA!®] cos pt 
+ 2.25p*BA* cos 3pt (7) 


The system by Equation (7) also has a natural frequency of Y; 
= A cos pt. If the coefficient of cos pt in Equation (7) were not 
zero the particular solution would have a term of the type Cé sin 
pt, which is not periodic. Since periodic solutions alone are of in- 
terest, the coefficient of cos pt is equal to zero, thus the frequency 
p after the first iteration is 


1 — BG)/A 


1 + 0.75BA* (8) 


? Footnote 1, p. 86. 
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Fig. 1 Single nonlinear capacity of two-capacity process 
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Since the coefficient of the cosine term is zero in Equation (7), 
the solution may be written as 


Y, = A, cos pt + B cos 3pt, (9) 
where 


B = 


The term A, cos pt represents the free vibration with some arbi- 
trary amplitude A, to be assigned. We may choose for A; the 
value of A for the first approximation Yp = A cos pt. These steps 
will also be followed for further approximations. 

The frequency p after the second iteration becomes 

1—G/A 


1 + 0.758A? — 0.375(0.758A2)? + 0.281(0.758A2) (10) 

The amplitude A is plotted versus frequency p in Fig. 2 for 
8B = +4/300 and in Fig. 3 for 8 = —4/300. The choice of any 
particular value for 8 in no way limits the generality of the 
treatment. The discussion of this statement may be found in a 
previous paper® by the author. 


If the disturbance G decreases and finally approaches zero as its’ 


limit, the frequency p gradually becomes the natural frequency of 
the system. It is therefore possible to check the curves for G = 0 
in Figs. 2 and 3 versus the exact natural frequencies obtained by 
elliptic integrals.‘ The values computed from Equation (10) 

3 Chi-Neng Shen, “On the Solution of a Differential Equation with 
Nonlinearity Appearing in the Second Derivative of Combined 
Linear and Cubic Terms,” Quarterly of Applied Mathematics, vol. 15, 
1957, p. 16. 

‘Ibid. p 21. 
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Fig. 2 Sinusoidal response for positive nonlinearity 3 = 4/300 
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Fig. 3 Sinusoidal response for negative nonlinearity 8 = —4/300 


500 / pecemBer 1959 


are close approximations to the exact solutions at moderate 
amplitudes although they deviate slightly from the exact solution 
at extremely large amplitudes. 

If G is sufficiently large, there is a range of frequencies for which 
no solution exists when 8 is negative. This can be found from 
Fig. 3. 


The Linear Variational Equation 


The solution by Equations (9) and (10) for the nonlinear dif- 
ferential Equation (4) may not be stable. Under an infinitesimal 
disturbance, a stable system will gradually return to its original 
amplitude and frequency. Let Y(t) and Y(t) + 6Y(t) be two 
slightly different solutions of the differential equations. By sub- 
stituting the value of Y + 6Y for Y in Equation (4), and by 
neglecting (6Y)? and (6Y)*, which are infinitesimals of higher 
order, Equation (4) takes the form, 


d? d? i? 
73 —— on 4 
(Y + + ¥ + GY) + 


+ 6Y =Gcos pt (11) 
By subtracting Equation (4) from Equation (11), the linear varia- 
tional differential equation in 6Y is 


(12) 


+ + = 0 


The solution of 6Y should be bounded for a stable solution of Y. 
The linear variational equation in W is 
aw W 


13 
dt?" 14 (13) 


where 
W = (1 + 38Y?2)6Y (13a) 
provided 


1+ 36Y? 0 (136) 


It also can be shown that 6Y is bounded provided W is bounded. 
Using Y; for Y, squaring Y,; from Equation (9), and neglecting the 
terms cos 4 pt and cos 6 pt, we have 


Y? = 0.5(A? + B*) + 0.5(A? + 2AB) cos 2pt (14) 


Finally, by letting 2 = 2pt, Equation (13) can be written in a 
convenient form as 
aw 


15 


S = 4p?({1 + 1.58(A* + B?)], (16) 


C = 4p?[1.58(A* + 2AB)] (17) 


Equation (15) is the key variational equation to be solved in 
the next section for the stability of the system. 


Boundary of Stability by Perturbation Method® 


Equation (15) has a period of 44 and 27. The stable regions 
are joining together at the points 


1/S = n*/4, C =0 (18) 


5 Loe, cit., Stoker.! 
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where n = 1, 2, 3,... = any positive integer. 
As C approaches zero, the periodic solutions of Equation (15) 


are 
W = sinnz/2 and W = cos nz/2 (19) 


For smal] values of C it is assumed that both W(z, C) and S(C) 
can be expanded in power series of C; 
W=W.+CWi+ CW2+...+CW,+... (20) 
S = 8S + CS, + C%.+...+CS;+... (21) 
where S, are constants and W; are functions of z. 
Substitution of Equations (20) and (21) into Equation (15) 
yields the following relation: 
PW, 
+ CS, + CS: +... + C cos 2) (—" + 
dz* dz? 
dz? 
By collecting coefficients of like powers of C and setting to zero 
the resulting expressions, and by rearranging terms of W,, the 
iteration procedure may be outlined as 


+C .) + (Wo + CW, + C?*W.+...) =0 (22) 


Wo 
— =(), 23 
dz? So ( ) 
aw, al = _S + cos z) = (24) 
dz? So S dz? 
and 
S. (S; + cos z) d*W, 
(25) 
dz? So So dz? So dz? 


The following list shows the various branches of curves of S 
versus C by their perturbation method. 
n=1, Wo = cos0.5z, S = 4 — 0.5C + 9C?2/128 
(26) 
n=1, Wy =sin0.5z, S = 4+ 0.5C + 9C?/128 
Wo = COs 2, S = 1 C2/3 
S=1+C*/3 
4/9 + 207C?/256 


4/9 + 207C?/256 


n=2, Wo = sinz, 


n = 3, Wo = cos 1.52, S 


(28) 


n= 3, Wo =sin1.5z, S 


Equations (26) give the boundary of stability of the steady- 
state solutions. It can be shown that the regions between these 


two curves are unstable. 


Boundary of Stability by Continued Fractions 


Equation (15) may be transformed again into the following 
form by letting S = 1/v2 and C = 2y/v?; thus 


(1 + 2y cos z) det +v’W=0 (29) 


Recently Equation (29) was solved in detail for the case 2y < 
1.6 The boundary of stability of the solution is expressed in con- 
tinued fractions as 


=0 (30 
1 — (v2/4) — {y?/(1 — (v2/9) 

* Enzo Cambi, ‘‘The Simplest Form of Second-Order Linear Dif- 

ferential Equation, With Periodic Coefficient,” Proceedings of The 

Royal Society of Edinburgh, Section A, vol. 63, 1949-50, pp. 27-51. 
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also, 
— 40° 0 


These continued fractions yield a family of curves of v versus . 
The corresponding values of S versus C may thus be found as 
plotted in Fig. 4. Note that the unstable regions branch out from 
S =4andC = 0. For small values of C the solution obtained 
by using the perturbation method of the previous section checks 
very well with the exact method of continued fractions that was 
obtained from the work of Cambi.® 


Stability of Forced Oscillations 


The aim of this section is to outline the necessary synthesis 
based on the previous analysis. Suppose the magnitude of the 
disturbance G is given. We may start with Equation (10) and 
Equation (9) to determine the frequency p and the third har- 
monic B for a set of assumed amplitudes A as already shown in 
Figs. 2 and 3. The two parameters S and C of the variational 
equation may be computed by Equations (16) and (17) for the 
same set of A. Then C may be plotted versus S as shown in Fig. 
5 for G@ = 0.1 and 6 = +4/300. The shaded areas are stable re- 
gions redrawn from Fig. 4. These branches of the curves MN are 
unstable while the curves LM are stable. The point 1 may also 
be traced in either Fig. 2 or Fig. 3 where it indicates the point of 
tangency of a vertical tangent to the curve. 

The locus of vertical tangents may be obtained by differentiat- 
ing p with respect to A of Equation (10) and setting this result 
equal to zero. This yields the value of G in terms of A. If this 
value of Gis substituted into Equation (10) the frequency p, of the 
locus of the points of tangency from the vertical tangents can be 


expressed in terms of A as follows: 


1 


Pe + 3(0.758A*) — 4+ 2(0.75BA*)® 


If p, is substituted for p in Equations (16) and (17) a single 
locus of C versus S may be obtained. For small values of G, this 
curve lies on the boundary of stability as shown by MM in Fig. 5. 
This locus is also plotted in Figs. 2 and 3, 


ef 


-4 


Fig. 4 Stability of continued fraction; shaded area stable region 
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Fig. 5 Stability of forced oscillation; shaded area stable region 


Solution With Damping Terms 


An examination of the general Equation (3) indicates that M, 
and M, are nonlinear and linear damping coefficients, respec- 
tively. For convenience Equation (2) may be rearranged in the 
following form: 

dt? 
+ Y = G, cos pt + G; sin pt, 
M = M, + M,, 
uw = BM,/(M, + M,), 
G, = G cos 9, 


G@, = Gsin 


(33) 
(34) 
(35) 
(36) 
(37) 


where 


The iteration method may also be used here as previously given 
in the section, “Solution by Iteration Method,” if Equation (33) 
may be written as 


dt? 


d 
— M (Yu-1 + 


dt? 


+ = 


+ (p? — 1)¥n- + G, cos pt + G, sin pt, (38) 


where Y, = nth iteration of Y. 
For a periodic solution on the first-order iteration of Equation 
(38) the necessary conditions are that 
(0.75)Bp*A® + (p? — 1)A + G, = 0, (39) 
and 
MpA[1 + (0.75)uA?] + G = 0 (40) 


For the first-order iteration, Equation (38) has a particular solu- 
tion of the form, 
YY,» = B cos 3pt + C sin 3pt, (41) 
where 
B = —(9/32)BA3, (42) 
C = —(3M/32p)yA? (43) 
Thus the first iterated value of Y becomes, 
Y, = A cos pt + B cos 3pt + C sin 3pt (44) 


We may fix our attention here on a case where M, = 0 and the 
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Fig.6 Sinusoidal response with damping term 
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Fig. 7 Maximum amplitude under damping 


linear damping coefficient M, is not zero. Then M = M,, and 
pw = 0. With the same procedure on the second iterationt he 
frequency p? may be formulated as follows: 


p? = {(26 — M,*) + 


(26 — M,*)* — (1 — G*/A*)]'*} (45) 


where 
@ = 1+ 0.75BA? — 0.375(0.758A2)? + 0.281(0.758A?)3 


It also can be shown that the amplitude A is reduced sub- 
stantially within the “nonlinear resonance” region. In Fig. 6 
the curves are for G = 1.0, M, = 0.2, and G = 0.1, M, = 0.025. 
A jump phenomenon is shown as indicated by the arrows on one 
curve. 

The maximum value of A may be found by differentiating p* 
with respect to A? and equating its reciprocal to zero. This 
maximum occurs at the points where the two roots of Equation 
(45) are equal to each other. This can be done by setting to zero 
the value under the radical of Equation (45), thus 

M,? = 2o[1 — (1 — G?/A,,?)'”] (46) 


These maximum amplitudes are given in Fig. 7 for G@ = 0.1, 1.0, 
and 2.0. 
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Thermoelastic Problem’ 


This paper is concerned with the dynamic treatment of a transient thermoelastic problem 
for a semi-infinite medium which is constrained against transverse displacements and 
ts exposed to a uniform time-dependent heating (or cooling) of its entire plane boundary. 
The stress distribution appropriate to this problem, in the event that the surface tem- 
perature is a step-function of time, was previously established by Danilovskaya {1}? 
and by Mura [2]. In the present investigation the accompanying displacements are 
determined in closed form. In addition, an exact closed solution, in terms of error func- 


tions, is obtained for the case in which the time-dependence of the given surface tem- 
perature is of the ramp-type. The ensuing field of thermal stress is compared with the 
corresponding quasi-static stress distribution, with a view toward a quantitative as- 
sessment of the accompanying inertia effects as influenced by the rate at which the tem- 
perature of the boundary is altered. The results indicate that the conclusions reached 
in [1] and [2] are in need of essential modification once the assumption of an in- 
stantaneous change of the surface temperature is abandoned. 


Introduction 


HE conventional quasi-static approach to thermo- 
elastic problems in the presence of time-dependent temperature 
fields (and under stationary loading conditions) rests on the 
assumption that the inertia terms may be neglected in the 
governing field equations. This hypothesis, which goes back to 
Duhamel [3], is known to yield useful results in a wide variety of 
applications. It is evident, however, that the quality of the ap- 
proximation must depend both on the size of the relevant intrinsic 
inertia parameters and on the nature of the time variations in- 
herent in the temperature distribution. If, in particular, the 
temperature field exhibits sufficiently steep time-gradients, 
the dynamic effects disregarded in the traditional treatment of the 
problem may be expected to become significant. Moreover, 
when the inertia terms are taken into account, the entire charac- 
ter of the problem is altered: the process of transmission of the 
thermal stresses is then no longer purely diffusive but involves the 
propagation of elastic waves. 

The first attempt to examine inertia effects in a transient 
thermoelastic problem is apparently due to Danilovskaya [1] 
(1950). The particular problem considered in [1] concerns an 
elastic half space that is free from loading and is subjected to a 
suddenly applied, and thereafter steadily maintained, uniform 
change of the surface temperature over its entire plane boundary. 
Throughout the interior of the medium, the temperature-dis- 
tribution is assumed to obey the heat-conduction equation, in 
the absence of thermoelastic coupling. The ensuing thermal 
stresses are determined rigorously within classical elastokinetics 
in [1], on the assumption that the body is constrained against 


1The results communicated in this paper were obtained in the 
course of an investigation conducted under Contract Nonr 562(25) 
with the Office of Naval Research, Department of the Navy, Wash- 
ington, D.C. 

? Numbers in brackets designate References at end of paper. 

3It should be pointed out that the term “‘thermoelasticity”’ is re- 
served by some authors to describe the study of processes which are 
governed by the coupled field equations; in the present paper the 
term is applied in its narrower connotation. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of Tue American Society 
oF MECHANICAL ENGINEERS. 


Journal of Applied Mechanics 


lateral displacements. More recently, Mura [2] independently 
arrived at the same results, while Danilovskaya [4] generalized 
her previous solution to accommodate convective boundary con- 
ditions. None of the investigations cited so far includes the de- 
termination of the accompanying thermal displacements. The 
conclusions reached in [1] and [2] involve qualitative, and 
sizable quantitative, inertia corrections, which invalidate Du- 
hamel’s hypothesis for the problem discussed there. 

In the following we return to Danilovskaya’s original problem 
and obtain the missing displacements in closed form. The main 
objective of the present investigation, however, is the study of a 
modified problem in which the boundary of the half space under- 
goes a linear rise (or fall) in temperature during a finite time in- 
terval, after which the surface is held at constant temperature. 
An exact closed solution, in terms of error functions, appropriate 
to such a “ramp-type’’ boundary condition, is reached and com- 
pared with the corresponding quasi-static solution. This com- 
parison aims at a quantitative appraisal of the inertia effects in 
their dependence upon the rate of heating (or cooling) of the 
boundary. The results—which are no longer confined to the 
physically unrealistic limiting case represented by an instantane- 
ous change in the temperature of the boundary— suggest that the 
dynamic effects induced by a gradual heating or cooling of the 
boundary are substantially different from those encountered in 
{1] and [2], even at extremely high, but finite, time-gradients of 
the surface temperature. 

Inertia terms have been taken into account in several thermo- 
elastic investigations since the appearance of Danilovskaya’s 
original paper [1]. Thus Boley [5] and Boley and Barber [6] 
studied thermally induced beam and plate vibrations. A par- 
ticularly important contribution to the subject under discussion 
is due to Nowacki [7] who obtained several closed exact solutions 
to the (uncoupled) three-dimensivnal thermoelastic equations of 
motion, corresponding to a time-dependent heat source in the 


Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 21, 1958. Paper 59—APM-9. 


303 


1959 


DECEMBER 


4 

ae 

| 

i 

i 

| 

| 


interior of a medium which occupies the entire space. We 
also mention a purely formal dynamic treatment by Ignaczak [8] 
of the thermoelastic problem for the half space, in the presence 
of a time-dependent heat source at the boundary. Finally, we 
draw attention to recent investigations of thermoelastic coupling 
effects, although the primary aim of these studies is unrelated to 
the main purpose of the present paper. 


Governing Equations. Statement of Problem 


Let (z, y, 2) be Cartesian co-ordinates and consider an elastic 
medium occupying the half space z > 0. Suppose that the body 
is subjected to a time-dependent temperature field of the form 


T = T(z, t) (1) 


and is constrained to the uniaxial motion characterized by the 
displacement field 


u,= w=u, = 0. (2) 
The displacement-stress relations of the classical theory of elas- 
ticity then reduce to 


nar | 
2v 


nar | 


where (¢,, 7,, 7,) are the components of normal stress, and the 
Cartesian components of shear stress vanish identically. Here 
M, v, and @ designate the shear modulus, Poisson’s ratio, and the 
coefficient of thermal expansion, respectively. If the body forces 
are absent, the equations of motion, at present, degenerate into 
the single equation 

oo, (4) 

ox ol? 


in which p denotes the mass density. 

Substitution for o, in (4) from the first of (3) yields the dis- 
placement equation of motion 
1 O%u (1+ v)a oT 
Of? 


Ox? 


(5) 


provided ¢ is the velocity of irrotational waves, given by 


21 — 
(1 — 2v)p 


2 


(6) 


On the other hand, elimination of u between (4) and the first of 

(3) leads to the stress equation of motion 

+ va 


- 7 

c* 7) 
We assume that the temperature field (1) obeys the (uncoupled) 
heat-conduction equation, whence 


(8) 


where « is the thermal diffusivity. 
The initial condition for the independent heat-conduction 
problem is taken as 


4 The dependence on time assumed in [7] includes the Dirac delta- 
function, the Heaviside step-function, and the sinusoidal pulse. 

' See, for example, Deresiewicz [9], [10], which contain specific 
references. 
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T(z,0) =0 (0<2< (9) 


while two distinct types of boundary conditions are to ve con- 
sidered. For an instantaneous heating of the boundary (Danilov: 


skaya’s case), 


in which 7) is a constant and A(t) designates the Heaviside step- 
function defined by 


h(t) = 0 for 
Alternatively, for a ramp-type heating of the boundary, 
T(0, t) = f(d), 


-—-o<t<0, A(t) =1 for O<t< (11) 


(12) 
with 
f®=0 for —x»<t<0, 


= for 0<t <b, 


for h<t< 


where 7) 2 0 and & > 0 are constants. Finally, we adjoin the 


regularity requirement 


T(z, t) a, (14) 


If the medium is initially at rest, the thermal displacements and 
stresses arising from the temperature field 7(z, t) are governed 
by the initial conditions 


ou 


u(z, 0) = 0, [= 


] =0 (15) 
(z, 0) 


while the corresponding boundary condition, appropriate to 

vanishing surface tractions, appears as 
o,(0,t) = 0 (16) 

and is to be supplemented by the regularity requirement 

o,(z, (17) 


u(z, t), o,(z,t) 0 as 


At this stage it is expedient to introduce dimensionless variables. 
Thus, we let 
c ’ 


and define a dimensionless z-co-ordinate and time by means of 


(18) 


(19) 


setting, in particular, 


(20) 


a 


Next, we define a dimensionless temperature and displacement 
as well as dimensionless components of stress, through 


T,’ (1+ v)aTo a 
(21)8 


Al+vjaT pw’ 


2Al+vjaTo 
With reference to this notation, and in view of (8), (9), the 


6 Since es, = ey, we omit any further reference to ez. 
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temperature problem reduces to the determination of a function 
T) which satisfies 


oy 
ae (22) 
and conforms to the initial condition 
=0 (0<E< @). (23) 


Moreover, by virtue of (10) to (13), we have the boundary condi- 
tion 


¢(0, r) = h(r), (24) 
in case of a sudden temperature application, or 
g(0, T) = P(r) (25) 
with 
d(T) = 0 for 
= t/t. for < To, (26) 
d(T) = 1 for <T< @, 


in case of a ramp-type heating. In either case, the regularity 


condition (14) now becomes 


as 


(27) 


Once ¢ has been found, the associated thermal displacements 
and stresses, in view of (3), (5), (15), (16), (17), (19), and (21), 
may be obtained by solving 


or? o& 
G =) at — (1 — = vd, — (1 — 
(29)? 
subject to the initial conditions 
ou 
u(&,0) = 0, (0<é< (30) 
Or 
the boundary condition 
6,(0, r) = 0, (31) 
and the regularity conditions 


Suppose that ¢(£, 7), in addition to satisfying (23), meets 


=0 (0 @), 


(33) 


In this event, (3), (7), (30) imply that the stress ¢,(£, 7) admits 
the alternative characterization through 


or? or?’ 


(34) 


together with the initial conditions 


0) = 0, [ =0 (35) 
or 0) 


the boundary condition (31), and the regularity requirement for 
¢, contained in (32). 


7 Observe that the second of (29) merely serves to determine ¢y 
after ¢, has been established. 
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Sudden Heating of the Boundary. Reconsideration of 
Danilovskaya’s Problem 

The well-known solution* to the heat-conduction problem 
governed by (22), (23), (24), and (27) is given by 
(r > 0), (36) 


tT) = (9), 


provided ¥(@) designates the complementary error function de- 
fined through 


¥(0) = erfe (0) = % exp (—A*)d\. (37) 
For future convenience, we recall here that 
=2-— WO), WO=1, as O— 
(38) 
and cite the power-series development 
2 = (— 1) +1 
6) - 39) 
as well as the semiconvergent expansion, valid as 0 — 
exp (—6*) [ 
0) = + 
(m = 0,1,2,...). (@) 


Evidently, (36) is consistent with (33). 

In treating the associated thermoelastic problem, Danilovskaya 
[1] employs the formulation through (34), (35), (31), (32) and 
does not consider the displacement field. In contrast, Mura [2] 
takes (28) to (32) as his starting point, but subsequently avoids 
the explicit determination of the displacements to which we turn 
our attention presently. 

Thus, let 


8) = L{ r)} = exp (—sr)a(&, r)dr, (41) 


whence U(£, s) is the Laplace transform, with respect to 7, of the 
displacement #(£, 7), s being the transform-parameter. Apply- 
ing the Laplace transform to (28), and bearing in mind the initial 
conditions (30) as well as the temperature field (36), we reach the 
ordinary differential equation 
, 
—— exp v/s) (42) 
V8 
which, by virtue of (24), (29), (30), and (32), is subject to the 
boundary and regularity conditions 


| 
d= 3’ 


The boundary-value problem characterized by (42), (43) has the 
solution, 


8) +0 as (43) 


U(E, 8) = 8) + ULE, 8), (44) 
with 
exp(—é) exp (—& V/s) 
U,(E, 8) s(1 8) ’ 8) 1) ( ») 


The inversion of U; is elementary® and yields 


8 See, for example, Carslaw and Jaeger [11], p. 247. 
* See, for example, [12], p. 241, No. 1, and p. 242, No. 9. 
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= 8)} = A(r — — exp(r — £)], (46) 


where A again is the Heaviside step-function defined in (11). 
With a view toward inverting U2, we note on the basis of Doetsch 
{13} (page 76, no. 20) that 


provided 


A) = Fen exp (—A?/4r), (48) 


TT) 
while 


exp (—&s) 


— (49) 


7) = s)}, GE, s) = 
The inversion of G, in turn, presents no difficulties. In fact, [12] 
(page 241, no. 1, and page 230, no. 8) after a convolution, lead to 


= — §)[sinh(r — &) — 7 + (50) 


Substituting (50) in (47), and carrying out the integration, one 
obtains 


7) = — 2(r/m)"/* exp + AE, 7), (51) 


where @ and ¥(@), as before, are given by (36) and (37), whereas 


= exp(r — E)WO — — exp(r + HYW(O + 


In addition to 8, it is expedient to introduce an auxiliary function 
¥, defined through 


=- = exp(r — — 


+ exp(r + v/r). 
From (41), (44), (46), and (51), now follows 
r) = h(r — &)[1 — exp(r — 


1 
+ EWA) 2(r/m)'/* exp + 2 AE, T), (54) 
while (29), in conjunction with (36), (53), (54), yields 
1 
T) h(r £) exp (r 2 T), 


7) = r) — (1 — 2v) (8). 


This completes the solution of the dynamic thermoelastic prob- 
lem under consideration, for the case in which the surface tem- 
perature is a step-function of time. It is readily confirmed that 
the formal results (36), (54), (55) satisfy all relevant field equa- 
tions, as well as the pertinent initial, boundary, and regularity 
conditions. Also, the stresses (55) agree with the corresponding 
results in [1] and [2]. 

Those terms in (54), (55), which contain the Heaviside function 
h(r — &) as a multiplier, indicate the presence of a plane shock- 
wave which, as is seen from (18), (19), propagates with the ve- 
locity c of irrotational waves given by (6); the remaining terms 
are diffusive in character. The wave-front issues from the 
boundary and at all times remains parallel to the boundary. 
While @ in (54) is continuous, as required by the physical con- 


© Note that the arguments of ¥ in (52), (53) are @ + 4/r or 0—/r, 
as indicated. 
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tinuity of the material, the stresses (55) exhibit finite yump-dis- 
continuities at the wave-front. Specifically, 


6(&, 6§, §—) =v. (56) 


We consider next the quasi-static displacements and stresses 
corresponding to the temperature field (36), which are character- 
ized by (28), (29), (31), (32) provided the acceleration term in 
(28) is deleted. The solution to this simple problem has the form 


aE, = EY(O) — exp (—6%), 
6(é,7) =0, 6,(&, 7) = —(1 — (7 > 0). 


Thus, ¢, vanishes identically in the quasi-static solution. 
According to (24), (31), and the second of (29), 


6,(0, 7) = —(1 — 2v)h(r) (58) 
applies equally to (55) and (57), so that the boundary values of 
é, exhibit no inertia effects. Finally, one may verify with the 
aid of (38), (39), (40) that 


ot, rT) 1 as (59) 


and that 
7) 6,(§, 7) —(1 — as @, (60) 


hold both for the dynamic and quasi-static solution. Conse- 
quently, the stresses tend to the same steady-state values in both 
solutions; in contrast, the dynamic and quasi-static displace- 
ments grow beyond bounds as T > =. 


Solution for Ramp-Type Heating 


We turn now to the case of a ramp-type heating (or cooling) 
of the free surface, in which the boundary condition (24) is to be 
replaced with (25). The dynamic solution to this modified ther- 
moelastic problem may be obtained from the corresponding solu- 
tion established in the preceding section by means of the Duhamel 
integral. To this end, let So, 7) and S(£, 7) denote the dy- 
namic solutions appropriate to (24) and (25), respectively. 
Then, 


0 


in which @ is given by (26). From (61), (26), we draw 


S S'(&, T) = =f S(£, (0 < T < To), 
0 


(62) 


S = 8&7) 1m) (OS m< &). 
Moreover, (62) clearly remain valid if So(f, 7) and S(&, r) are 
interpreted to stand for the respective quasi-static solution!? be- 
longing to (24) and (25). 

All of the integrals represented by the right member of the first 
of (62) can be evaluated in closed form, in terms of elementary 
and error functions. Since the results thus obtained are amenable 
to direct verification, the tedious and voluminous details of the 
underlying computations will be omitted. 

From (62), (36) we ultimately reach the temperature distribu- 
tion for the modified problem in the form 


11 Note that S and So here represent “vectors” with the appropriate 


components ¢, u, ez, and ay. : 
12 The temperature fields are, of course, the same in the dynamic 


and the quasi-static case. 


Transactions of the ASME 


| 


7) = + (9) 


— exp | (O<r <n), 


7) — — (tm ST< @). 


In this manner one is eventually led to 


— exp(r — + T) 


(6 + 47 + exp (—6%) 


with the aid of (29). Thus, 


T 


é, ="6,(§, 7) = {hr — £)[exp(r — 1] 


(4) (0 < T < To), 


6, 6,'(&, T) 6,'(&, = To) (To < T< @), 
— (1 — (OS T< &), 


where ¢ is, in the present instance, given by (63). 


dir) 


(63) 


The associated dynamic displacements follow from (62) and (54). 


(64) 


The stresses’ belonging to (64) are most conveniently obtained 


(65) 


The foregoing fields of temperature, displacement, and stress de- 
pend continuously on and r, throughout 0 < ©,0<T< @. 
On the other hand, the space and time derivatives of @, ¢,, ¢, 
in (64), (65) display jump discontinuities both at r = & and at 
7 = & + 70; these discontinuities are evidently propagated with 
the velocity c of irrotational waves, given by (6). 

The first of (57), in conjunction with (62), yields the quasi-static 
displacements for the modified problem, while the corresponding 
stresses then follow from (29). The results of this computation 
are 


4= = ~ (- +2 


(r/m)'/*( + 47) exp | (O< 7), 


> (66) 
a= a'(t,r) — — (Tm <T< &), 
7) = 0, 6&7) = —(1 — 7) 
(O<Tr< &), 
in which ¢ is once more given by (63). 
In place of (58) we now have 
6,(0, r) = —(1 — (OS T< @), (67) 


with @ defined by (26), valid for both (65) and (66). The limit 
relations (59), (60) continue to hold for the dynamic and the 
quasi-static solution of the modified problem. Finally, both of 
these solutions evidently fulfill 


S(E, 7) SAE, 7) as 0. (68) 


Numerical Results. Discussion 


The numerical evaluation of the solutions derived in the pre- 


1.0 
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Fig. 1 Time-dependence of at = Oand = 1 for various values of 


pecemBer 1959, 507 


| 
ta 
, 
.. | 
at 2: 
0.8 0.08 ——l—er 
| 
0.4}- 4 


Danilovskaya 


quosi-stotic 


Fig. 2. Time-dependence of ¢, at £ = 1 for various values of 7 


ceding sections is readily accomplished with the aid of available 
tables [14] of the error function. 

Fig. 1 shows the time-dependence of the dimensionless tem- 
perature g(£, 7) at the boundary & = O and at the interior 
plane — = 1, for 7) = 1/2, 1, 2, as well as for the limiting case Tt) = 0 
which corresponds to an instantaneous heating of the surface. 
The curves belonging to £ = 0, of course, merely illustrate the 
boundary condition (25). 

Fig. 2 depicts the dimensionless stress ¢,, which is independent 
of v, as a function of r at the level & = 1, for the same values of 
To underlying Fig. 1. The presence of a nonvanishing ¢, is en- 
tirely due to inertia effects, this stress being identically zero in the 
quasi-static solution. When t = 0 (Danilovskaya’s case), 
¢,(1, 7) exhibits a jump-discontinuity at r = 1, as predicted by 
(56); for to > 0, the curves under discussion are continuous but 
display discontinuitieg of slope at r = 1 and r = 1 + 7. Re- 
gardless of the value of 7), ¢,(1, 7) tends to the steady-state value 
Zero aS T—> 

The peak-values of ¢,(1, 7), at r = 1, decline rapidly with in- 
creasing To, as is evident from the inset diagram in Fig. 2. Thus 
the peak-value appropriate to tT, = 3 is found to be less than 14 
per cent of the peak-value corresponding to to = 0. In order to 
render this comparison meaningful, it is essential to establish the 
relation between the dimensionless time 7 and the physical time ¢ 
for an actual material. To this end, we consider structural steel 
and use the approximate values vy = 1'/;, uw = 7.55 X 10" 
dynes/em?, p = 7.85 gm/em®, x = 0.12 cm?/see. Equations (18) 
and (19) now yield 


a = 1.93 K 10-7 em, = (3.12 X 107!%)7 sec. (69) 


Consequently, 7. = 3, in the case of steel, implies that the time- 
interval during which the surface temperature is raised or lowered 
is of the order of 10~!* sec. Nevertheless, even such an exceed- 
ingly rapid heating or cooling of the boundary reduces the maxi- 
mum magnitude of ¢,(1, 7) by 86 per cent as compared to the 
maximum value in the event of an instantaneous temperature 
change. 
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We turn, finally, to the discussion of the transverse normal 
stress. In this connection, we recall that the surface-values of 
6, are free from inertia effects. In Fig. 3, ¢,(£, 7) is plotted as a 
funetion of for = 1, = 0, 1, 2, and = 1/3. The curves 
in the upper part of this figure, refer to the dynamic values, given 
by (55), (65); those in the lower portion are based on the quasi- 
static values in (57), (66). Both families of curves asymptotically 
approach the common steady-state value —'/3,as T — ©. The 
quasi-static curves represent analytic functions of forO0 < 
In contrast, the corresponding dynamic curves have discontinuous 
slopes at T = 1, T = 1 + 7. if tT) > O, whereas the curve appro- 
priate to 7 = 0 exhibits the jump-discontinuity described in the 
last of (56). 

The effect of variations in upon at = 1, 7 = is il- 
lustrated by the inset diagram in Fig. 3. It is seen that the dy- 
namic and the quasi-static value of ¢,(1, 1—) diminish very 
rapidly as 7» is increased. Indeed, one finds that tT, = 10'°, 
which corresponds to approximately 3.12 see for steel,'® yields a 
reduction of ¢,(1, 1—) from —0.46 and —0.16 at 7) = 0 (Danilov- 
skaya’s values) to 0.23 X 10~% and 0.093 « 107", in the dynamic 
and quasi-static case, respectively. Both of these reduced values 
are, in turn, insignificantly small compared to the steady-state 
value of ¢,. It should be emphasized, however, that the ratio of 
the quasi-static to the dynamic value of ¢,(1, 1—), which reflects 
the error arising from the neglect of the inertia terms, is inde- 
pendent of 79 for tT) > 1, and is given by 0.41. 

In conclusion, we draw attention to the fact that the particular 
problem underlying this investigation suffers from two de- 
ficiencies as a means for studying the validity of Duhamel’s hy- 
pothesis. Thus, the artificial constraint of the body to the one- 
dimensional motion assumed in (2), results in a severe degeneracy 
of the quasi-static stress distribution, as evidenced by the vanish- 
ing of the primary normal stress g,. Next, the absence of a 
characteristic length in the problem under consideration obscures 
the influence upon the dynamic effects sought of the size of the 


13 See Equations (69). 
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intrinsic inertia parameters, which remain hidden in the dimen- 
sionless time and distance scales. 
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Coupled Torsional and Longitudinal 
Vibrations of a Thin Bar 
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The effect of pretwist on the natural frequencies of coupled torsional-longitudinal oscilla- 
tions of thin bars is studied. It is found that the natural frequencies of oscillations 


which consist primarily of torsional motion may be considerably increased depending 


upon the thinness of the bar, and the amount of pretwist. 


The natural frequencies of 


oscillations which consist primarily of longitudinal motion are not significantly altered. 


l. 1s well known that when a thin bar is under tor- 
sion there is a slight decrease in distance between cross sections. 
A normal stress is thus produced in each longitudinal fiber which 
is not parallel to the axis of the bar; and hence there is a stress 
component which produces an additional torque. It has been 
shown that for straight bars this is a higher order effect and can 
be neglected except for comparatively large angles of twist in 
bars of thin cross section.? 

If the bar is pretwisted (but not prestressed), the same reason- 
ing leads to a first-order correction in the torque predicted by the 
classical Saint Venant theory. This correction may be considera- 
ble depending upon the amount of initial twist, the form of the 
cross section, and the material of the bar.* 

Thus for a pretwisted bar there is a coupling between longi- 
tudinal and torsional motion which in general should not be 
neglected. This coupling effect is analyzed in this paper using a 
“beam-type” theory. The natural frequencies of coupled longi- 
tudinal-torsional oscillations of a thin bar are computed and com- 
pared with the natural frequencies of uncoupled motion. 

Recently Reissner and Washizu‘ have considered the effect of 
pretwist on the natural frequencies of torsional oscillations of a 
beam of narrow cross section. Their analysis is based on a 
variational principle for the linear theory of shallow shells which 
is the appropriate specialization of a general variational principle 
for stresses and deformations. The results of this paper are in 
agreement with those given by Reissner and Washizu. 


1 This work was partially supported by the Office of Naval Re- 
search, contract No. Nonr 1866(02), Harvard University, and by 
the Air Force Office of Scientific Research of the Air Research and 
Development Command, under contract No. AF 18(600)-1586, 
Rensselaer Polytechnic Institute. 

2S. Timoshenko, “Strength of Materials—Vol. II,” D. Van 
Nostrand Company, Inc., New York, N. Y., 2nd edition, 1941, pp. 
298-304. 

* Chen Chu, ‘‘The Effect of Initial Twist on the Torsional Rigidity, 
of Thin Prismatic Bars and Tubular Members,” Proceedings of 
The First U. S. National Congress of Applied Mechanics, 1951, pp. 
265-269. 

*E. Reissner and K. Washizu, “On Torsional Vibrations of a 
Beam with a Small Amount of Pretwist,”” Journal of the Japan Society 
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Analysis 


Consider a thin bar of length J, described by an axis (z-axis) 
which is the locus of centroids of cross-sectional planes taken nor- 
mal to the plane, Fig. 1. Let the bar be pretwisted about this 
axis by an amount 7(z) radians; 7 is measured positive in a clock- 
wise direction with increasing z. It is assumed that the bai is not 
prestressed. Consider an element of the bar of length dz and a 
longitudinal fiber a distance r from the axis of the bar. This fiber 
forms a helix of radius r and spiral angle Br where 8 = dr/dz. 
The length of this fiber (aa’ in Fig. 1) is given by 


dso {1 + (1) 


Corresponding to an applied elastic torque each cross section 
will be rotated through an angle 6(z), where @ is measured in the 
same manner asT. It is assumed that d@/dz is small compared to 
8. The strain in the fiber aa’ due to this rotation can be ex- 
pressed as 


+ €, (2) 


( dé 
ds 41 dz 3 
and € is the strain due to the decrease in’distance between two 
cross sections. Here € > 0 implies tension and & < 0 implies 
compression. Substituting for ds in Equation (2), neglecting 
r?8? against 1, and quadratic terms in d@/dz gives® 

$ Throughout this paper terms in d@/dz which would lead to higher 
order corrections have been neglected. Thus when 8 = 0, our results 


for ¢, the longitudinal stress, the resultant torque, and resultant longi- 
tudinal force will reduce to those given by the classical theory. 


| 


GEOMETRY OF PRETWISTED BEAM 


STRESS RESULTANTS 


Fig. 1 
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RS 


d 
c= +6 (4) 


The corresponding normal stress, ¢ = Ee (where E is Young’s 
modulus), has components cos and sin (rf) parallel to 
the axis of the bar and in the cross section of the bar, respec- 
tively. In accord with the assumptions on order of magnitude, 
d6/dz has been neglected in computing the angle of inclination. 
If T and F are the resultant torque and resultant longitudinal 
force acting across a cross section, Fig. 1, then 


r-f o aA, r= + (5) 
A dr A 


Here A denotes the area of the cross section, G the shear modulus 
and J the torsional rigidity predicted by the classical theory. 
The terms cos rf and sin r8 have been replaced by 1 and rf, re- 


spectively. 

Substituting for o in Equations (5), noting that & = du/dz 
where u(z) is the displacement in the positive z-direction, and 
carrying out the necessary integrations gives 

du dé 
F = EA — + Els — 
108 
dé d 
T = (G4 EI,8?) — + El, — 
( J + 2B ) dz + To az , 


where 


= nef, rdA 


It should be noted that if 8 = 0, i.e., the bar is not pretwisted, 
Equations (6) uncouple, and we obtain the well-known classical 
equations 


F = EA du/dz, and T = GJ d0/dz 


The Eigenvalue Problem 


The equations of equilibrium for simple harmonic motion are 


iF dT 
+ pAwtu = 0, — + plw? = 0, (7) 
dz dz 


where p is the density, and the period of the motion is 2r/w. 
Substituting for F and 7’ from Equations (6) gives 


d du d dé 
d dé d d 
+ EI,8*) t + E ae {13 
The boundary conditions for a free-free beam are F = T = Oat 
the ends. Using Equations (6) these conditions become 


du/dz = d0/dz = 0 (9) 


atz = OQOandz Foracantilevered beam the boundary con- 
ditions at z = O are replaced by u = 6 = 0. 

From now on we shall restrict ourselves to the case of bars of 
constant cross section and constant 8. For the free-free beam 
the boundary conditions (9) suggest a solution of the form 
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Substituting in Equations (8), and setting the determinant of the 
coefficients of B and C equa! to zero leads to the following equa- 
tion for w: 


— wz*} — (1 + — = 0, (11) 


where = = En*2*/pl? are the squares of the 
natural frequencies of uncoupled torsional and longitudinal os- 
cillations, respectively, and y = E/,8?/GJ and K = El,*8*/GJA. 
Since, wr?< w,?, it follows from Equation (11) that 

Kw, 

w? = (1 + + 
(12) 
+ K wr’, 
for the primarily torsional frequency. The primarily longitudinal 

frequency follows in the same manner 
Kw,*w7* 
— (1+ yhor? 


~ w,? (13) 


= wy? + 


The exact solution of Equation (11) indicates that the approxi- 
mate formulas just given for w,? and w,* are quite accurate, Com- 
putations have been carried out using Equation (11) for the case of 
a bar of rectangular cross section of width 2b and depth 2h, for 
depth-to-width ratios of 1/10, 1/15, and 1/20. The torsional 
rigidity, J, was computed from the formula J = 4k,Ah* where 
k, = 0.312 for h/b = 1/10, and 1/3 for h/b = 1/15 and 1/204 
Also Poisson’s ratio which appears in the ratio E/G was taken to 
be 1/3. In Fig. 2, Ay = wi/wr has been plotted as a function of 
Bb for the three values of h/b. 

The results are in close agreement with the approximate 


*S. Timoshenko and J. N. Goodier, ‘“‘Theory of Elasticity,” 
McGraw-Hill Book Company, Inc., New York, N. Y., second 
edition, 1951, pp. 277-278. 
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formula given by Equation (12). It is clear from Fig. 2 that for 
any mode the effect of initial pretwist is to raise the “torsional” 
natural frequency (and, depending upon h/b and $b, by a con- 
siderable amount). On the other hand, the maximum percentage 
charge in @:/w, for the range of h/b and 8b considered here was 
less than 1.5 per cent. Thus the “longitudinal” natural frequency 
is practically unaltered by pretwisting. 

It is interesting to note that if longitudinal inertia is neglected 
in Equation (8) the bar has an effective GJ given by 


GJ GJA §’ (14) 


which is the same as the result given in Equation (12). For a bar 

of narrow cross section the foregoing equation reduces to 
b\?2 

GJ = GI +4/so(1 + v) h (Bb)? (15) 


where terms 0(h?/b?) have been neglected and v denotes Poisson's 
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ratio. This expression for the effective torsional rigidity differs 

from that given by Reissner and Washizu‘ only in that they have 

a 1 — vin the denominator instead of a 1 + vin the numerator. 
Finally, a suitable solution for the cantilevered beam is 


u = B sin (nwz/2l), 0 = C sin (nwz/2l), n = 1,3,5... 


The analysis for this case is identical with that for the free-free 
beam, and it is only necessary to replace n by n/2 with n ranging 
over the odd integers to make the results from the free-free beam 
applicable to the cantilevered beam. 
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Production of Rotation in a Confined 
Liquid Through Translational 
Motion of the Boundaries 


The motion of a fluid contained in a cylindrical tank driven laterally to its axis is 
analyzed in terms of a combination of surface waves and a two-dimensional combined 
vortex. Nonlinearities are introduced by analogy with the motions of a set of spherical 


pendulums. 


- response of confined liquids to external driving 
forces is of interest in connection with the control of large liquid- 
propellant rockets in which the motion of the liquids is an im- 
portant consideration in the stabilization of the autopilot. For 
stability analysis, it has been customary to neglect the nonlinear 
terms in the Navier-Stokes equation on the supposition that the 
motions to be studied were infinitesimally small. It also has been 
assumed that the viscous terms could be dropped for the reason, 
as Lamb [1]* has indicated, that for slightly viscous fluids the 
viscous effects are confined to a narrow region in the vicinity of 
the boundary. In the course of experiments designed to check 
the linear inviscid theory, it was observed that, when a periodic 
linear motion was applied to the boundaries in a direction normal 
to the gravity vector, the liquid responded with an oscillatory 
motion about a single nodal line normal to the plane containing 
the gravity vector and the vector describing the linear motion of 
the boundaries, provided the driving frequency was sufficiently far 
removed from the natural frequency of oscillation. However, 
when the driving frequency was in the neighborhood of the 
natural frequency, the liquid departed from planar motion and 
a rotational wave was observed to wash around the boundaries. 
Upon cessation of the driving motion of the boundaries, it was 
observed, by dropping bits of paper into the liquid, that rotation 
was present. The phenomenon is not predicted by linear, inviscid 
theory, and it is the purpose of this paper to indicate the mecha- 
nism whereby the rotation was produced in the liquid. 


Theory 


The idea of representing the degrees of freedom of a confined 
liquid with a free surface by a set of spring-mass systems was first 
introduced, to the author’s knowledge, by Graham and Ro- 
driguez [2], who applied it to a rectangular fuel tank. Gleghorn 
[3] employed the same analogy to describe the motion of fluid 
in a cylindrical tank. Kachigan [4] and Schmitt [5] replaced the 


1 Formerly with Space Technology Laboratories, Los Angeles, 
Calif. 
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The results of theory and experiment agree within the limits of experi- 
mental error and the approximaticens of the theory. 


With either 


spring-mass systems by a set of simple pendulums. 
analogy, the technique consisted in solving Laplace's equation for 
the velocity potential in co-ordinates appropriate to the bound- 
aries and formulating the expression for the fluid kinetic energy 
from which the masses of the pendulums or spring-mass systems 
could be extracted. The lengths of the pendulum suspensions, 
or the spring constants of the spring-mass systems were then 
chosen to yield the natural frequencies of the liquid degrees of 
freedom. 

Since these treatments all started with the assumption that the 
fluid velocity was entirely derivable from a scalar potential func- 
tion, the possibility of describing rotational motion was excluded 
ab initio. Furthermore, the form chosen for the scalar potential 
function provided no means for the fluid to carry angular momen- 
tum. On the other hand, since, away from resonance, the fluid 
degrees of freedom appeared to be adequately represented by a 
set of pendulums, and since, in the vicinity of resonance, the 
fluid motion departed from the plane of drive, as indeed a conical 
pendulum would, it seemed that it should be possible to sustain 
the pendulum analogy in both regions by generalizing the mathe- 
matical description of the fluid motion to include rotation and 
angular momentum. This is done in the following paragraphs. 

For the purpose of this paper, it is sufficient to restrict con- 
sideration to a circular cylinder whose axis is parallel to the 
gravity vector. The cylinder is termiaated on the bottom by a 
plane surface perpendicular to the axis and is filled to a depth /, 
with an inviscid, incompressible fluid of density p. We shall indi- 
cate the solution for the linearized equations first and subse- 
quently introduce the nonlinearities phenomenologically. 

The linearized momentum equation for an incompressible, in- 
viscid fluid is 


= 4d — VP/p, (1) 
where 


= fluid-velocity vector 

= fluid pressure 

external acceleration vector 
fluid density 

= time 


ad & Vie 


Expressing both the fluid velocity and external acceleration vec- 
tors in terms of a scalar and a vector potential [6], 


= + (2) 
G = —VQ + (3) 


= 
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ik 

ip; 

| 

yields 

f 


V(P/p — dp/dat + Q) = Vulé — d6/dt) (4) 
We shall consider solutions of Equation (4) for which 
— = VE (5) 


where £ is an arbitrary scalar function of the co-ordinates and 
time. Then we obtain 


P/p — d6/aAt + 2 = F(t) = 0, (6) 


since the arbitrary function of time, F(t), may be absorbed in the 
definition of the zero value of ¢. 

In references [4] and [5], the masses and lengths of the pendu- 
lums were given, respectively, as 


m, = tanh kjh/k(k?R* — 1), (7) 
and 


We shall show that these same expressions result when we 
include a vortex in the linearized description of the fluid motion. 

Thus we write as the expression for the scalar velocity potential 
for fluid contained in a right-hand cylinder and subjected to a 
constant acceleration (or gravitational field) along the axis (z- 
direction) and a time-dependent acceleration perpendicular to 
the axis (x-direction ), 


= K0+ Ji(kjr)( A, sinh kyz + B; cosh k,z) cos 8, (9) 
i=l 
where r, 6, and z are cylindrical co-ordinates. (This is essentially 
the form for the velocity potential used in reference [3], except 
that the vortex term, K@, was not included.) The condition that 
the normal velocity component shall vanish at the solid bound- 
aries is 


~d¢/dn + curl, + = 0, (10) 


where n is the direction normal to the solid boundaries. It may 
be noted that the vortex term in Equation (9) does not enter into 
the satisfaction of the solid boundary conditions. To avoid a 
singularity at r = 0, we shall introduce a two-dimensional com- 
bined vortex through the following stream function, p: 


(11) 


y= for r<a, 


fa? In (r/a) for r>a. 


2 (12) 
This function yields the same velocity in the 6-direction as the 
velocity potential, K@ (with a proper choice of K), for r > a, 
namely 


qe = $a*/2r, (13) 


while for r < a we obtain 


qo = (14) 


No velocity terms are contributed by to either the r or 2-direc- 
tion. Thus neither the irrotational nor the rotational vortex 
term enters the solid boundary conditions. 

At the fluid-free surface the pressure is independent of time. 
We would like to make use of Equation (6) to satisfy this condi- 
tion but we must first assure ourselves that the requirement given 
by Equation (5) is met. Let us assume that all the external forces 
are conservative. Then @ = 0. Equation (10) now requires that 


a= SV + f(r, 8, 2), (15) 


where f is an arbitrary function. Now the part of the velocity 
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with a nonvanishing curl is given by Equation (14), and it can 
be shown that this term would result from the following form for 
6: 


= (16) 


where ?; is a unit vector in the radial direction. Thus, if we take 
Vé = Oin Equation (15) and let f be given by Equation (16), the 
pressure will be given by Equation (6). 

Thus we have shown that the vortex terms do not enter into 
the satisfaction of the free surface or solid boundary conditions, 
which determine A, and B; of Equation (9). If we assume K 
of Equation (9) to be independent of time, the pressure, given by 
Equation (6), will be unaffected by the vortex terms. Thus the 
expressions for the pendulum masses and lengths will be un- 
changed by the inclusion of vortex items. 

This development has been entirely linear up to this point. We 
shall now assume that the previously omitted nonlinearities can 
be reintroduced to some extent by considering the pendulums to 
be free to swing about the point of suspension in any direction and 
applying Euler’s equations to describe their motion. This pro- 
cedure has been carried out, for a single pendulum, on both a 
digital [8] and an analog [9] computer and the results have been 
compared [10] with those obtained experimentally. The results 
will be discussed following a brief description of the experimental 
equipment. 

In setting up an analogy between the fluid vortex motion and 
the rotary motion of a conical or spherical pendulum, we have 
at our disposal from Equations (11) and (12) two constants, 
namely, f anda. We may employ the two functions which specify 
the rotation, angular momentum, and rotational kinetic energy to 
evaluate these constants, requiring that the energy and momen- 
tum be the same for the set of pendulums as for the fluid. The 
rotational kinetic energy for the set of pendulums, £,, is given by 

E, = (m,/2)i*wl;? (1 — g?/wi'l,*) (17) 


i=1 
The angular momentum is 
H,=@ iml*(1 — g?/l;*itw*) (18) 
t=1 
The corresponding quantities, as obtained from the fluid stream 
function of , are 


h 
E,= + In R/a), (19) 


H, = 2mphfa(R?/4 — a?/8) (20) 
Equating E, to FE, and H, to Hy, and eliminating ¢ yields 


In R/a = rph(2R? — a*)/8 — mg?/wtit) — 1/4 (21) 

If kh is greater than 1.84, we may approximate the summations 

to within 5 per cent by taking tanh k,h equal to unity. Then, 

from Equation (21) by neglecting a? with respect to 2R?, we ob- 

tain 


a/R = 1.28¢ —3-7h/R\1 (22) 


The smallness of a/R as given by Equation (22) for h ~ R, justi- 
fies the neglect of a?. Using Equations (17), (19), and (22) we 
may obtain as 


= 35.6u(R/h)(1 — (93) 


It may be noted that these expressions break down for shallow 
fluid levels (h — 0), for in such cases the pendulum lengths l,, and 


Transactions of the ASME 


= 1/k, tanh ki (8) 
| 


hence also the energy as given by Equation (17), go to infinity 
Equating the moment due to centrifugal force to that due to 
gravity, we obtain for the angle 0, between the pendulum suspen- 
sion length and the gravity vector, 


cos = g/w*l; (24) 
From this we see that as 1; approaches infinity, 6 approaches 
7/2, and we may conclude that the theory breaks down because 
the assumption of infinitesimal free-surface oscillations has been 
violated. We also see, from Equation (17), that since the kinetic 
energy cannot be negative, there is a threshold frequency below 
which rotary motion is not possible [11]; namely, 


@ 
on = (mg?/it) | >> one) | (25) 


t=1 t=1 


Experiments 


The experimental equipment is shown in Fig. 1. It consisted 
of a lucite tank of 1 ft diam, rigidly held on a four-wheel carriage. 
The carriage wheels were grooved, and rolled on a pair of inverted 
V-tracks. The carriage was driven by a rigid link attached to a 
1/,hp U. S. Electric Motors Varidrive, Type VA-GD, through a 
set of pulleys and belts. The maximum driving frequency which 
could be attained with the equipment was about 1.2 cycles per 
sec. The maximum carriage displacement was | in. peak to peak. 
The experiments reported here were run with water at a depth of 
1 ft. (Some additional experiments were run with glycerine, but 
time did not permit a sufficient amount of useful data to be 
taken.) The wave height of the water was measured in the 
direction of the drive and at 90 deg to it by means of impedance 
bridges. One leg of each bridge consisted of a pair of 0.001-in. 
nichrome wires taped to the tank wall extending down into the 
water. As a wave changed the water level at the wires, the bridge 
was unbalanced, and the bridge output was fed into a 20-ke Con- 
solidated Electrodynamics amplifier system. The signals were 
recorded on a Consolidated Electrodynamics oscillograph tape, 
the timing lines of which served as a measure of the frequency. 
The carriage displacement was measured with a Schaevitz linear 
differential transformer and recorded on the same tape. 


Results and Discussion 


The digital and analog-computer studies of the response of a 
pendulum to a driving force in a single direction revealed the 
presence of boundaries between the regions where the oscillations 
of the pendulum are confined to the plane of the external driving 
force, and the regions where rotary motion results from the 
planar driving force. Similar boundaries were observed in the 
fluid experiments. A measure of the validity of the pendulum 
analogy may be expected to be its success in predicting the 
experimentally observed boundaries. A comparison of the ex- 
perimental with the computed boundaries is presented in Fig. 2. 
It appears that the lower boundary is predicted fairly well up to 
the largest value of input amplitude used in the computations. 
The upper boundary appears to be predicted, within experi- 
mental error, for input amplitudes up to about 0.1 in. peak to 
peak. For large input amplitudes, the calculated boundary oc- 
curs at lower driving frequencies than the observed boundary. 
A possible reason for the greater success of the analogy at the 
lower boundary is the fact that only one pendulum, that with 
the lowest natural frequency, was used in the computations, and the 
upper boundary would be expected to be influenced by the second 
pendulum. Figs. 3 and 4 present the fundamental component of 
both the experimental wave height and the computed pendulum 
displacement with a linear second-order system for comparison. 
It may be seen that the experimental results deviate more from 


Journal of Applied Mechanics 


ADHESIVE TAPE 


NICHROME WIRE WATER 


LEVEL 


2 | | | 
w 1 ROTARY MOTION 
! 
-—0-CONICAL PENDULUM | | 
| | 
| NON ROTARY MOTION 
| 
2 | | 
| 
2 4 6 8 


w/w, 
RATIO OF FORCING FREQUENCY TO FIRST SLOSHING RESONANT FREQUENCY 


Fig.2 Comparison of experimental and conical pendulum model regions 
of rotary sloshing 


24 
3 
~ 
1 
a oe 
2 > 4 5 678 910 is 20 
“LEGEND: 
LINEAR SECOND TRANSLATIONAL STROKE 
ORDER SYSTEM \/2 INCH (PEAK TO PEAK) 


WAVE HEIGHT MEASURED 


x PENDULUM 
IN DIRECTION OF STROKE 


-O— EXPERIMENT 


Fig. 3 Comparison of experimental and pendulum model frequency 


responses 


24 
z A | 
So | 4} 
# 2 5 6 7 8910 is 20 


- LEGEND - w/#o 
LINEAR SECOND 

OROFR SYSTEM 

X PENDULUM MODEL 
-o--0- EXPERIMENT 


TRANSLATIONAL STROKE 
1/4 INCH (PEAK TO PEAK) 
WAVE HEIGHT MEASURED 
IN DIRECTION OF STROKE 


Fig. 4 Comparison of experimental and pendulum model frequency 


responses 


pecember 1959 / 515 


VARIDRIVE =: 
Fig. 1 Schematic of experimental equipment 
| a 
is 
| 
} 
= 
‘| 


the linear system than do the computations of the pendulum 
motion, exhibiting a secondary peak above the first resonance. 
This also may be due to the effect of the equivalent ‘second 
pendulum” in the fluid, which was not included in the calculation. 
Figs. 2 and 3 are frequency responses which were obtained both 
experimentally and on the computers by allowing the transients 
due to the initial conditions to die down before readings were 
taken. here was a noticeable difference between the time re- 
quired for these transients to die out on the computers as com- 
pared with the fluid experiments. The experimental time was 
considerably shorter. This might have been due to coupling be- 
tween the pendulums, allowing energy to be transferred to higher 
frequencies where it would be dissipated more rapidly. 


Conclusions 

The agreement between theory and experiment indicates that 
the analogy between the motions of the fluid degrees of freedom, 
and those of a set of spherical pendulums, which was suggested 
by the analysis, has some basis in fact. It is suggested that the 
mechanism whereby rotation was produced in the liquid, which it 
is the purpose of this paper to explain, may be stated as follows: 
When the liquid is driven in a single plane in a region around one 
of the natural frequencies of surface waves, oscillatory motion of 
the liquid about a nodal line perpendicular to the driving plane is 
unstable. Therefore, any slight departure of the center of gravity 
of the fluid from the plane containing the axis of the cylinder and 
the driving vector will, by the action of centrifugal force, be 
amplified until an equilibrium is reached between the action of 
centrifugal force and that of gravity. The center of gravity of 
the liquid will move in an orbit about the axis of the cylinder and 
the angular momentum will be carried by a vortex. This would 
be true even for an ideal fluid; however, the velocity of the fluid 
would tend to infinity as the axis of the cylinder was approached. 
In an actual fluid, the slightest viscosity would result in appreeia- 
ble viscous stresses in the neighborhood of the axis, and rotational 
flow would be produced. 

It is recognized that the nonlinear pendulum analogy has not 
been established quantitatively. To do this would require ecom- 
paring the theoretical velocity distribution, given by Equations 
(9), (13), (14), (22), and (23), with experiments. Such experi- 
ments were not within the scope of the equipment used by the 
author. Further experiments, including some with liquids of 
greater viscosity, would be desirable for establishing quantitative 
measures of validity of the pendulum analogy. It may be ex- 
pected that as the viscosity is increased the combined vortex 
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velocity distribution assumed in Equations (13) and (14) should 
become less valid. Another effect of increasing viscosity should be 
narrowing of the region in which rotational motion is stable 
and the appearance of a threshold input amplitude below which 
rotational motion cannot be induced. Such effects were observed 
in the laboratory working with pure glycerine and also on the 
computers when damping was introduced; however, no quantita- 
tive comparison is presently available between the experimental 
and computer results. For liquids of very small viscosity, it is 
expected that the velocity distribution away from the vortex fila- 
ment and the boundary layer should be given fairly well by the 
theory developed here. 

As with any analogy, this one should break down somewhere. 
The utility of the linear analogy has already been established in 
autopilot stability studies. The justification for the nonlinear 
analogy approach is the fact that exact solutions to the non- 
linear Navier-Stokes equations do not appear imminent. 
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loaded by a constant force P and an increasing bending moment M(t) has bounds, 
which depend on P and on the instantaneous values of M and M, but not on 
the history of M. In combination with the collocation method, this permits the 
formulation of ordinary differential equations for upper and lower bounds on the de- 
formations. Closed solutions for the critical time are obtained for one bound, while the 
other requires numerical integration. 


The bounds which are a function of the initial 


eccentricity are reasonably close and are presented in tables and graphs. By qualitative 
reasoning it is further shown that the location of the actual critical time with respect to 
the two bounds is governed by the ratio of the column load P and the nominal Euler 


iis for the problem of creep buckling of non- 
linearly viscoelastic columns are available in relatively simple 
form if the cross section is an H-section consisting of only two 
chords. For the case of the creep law (1) selected in this paper 
the displacements and the critical time are determined in closed 
form in reference [1].2 The analogous problem for columns of 
rectangular cross section considered here is much more compli- 
cated, and existing treatments are either approximate or purely 
numerical ones. 

A simple approximate solution [2] converts rectangular sections 
into equivalent H-sections and then applies the results of [1]. 
A more powerful approach, using a variational method, is pre- 
sented in [3]. It has, however, certain limitations which will be 
discussed in the light of the present work. In addition, a purely 
numerical procedure [4] is available. 

The crucial point of the method used in this paper is the recog- 
nition that the time rate of curvature of an element of a column 
has bounds which depend on the bending moment M and its rate 


1 The work reported here was sponsored by the Office of Naval Re- 
search, U. S. Navy, under contract Nonr 266(34), Project Nr-64-417. 
2Formerly Research Assistant, Institute of Flight Structures, 


Columbia University, New York, N. Y. 
3 Numbers in brackets designate References at end of paper. 
Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae AMERICAN Society OF MECHANICAL ENGINEERS. 


buckling load Py of the column if it were elastic. 


of change M at a given instant, but not on the previous history 


of M. Using these bounds on the rate of curvature, and em- 
ploying the collocation method, ordinary nonlinear differential 
equations are obtained, from which bounds for the critical time 
can be computed. The changes in the character of the stress dis- 
tribution with time, which make the problem so complex, are 
eliminated from the analysis by the use of the bounds on the rate 
of curvature. 


Derivation of Differential Equations 


Stress-Strain Rate Relation. This paper is based on the constant- 
temperature, one-dimensional, nonlinear viscoelastic relation: 


é= a 


where k is an odd integer and éand o are the strain rate and stress, 
respectively. Both are positive for compression. The fluidity 
\ is assumed constant and £ is the elastic modulus. The parame- 


Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 28, 1958. Paper No, 50—-A-1. 


Nomenclature 


width of column 


E = Young’s modulus 
h = thickness of column 
I= 12 = moment of inertia 
k = exponent in viscoelastic law, Equation (1) 
L = length of column 
n = parameter in Equation (3) 
M = bending moment with respect to axis at f = 0 
P = longitudinal force 
ter = critical time 
x = longitudinal co-ordinate, Fig. 1 
Z = 2(x) = deflection of column 
z = deflection at center of column 
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initial deflection at center of column 


€ = strain rate 
A = viscous constant in Equation (1) 
= stress 
P 
% = hb = mean stress 
og = Euler buckling stress 
« = curvature of column 
¢ = nondimensional co-ordinate in cross section 
Fig. 1 
7 = nondimensional time, Equation (13) 
Te = critical value of r 


= differentiation with respect to time 


517 


DECEMBER 1959. 


ran 

| 

Ag 

q 

Pr 


ter k is of order 3 for aluminum and 5 for stainless steel [5]. The 
results obtained from Equation (1) can be extended to the case 
where k is an even integer by using 

é= — + (la) 

E 

which relations assume that the material properties in tension and 
compression are the same. No derivations based on Equation (la) 
will be presented, but some results for even integral k are given in 
the next section. 

Curvature of an Element of a Column. Consider an element of a 
column of rectangular cross section, Fig. 1, loaded by a force P. 
The deflection 2 will increase from an initial‘ value % and will be a 
function of the time ¢ and of the co-ordinate z. The element will 
be subjected to the direct foree P and the bending moment 


(14 


where M is referred to the axis £ = 0 on the convex side of the 
column, Fig. 1. Inertia forces are not considered. 

Neglecting terms of higher order, the curvature x of the column 
isk = —2" and 


k= (2) 


where primes indicate derivatives with respect to the co-ordinate 
x. Making the conventional assumption that plane sections be- 
fore bending remain plane after bending, the rate of curvature xk 
can be expressed as a function of M and of the stress distribution 
o({, t). The foregoing assumption furnishes the relation 


é = «h(t — n) (3) 
where n is a parameter defining the location of the instantaneous 


center of rotation of the plane of the cross section. Substitution 
of Equation (3) into Equation (1) gives: 


2) = = + dot (4) 


Integration of this equation over the cross section, once in its 
present form and once after multiplication by ¢, furnishes two 
equations for kK and n. Noting 


* Note that 2 is the deflection at the instant t = 0, not the deflection 
in the unloaded state. 


DEFLECTION 
OF COLUMN 


ELEMENT 
OF COLUMN 
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the rate of curvature Kcan be expressed by eliminating n- 
mr 
(5) 


Bounds for the Rate of Curvature <. Visualize the element of the 
column under the action of the constant compressive force P and 
the bending moment M, if this moment is also constant. The 
curvature «x will increase but with a steadily decreasing rate ° as 
shown in Fig. 2. After a long time the curvature rate will ap- 
proach a value x,, which can be obtained from purely viscous rela- 
tions, while the initial value ky requires the use of viscoelastic 
Equation (1). The actual rate of curvature at any time ¢ is 
bounded 


P) > (M, P) > P) 


Next, consider the element again to be loaded by the constant 
force P and the same moment M as before, but let the moment 
at ¢ = ¢, be increased to a value M;. At é = t, there will be a 
sudden increase in curvature (due to elastic effects), Fig. 2(a). 
Thereafter the curvature will increase, but with a decreasing 
rate « which will reach an asymptotic value x..(M,, P). Consider 
further the history of the element if the force P and the larger 
moment M, had been applied immediately at t = 0; the response 
for this case being shown in dashed lines in Fig. 2(a). The initial 
rate of curvature xo(M,, P) due to M, and P will be greater than 
the actual rate «(M,, P), which in turn will be larger than the 
asymptotic rate x,.(M,, P), or 


Mh, P) > Mi, P) > Mi, P) 
If the increase in moment from M to M, is infinitesimal, M, = 


M + dM, and occurs during a time dt, the inequality applies also 


x 


TIME 


Fig. 2. Time history of curvature (P = const, M = const) 


TIME & 


Fig. 2(a) Time history of curvature (P = const, M not const) 
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while the moment increases, provided the elastic part of the 
curvature rate (1/EI)M is added to the bounds 


xo(M, P) + EI > «M, P) > EI + ka(M, P) (6) 
where the subscript 1 has been omitted. This equation applies 
quite generally for any element under the action of a constant 
compressive force and an increasing moment, and the inequality 
(6) is therefore applicable to the problem of creep buckling. The 
existence of the inequality is demonstrated in Appendix 1 in a 
simple manner for rectangular cross sections under the action of a 
bending moment M(t) for P = 0. In the general case P # 0 it is 
shown to be true for a simplified cross section consisting of three 

. elements. The generalization to a rectangular section leads to 
difficulties because the column transient stress states are then 
. very cumbersome to describe analytically. Appendix 1 therefore 
makes the inequality only plausible for the column of rectangular 
section. A general proof, presumably, should attempt to use 
basic principles to avoid these difficulties. 

Replacing the actual rate of curvature x in the deformation 
analysis by the larger rate io + M/EI, the column will appear 
to collapse sooner, giving a lower bound for the critical time; the 
reverse applies if the asymptotic rate of curvature i. + M/EI is 
used. As both bounds are functions of P and M only, Equations 
(2), (3), (5) lead to a partial differential equation for the deflec- 
tion of the form 2” = f(z). Assuming the shape of the deflected 
column to be sinusoidal® at all times, 


(7) 


= z sin — 
L 


collocation at the center z= L/2 leads to an ordinary differential 
equation for the deflection z at the center of the column. 

The values of x and x, which are required to form these dif- 
ferential equations are determined in Appendixes 2 and 3, and 
both are found to be inherently nonlinear functions of z. The ex- 
pression for x, is in parametric form such that in this case a 
differential equation for z cannot be written explicitly; instead, 
a differential equation for the parameter n is obtained from 
which the critical time can be determined. 


Differential Equations. Noting 
we . 
and M = Pz = bhooi 


the differential equation giving the lower bound on the critical 
time is obtained by replacing x by its upper bound x, + M/EI 
according to Equation (6); substituting x, from Equation (37) 
(Appendix 2) results after rearrangement in 


(k+1)/2 
h Og — % Peony | 2(2% + 1) 2-1 h 


where 


AbL? 


12L? 


(9) 


= 


) is the binomial coefficient. 


and the symbol ( 
2-1 


To obtain the upper bound on the critical time, « is similarly 
replaced by the lower bound x. + M/EI. Using Equation (43) 
(Appendix 3) gives 


‘ This assumption is frequently made in treatments of creep buck- 
ling problems, even for simpler geometries [1]. 
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1\* 
(++) 


2 
— @ 10 
h 1% — (10) 
where A is a function of the nondimensional parameter n, 
A(n) =(1 — — (11) 


and z is defined by Equation (42) (Appendix 3) as function of n. 
Differentiation of Equation (42) with respect to time gives 


h 2k+1 2k+1 k A A? 
which will be used to eliminate 2. 


Solution of the Differential Equations 


Lower Bound for the Critical Time. Introducing a nondimensional 
time r by the definition 


k 
(13) 
Og — % 
Equation (8) can be written in the form 
dfz 
Ett) 
z \s s\' 


where the coefficients B; = 0 if i > k. Separation of variables 
and expansion in partial fractions permits integration in closed 
form. 

An analysis for even k, based on Equation (1a), leads also to dif- 
ferential equations of the type (14) as long as no tension stresses 
occur, i.e., for z < h/6. For larger values of z (and even k) an 


equation of the type 


can be derived. Tables 1 and 2 give the respective values of the 
coefficients B for k = 3 to 7. 


Table 1 Coefficients B; in equation (14) 
k By Bs B; 
3 7.2 0 0 
4 21.6 0 0 
5 43.2 111 0 
6 72.0 55 0 
7 108.0 1667 2220 


Table 2 Coefficients B\ in equation (15) 


k By B, B, Bs 
4 0.0625 6.75 27.0 0 
6 0.0417 11.25 270.0 486.0 


Excluding k = 1, the solutions of Equation (14) with the initial 
condition tT = 0 for z = z indicate infinite values of the deflection 
for some finite value of the nondimensional time, called Ter; 
expressions for Ter are given in Table 3 fork = 3to7. Expressions 
for the deficction z as function of 7 are easily obtained but have 
not been listed; a typical response is shown in Fig. 3 fork = 3, 
= 0.02. 
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Upper Bound for the Critical Time. After elimination of 2 between 12k k \ - ‘ 
Equations (10) and (12) and introduction of the nondimensional 7 ~ 9, 41 k f 
time 7 defined by Equation (13), the variables can be separated. 

Using the initial condition 7 0 for n = No, where no is the value + (k + 1)? — (k +1) f niet dA 
of the parameter n corresponding to the initial eccentricity zo, 7 is k i Ao 

obtained as a function of n: (16) 


no 


“40 A = A(n) is defined by Equation (11), and Ag = A(no). 
Equation (42) in Appendix 3, relating z and n, indicates that as 
z increases from the initial value to z ©, the parameter n also 
BOUNDS ON er increases from the initial value np < 1/2 and becomes n = 1/2 in 
120 the limit z—> ©. Equation (16) gives therefore 7., if the upper 
« limits of integration are n = 1/2 and A(1/2) = 0, respectively. 
z+ ue After repeated integration by parts and regrouping, T-r becomes 
APPROXIMATION 


To + 1) +1 (k+ 1) (1 — no 


-_ — ) Agt — 2(2k + 1) A*dn (17) 
Ao 


The integral in Equation (17) could be integrated in closed form. 
| However, the large number of terms resulting from the expansion 
of the integrand into partial fractions makes the closed-form solu- 
tion very cumbersome, and the values of the integral were ob- 

/ tained by numerical integration. 

The numerical results for the upper bound on 7,; obtained in 
Ff this manner for k = 3, 5, and 7 are shown in Fig. 4, together with 
4 


the lower bounds for 7, computed from Table 3. 

The time history of the deflection z can be obtained by deter- 
mining as first step 7 as a function of n from an expression quite 
similar to Equation (17). The numerical computations for this 
purpose do not require integrations beyond those necessary to 
find 7, as a function of zo/h. As the next and final step the values 
“0 30 40 $0 67 of z/h as functions of n are found from Equations (42), and the 


Fig. 3 Bounds on deflection z/h (k = 3, x/h = 0.020) result cross-plotted. A typical response is shown in Fig. 3. 
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Table 3 Expressions for lower bound on 7. 


051 
in (1 + 


Table 4 Coefficients C in equation (18) 


h? 
4° 0.5 In (1 + oe) — 0.034 k For lower bound For upper bound 
3 0.987 0.26 
0.25In (1 — 0.285 In + 81.0 4 1.57 0.56° 
2.5729? 111204 222( 20/h)? + 5.4 5 1.95 0.81 
6 2.26 1.02¢ 
h? hs 1110(20/h)? + 128.4 7 2 45 1.16 
(: + Stas) 0.320 In + 15.6 ~ 9-004 
Re (zo/h)? + 0.680 from the values of C for od 
(1 + 0.00065 In + 0.0504 


— 0.01264 In 


(2o/h)? + 0.0594 


(2o/h)® + 


® For 2/h < 1/6. 


Approximations for Small Initial Eccentriciries examination of 
the various expressions for the bounds on 7,.r in Table 3 and in 
Equation (17) shows that for small values of z)/h asymptotic ap- 
proximations of the form 


h 
Tr ~In — (18) 
Zo 


apply, where the value of the constant C depends on the particular 
case considered, Table 4. The fact that the first term of (18) is 
identical for the upper and lower bounds, without an additional 
coefficient, results from the fact that the expressions for the limits 
Ko and «,, of the curvatures for small values of z become identical, 
as pointed out in Appendix 3 after Equation (38), 

Fig. 4 shows the bounds for 7¢r as function of In(zo/h), and Equa- 
tion (18) requires that for small 20/h, the curves approach a set of 
parallel lines; this is indeed the case. It appears from Fig. 4 that 
the approximation (18) may be used with very good results if 
2o/h < 0.015. 

The deflection z/h as a function of 7 also can be approximated 
as long as z/h remains small; in this case the nonlinear terms in 
Equation (14) may be dropped with the result z/z) = e’. The 
identical result is obtained from Equations (10) and (12) for the 
other bound. This approximation is also indicated in Fig. 3, 
showing the upper and lower bounds on the response z/h for a 
typical case. 

Estimate of Location of 7., Between Bounds. The bounds for the 
nondimensional critical time are solely functions of k and of the 
initial eccentricity zo/h; all the other parameters of the problem 
appear only through Equation (13) when the nondimensional r.; 
is converted into the actual time 4. It is important to realize, 
however, that the value of the parameter 7.,-—if the problem is 
solved exactly—is not just a function of zo/h but also of some of 
the additional basic parameters now only entering through Equa- 
tion (13). The spread between the bounds is therefore an indica- 
tion of the effect, or better of the additional effect, of these basic 
parameters. By purely qualitative considerations it will be shown 
that the location of the actual value 7,, between the bounds is a 
function of the parameter — 

Consider what situation is necessary to make the lower bound 
(based on the linear stress distribution) a good approximation. 
At the instant of loading there will be a linear stress distribution; 
whether this distribution will remain close to linear as time goes 
by will depend on the rate of additional loading versus the rate of 
relaxation of the stresses. During any short element of time the 
stress-strain law (1) may be linearized and one can determine 
an “instantaneous relaxation time 7’,”’ 


T = 1/kEXo*™ (19) 


Journal of Applied Mechanics 


which is a function of the instantaneous stress o. Unless the 
values of 7’ for “pertinent’”’ stress levels o are small versus the 
critical time t., of collapse, the stress distribution must remain 
nearly linear and 7,, must lie close to the lower bound. A difficulty 
in the foregoing reasoning lies in the question of selecting the 
“pertinent” stress level. From curves like Fig. 3, showing the 
time history of the deflection z, one can conclude that for small 
original eccentricities most of the lifetime of a column is spent in 
the range of small z/h where the stresses o differ not too much 
from oo. However, it is not proper to use @ = oy» because 
wherever this holds the terms kp and «,, are practically identical 
and the responses 2(¢t) in this range are therefore identical any- 
way. The important range which influences the critical time 
occurs at slightly larger values of z/h where x, and k,, begin to 
differ; for such values z/h the stress o will exceed a» on the com- 
pression side of the column and as the larger stress governs the 
relaxation in case of the nonlinear law (1), a value 


(20) 


must be used, where 8 is somewhat smaller than unity. (No 
exact determination is possible, of course ) 

The time 7’, Equation (19), should be compared with the life- 
time 7? of the column measured from the instant when the values 
ko and x... begin to differ. Fig. 3 indicates that this occurs for k = 
3 for z/h ~ 0.15, and examination for the cases k = 5, 7 indicates 
noticeable deviation at z/h = 0.10 and 0.05, respectively. This 
permits determination of 7. 

The lower bound will be a good approximation if 7 is not larger 
than 7’, because the stresses then have not had time to relax. 
Expressing ? by means of Equation (13) in terms of a nondimen- 
sional time 7 one finds after cancellation 


where the value 7 for the lower bound is to be used. 

By a similar reasoning it may be concluded that the upper 
bound will be a close approximation if the time 7 is very much 
larger than 7’, 

where the upper bound value 7 is to be used. 

The order of magnitude of the value 8B and 7 can be estimated 
from the foregoing values z/h defining where x» and x, begin to 
differ. For k = 3 to 7 one may use B*~! ~& 0.2, while 7 for both 
bounds is of the order unity, 7 * 1, and Equations (21) become 


6 See the comment after Equation (44), Appendix 3. 
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Og < 1.209 and og > 1.20», respectively. The lower bound will 
therefore be a good approximation only in the rare case that the 
average stress 0, amounts to more than 80 per cent of the elastic 
buckling stress og of the column. On the other hand, the upper 
bound will be a good approximation whenever g» is very much 
sinaller than og, say 00/a,% < 0.2. 

Obviously, there are intermediate cases where neither of the two 
inequalities is clearly satisfied and the foregoing qualitative con- 
siderations are of no help. But even in such cases it is useful to 
know that the actual value should not be expected to be close to 
either bound. 

The afore-mentioned reasoning indicates also that a plotting of 
test results versus Tor should indicate a band of scatter between 
the bounds; this scatter could be resolved by using the additional 
parameter o,/oo. It is interesting to note that this scatter 
should not exist in case of sections consisting of two chords as 
treated in [1], and the additional parameter enters only in rec- 
tangular (or other solid) sections. 


Discussion and Conclusions 

Results Obtained. ‘The values of upper and lower bounds on the 
critical time for columns of rectangular cross section were de- 
termined for the nonlinear creep law, Equation (1), in the range 
k =3to7. The results in terms of a nondimensional critical time 


Ter defined by 


kEXoo* 
Cg — % 


Te = (13) 


are plotted for odd values of k in Fig. 4 in the range 0.005 < z/h 
< 0.20 of initial eccentricities. For the important range of small 
eccentricities the bounds may be determined from the asymptotic 
expressions 


20 


where the values of the coefficient C are given in Table 4. 

The definition (13) of the nondimensional time differs from the 
one in [1] in the inclusion of the factor k. This definition reduces 
the sensitivity of T.r as function of k and facilitates interpolation. 

The spread between the bounds varies; it is not too large for 
small initial eccentricities, but becomes quite large for zo/h > 0.10. 
It is therefore important that it be possible to locate the actual 
value of Ter between the bounds—at least in a qualitative manner— 
by means of the inequalities (21) through consideration of the 
parameter o,/o,. If this parameter is larger than 0.8, the lower 
bound on Ter will be a good approximation, while the upper bound 
On Ter Will be close if the foregoing parameter is less than 0.2. 

The derivation of the inequalities (21) shows that the spread be- 
tween the bounds is caused by the physical fact that the non- 
dimensional critical time 7. is not solely a function of 2/h, but 
depends also on other parameters. The spread between the 
bounds is a measure of the effect which these other parameters 
may have, and it is one of the merits of the present theory that it 
clearly shows this effect. In case of the widely studied simplified 
section consisting of two chords, the effect of the other parameters 
disappears, and 7-, is solely a function of 2o/h. 

Comparison With Other Theories Giving Results in Closed Form. 
Two other approaches are available which give results in closed 
form. By converting the rectangular cross section into an 
“equivalent” two-chord section and applying the results of [1] 
one can obtain at least a crude aproximation for ter. More re- 
cently a more refined method, reference [3], using a ‘‘variational’’ 
approach has been developed. Distributions of stress and strain 
rates containing arbitrary parameters are assumed and an appro- 
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priate expression is varied. Applying the method to the column, 
reference [3] uses linear expressions only, resulting in differential 
equations’ which are quite similar to Equation (14) obtained in 
this paper for the lower bound on the critical time: 


z 
dr \h 


The coefficients B, are those occurring in Equation (14) while the 
modifying coefficients c; have the values c; = 3/4, cs = 5/8, c = 
35/64. All values c; being less than unity, the variational 
method always gives values 7. which are larger than the lower 
bounds in Fig. 4. 

The results of this paper and those of the equivalent section 
and variational method can be conveniently compared in the 
range of small zo/h where all approaches lead to expressions of the 
form (18) such that it is sufficient to compare the numerical 
values of C shown in Table 5 and the respective values in Table 4. 


Table 5 Coefficients C in equations (18) 


According 
Variational Equivalent 
method section method 


0.844 
1.76 
2.35 


The values C in Table 5 lie between the bounds given in Table 
4, providing a check on the present theory. The latter is superior, 
however, because it indicates and allows for the dependency of Ter 
on parameters in addition to zo/h. The fact that the variational 
method gives a result which is really no better than the equivalent- 
section approach, is due to the assumption of linear stress and 
strain distributions which can only lead to a rough approxima- 
tion. A remedy lies in the use of a refined stress distribution, but 
the complexity of the resulting differential equations appears to 
make this impracticable. 

Comparison With Result of a Numerical Procedure [4]. For the 
case k = 3, the critical time was determined in [4] for rectangular 
sections by numerical integration without assumptions on the 
character of the stress distribution, but still using the collocation 
method. 

For example, the numerical integration gives a critical time 
tee = 155 min for the case illustrated’ in Fig. 3 of reference [4]; 
the corresponding nondimensional value is Ter = 4.64, while the 
upper and lower bounds according to Equation (18) and Table 4 
are 4.36 and 3.63, respectively. The result of the numerical pro- 
cedure lies slightly, but definitely, outside the bounds deter- 
mined in this paper; this contradiction requires explanation. 

On examination, the authors have come to the conclusion that 
the discrepancy is due to the fact that the numerical procedure 
gives a result which is not a critical time in the sense used in this 
paper, and the values should not be compared. Reference [4] 
utilizes a standard finite difference forward integration in time 
[Equation (13) of the reference]; the finite-difference process em- 
ployed leads to increasing—but never infinite—displacements or 
stresses, and the value of t.; obtained in [4] is solely one where the 
displacements become large. No approximation of a critical 


7 The equation was derived by the authors using the method of 
reference [3]. 

* The data are k = 3, E = 7.4 X 10 psi, 1/A = 298 & 10" min. 
oo = 0.70, 20 /h = 0.0096. When computing the foregoing 
value t.,, allowance was made for a printing error in Fig. 3 of reference 
[4]. According to a communication from the authors, the relation for 
the time parameter should read r = t/234.6. 
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7 J] 
k 
3 0.693 
5 1.65 
7 2.28 
h 
= 


time in the sense used here can be obtained on this basis (It 
should be noted that reference [4] is essentially an application of 
the procedure developed in reference [6], where the unsuitability 
of integration using equal increments of ¢ to determine a critical 
time is clearly stated. )* 

The authors feel, therefore, that the apparent contradiction 
with the results of reference [4] does not cast doubt on the results 
of their work. 


Conclusion 


A method has been presented which permits determination of 
upper and lower bounds for the critical time of rectangular 
columns of viscoelastic material following the nonlinear law, 
Equation (1). The numerical results, giving limits on (as func- 
tion of the initial eccentricity z/h, are presented in Fig. 4 and 
Tables 3 and 4. 

A criterion is given, Equations (21), permitting an estimate 
near which of the bounds the actual value of the critical time can 
be expected. 

When applying the results to physical situations, it obviously 
must be kept in mind that the bounds obtained in this paper are 
based on the assumptions underlying the analysis. In recent 
work, references [7, 8], efforts have been made to unify the con- 
ventional theory of eccentric buckling and that of creep buckling 
for H-type sections. In cases where the interaction effect with in- 
elastic buckling is of consequence, the limits for the critical time 
found in this paper would of course require modification. 
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APPENDIX 1 
Bounds on Rate of Deformation 


Consider an element of a bar of a nonlinear viscoelastic ma- 
terial, obeying the law Equation (1), under the action of a direct 
force P and a bending moment M(t) as indicated in Fig. 1. The 
curvature rate « (¢) for this bar as a function of the stress at an in- 
stant is given by Equation (5). 

Rectangular Cross Section, Bending Only. Without loss of general- 
ity, consider only an element of a beam of unit depth, hk = 1, and 
unit width, b = 1, subjected to a bending moment M(t) which 
does not decrease with time, M > 0. The stress distribution will 
be antisymmetric such that only one half the beam 1/2 < {<1 
need be considered. The nature of the combined loading and 
relaxation process is such that the stress distribution o(¢) will be 
as shown in Fig. 5(a). The stress @ must be positive and mono- 
tonically increasing. If compared with the elastic distribution o, 
which has the same bending moment, there must be just one in- 
tersection as indicated in. Fig. 5(a). This fact is sufficient to 
prove that the actual curvature rate is less than the initial value 

The difference of the curvature rates produced by the two dis- 
tributions is, using Equation (5) 


= — = -- uo*du (23) 
h Jo EI h Jo 


where u = [ — 1/2. 
Combining the two integrals it is to be proved that: 


1/2 
f, u(o, — + > 0 (24) 


The two stress distributions pertain to the same bending 
moment, hence: 


1/2 1/2 
f, u(o, — o)du = f, fdu = 0 (25) 


where f = u(o, — a). This equation states that the positive and 
negative portions of Fig. 5(b) must be equal. Equation (24) re- 
quires integration over the product of f and an increasing positive 
term in the brackets, making the inequality (24) obvious. 

In an identical manner, the relative shapes of the stress dis- 
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tribution o(~) and of o,,(u) in Fig. 5(c) permit the conclusion: 
1/2 1/2 
f, uo*tdu — ua,.*du > 0 (26) 


and one can conclude finally that for the case of bending con- 
sidered here 
M 
(27) 
where xo and «, are the rates obtained from Equation (5) with 
M = Oif the actual stresses o are replaced by the elastic stress ¢, 
and the long term (i.¢., purely viscous) distribution, o,., respec- 
tively. 

It must be emphasized that the proof just given applies for uni- 
form temperature, i.e., when A is constant, and that the restric- 
tion M > Ois necessary because unusual residual-stress patterns 
may otherwise be obtained for which Equation (27) would not be 
valid. 

Column With Combined Bending and Compression. ‘The stress dis- 
tributions which may occur in an element of a rectangular bar 
under a constant compressive load P and an increasing moment 
M(t) are of a much greater variety than the ones in the previous 
case, and it has not been possible to generalize the proof pre- 
sented in the foregoing. The following proof is restricted to a 
simplified cross section consisting of three concentrated elements 
which carry the direct load, and which are connected by shear 
webs. 

The cross section is taken to be symmetric as shown in Fig. 
6(a). Without further loss of generality the distance between the 
chords, and the area of the inner chord are made equal to unity. 
The areas of the outer flanges are taken as @. If an elastic beam 
of such a section is subjected to a force P and moment M, the 
straight-line stress distribution of Fig. 6(b) will result. Without 
loss of generality, let P = 1 + 2a, and the respective stresses in 
the three chords are: 

& =1 (28) 
where = 

Consider next the nonlinear viscoelastic bar and stress distribu- 
tions which may occur therein. The relaxation process requires 
stress distributions of one of the two types indicated in Fig. 6(c), 
such that 

a:>|o,|, 202> 0, + (29) 
where positive stress indicates compression. All stress distribu- 
tions having the resultant force P = 1 + 2a@ and the moment M 
can be expressed by the linear distribution S and one parameter 
A: 

o=8,-A=1-yw-A 


o, = 8S: + 2aA = 1+ 2aA 


The stress distributions which may occur during relaxation are 
contained in the foregoing equations but are restricted by equa- 
tions (29) which require: 

Oo<A<1 (31) 


as may be seen by substitution. Actually, the values A which 
may occur are further restricted to lie between 0 for the elastic 
stress distribution, and a value A,(k, P, M) < 1 for the long-term 
distribution. 

It is now possible to compare the deformation rates of the elastic 
stress distribution S and any other distribution ¢. The generaliza- 
tion of the integral in Equation (5) for an arbitrary cross section 
is obviously f'({ — 1/2)e*dA to be taken over the entire area. 
For the present case 


— 1/2)s*dA — — 
= ‘(1 — (1 — (32 
where the sum is to be taken over-all odd values of i < k and 


k 
( : ) denotes the binomial coefficient. Since by definition u > 0, 
i 


and A < 1, the sum contains positive terms only, and it is proved 
that (M/EI) + ko > k. 

Similarly, two stress distributions o; and a, for which A, < A; 
may be compared, with the result: 


— 1/2)0*dA — — 
k 
= i ki ¢ 3 
a> A.) (1 — (33) 


As mentioned after equation (31), physically possible stress dis- 
tributions must be such thatO < A< A, <1. Leto, = o, and 
A, = A,, and equation (33) proves k > (M/EI) + &,, and the 
existence of the bounds. 


APPENDIX 2 
Derivation of i, 


To obtain the term Xo in the upper bound Equation (6) for the 
rate of curvature «, the elastic stress ¢, and M = 0 are to be sub- 
stituted into Equation (5): 


1 
ko = | (¢ —1/2)0,dt (34) 
h 0 


The collocation method being used, only the value of the moment 
at the center of the column (2 = L/2) is required; from Equation 


(7) 


M =P (: (35) 


ELASTIC STRESS 
DISTRIBUTION 


CROSS SECTION 
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(36) 


where a) = P/(bh). 


( k 6z\%-1 
2(2i + 1) (+) (37) 


After integration, 


where k is inherently odd. 

A derivation of ko for even k, based on Equation (1a), leads to a 
similar expression for ko, but with an upper limit k/2 for the sum, 
provided z < h/6 such that o, > 0 everywhere. 


APPENDIX 3 
Derivation of x .. 


The lower bound on the rate of curvature Equation (6) con- 
tains k,, the long-time curvature rate when M = 0. The stresses 
o.. are those in a purely viscous material where 


= 


Expressing the strain rate € by means of Equation (3) 
hk. 


The load and moment on the cross section at z = L/2 are 


odf = (¢ — 
J0 


k 
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M 
ff seas fi 
\ 
= [((1 — 4+ Dk) 4+ nay (40) 


where use has been made of the fact that & is an odd integer 
Equations (39), (40), and M = P(z+ h/2) permit the expression 
of the deflection z as a function of the parameter n. Using the 
abbreviation 

A(n) = (1 — — (41) 


one obtains the result 


1 


k+1\* 
( ) 
43 
Equations (42), (43) define k,, as a function of z, since both are 
functions of the parameter n. 

The parameter n can be eliminated readily in the limiting case 
n—> — &, which implies that the deflection z is small, resulting in 
the linear relation 

12Akay* 
lm «, = (44) 
h? 


@ 


It is of considerable importance that this linear term is identical 
with the linear term of the expression (37) for ko; it indicates that 
for small deflections the two limits for the rate of curvature are 
close together, and in consequence the limits for the critical time 
obtained are of the same order of magnitude; if this were not the 
case, the approach used in this paper would be quite useless, 
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Forced Vibrations of a Circular Plate 
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i earliest consideration of the subject of trans- 
verse vibrations of circular plates seems to be due to Poisson 
{1}! whose work is restricted to the case of radial symmetry. 
Kirchhoff [2] gave the general solution of the problem of free 
vibrations, and later authors such as Rayleigh [3], Prescott [4], 
Warren [5], Roberson [6], Sneddon [7], and others considered 
various special cases of free and forced vibrations. It is the 
object of this paper to find the response of a clamped, thin, circu- 
lar plate to the action of a harmonically oscillating, transverse, 
concentrated force. The approach taken here is based on classi- 
cal techniques and utilizes the concept of a singularity solution. 

In the subsequent development we shall neglect the effect of 
damping, although the same approach can be adapted to account 
for its presence. 


Formulation and Solution 


We consider the transverse vibration of a thin plate due to the 
action of an oscillatory concentrated load F cos pt. For small 
deformations, the deflection surface of the plate w(p, 0, t) must 
satisfy the differential equation of motion (3) 


m 
7° (1) 


as well as the boundary conditions imposed at the circular edge. 
In addition, the deflection function must display a singularity at 
the load point r; = 0 dictated by the following equilibrium con- 


dition: 
2x dw 
Q,rid0 lim m r,dr,d@ (2) 
0 J0/70 


! Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Tae American Socrety or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 10, 1958. Paper No. 59—A-9. 


F cos pt = lim 
ro 


A solution is presented for the response of a clamped, circular plate to the action of an 
arbitrarily placed, harmonically oscillating, transverse, concentrated force. The method 
may be extended to a variety of loading and boundary conditions and can also be applied 
to ring-shaped plates. 


where the radial shear force per unit length of circumference is 


given by [8] 
0 dw 
Opi [+ opi Op: 


A particular solution of Equation (1) is 
@, = WKo(;) cos pt 


and using this expression we note that 


lim (?* 
Q,rid0 = lim Fp:Ki(p:) cos pt = F cos pt 


lim m —— = lim — piKi(pi)] cos pt = 0 
0/0 ol? 


n—>0 


Thus it has been shown that the singularity solution, Equation 
(3), satisfies the required equilibrium condition, Equation (2). 
Moreover, by direct substitution it can be shown that Equation 
(3) satisfies the differential Equation (1). It represents the 
steady-state response of an infinite elastic plate to a harmonically 
oscillating, transverse, concentrated load. In what follows we 
shall chose the reference line 8 = 0 to be the radial line through 
the load point. It should be noted that generality is not lost by 
this choice. 

The general solution of Equation (1) is derived in reference 
(3]. For a plate which deflects symmetrically with respect to its 
diameter (0 = 0, 7) it is (neglecting free vibrations) 


= 2 R. 4) 
Cos nO (4) 


where 
R, = A,J,(p) + + + (p) 


Since the general solution, Equation (4), is expressed as an infinite 
trigonometric series, it is convenient to express the particular 
solution in a similar form. With the notation indicated in Fig. 1, 


pi? = p? + 62 — 26p cos 0 


——Nomenclature 


= deflection of median surface 
= frequency 
= time 
= flexural rigidity of plate = 
(Eh*)/[(12(1 — 
Young’s modulus 
plate thickness 
Poisson's ratio 
frequency parameter = mp?/D 
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dimensionless radial co-ordinate = 
Ar 

dimensionless radius of load circle 
= 

dimensionless radius of plate = 
da 

angular co-ordinate 

amplitude of concentrated load 

load intensity 

load parameter = —F/(2r\2D) 


radial shearing force per unit 
length 

Bessel function of first kind 

Bessel function of second kind 

modified Bessel function of first 
kind 

modified Bessel function of second 
kind 

>? 


apt * p dp 
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Applying Neumann's addition theorem for modified Bessel func- 
tions of the second kind [8] we obtain, for p < 6 


@) F = 
= Ko(pi) Ko(8)Io(p) + 2 K,,(6)1,,(p) cos nO 
(5a) 


forp>6 


w 
= Ko(pi) = 1o(6)Ko(p) + 2 1,,(6)K,,(p) cos nO 
(5b) 


n=1 


For a plate clamped at the boundary it is required that (in 


dimensionless form): 
= =0 
Op / (n, 6) 


The complete solution w = w; + Ww: must satisfy Equation (6); 
in addition, it is required that the slope and deflection at the center 
of the plate remain finite. Thus C, = D, = 0, and upon substi- 
tuting the complete solution as given by the superposition of 
Equations (4) and (5b) into the boundary condition, Equations 
(6), we obtain identities in 6 giving rise to a system of two equa- 
tions in two unknowns* 


A,J,(n) + B,I,(n) 
A,J,,'(n) + = 


(Ga) 


(6d) 


= —I,,(6)K,(n) 

—1,,(6)K,'() 
Solving 

I,(n)K,'(n) + I,'(n)K,(n) 
+ 


= 1,(6 
) — 


A, = 1,(8) 


B, 
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Table 1 


—Ro —R, —R, 
0 1.25721 0 0 0 0 

0.2 1.25852 0.03738 0.00449 0.00019 0 

0.4 1.26267 0.07395 0.01807 0.00202 0.00010 
0.6 1.27011 0. 10899 0.04087 0.00708 0.00193 
0.8 1.28863 0.14173 0.07348 0.01692 0.00548 


Thus the complete solution for the time-dependent deflection 
of a clamped circular plate under the action of a concentrated os- 
cillating load F cos pt at (6, 0) is conveniently expressed as 


= Ko(p? + 6? — cos 8)'/* + Ry + R,, cos nO 


W cos pt 


(7) 


R, A,J,(p) + B,1,(p) 


valid for 0 < 6 < 


A computation was carried out for a plate with 6 = '/:, 7 = 1, 
and Table 1 gives an indication of the rate of convergence of the 
infinite series, Equation (7), for this case. 


Generalization 

The method developed can be extended to obtain exact solutions 
for harmonically oscillating load distributions of an arbitrary 
nature. Let w, = w,(p, 8; 5, @) cos pt be the response of a circular 
plate harmonically forced by a unit concentrated load at (6, @). 
Then the response of the same plate subjected to the distributed 
load q(p, 8) cos pt is given by 


= w(p, 8) = tf q(p, 8)w,(p, 9; 5, 
cos pt 0/0 


where w, may be considered as the influence function. 

Although the solution in this paper is given for a clamped plate, 
the technique is applicable to a variety of boundary conditions. 
In addition, because of the nature of the solution, ring plates, 
i.e., plates with two concentric circular boundaries, also come 
within the scope of this analysis. 
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On the Propagation of Shock Waves 
in a Nonhomogeneous Elastic Medium 


This paper is concerned with the propagation vf shock waves in a nonhomogeneous 
isotropic plate of infinite extent and arbitrary thickness. 
cylindrical hole at which uniform shearing tractions are suddenly applied and there 
after steadily maintained; the body is otherwise free from loading. It is assumed that 
the shear modulus of the material is proportional to an arbitrary—not necessarily in 


The plate has a transverse 


tegral—power of the radial distance from the axis of the hole, while no restriction is 


laced upon the (continuous) radial variation of Young's modulus. 


The solution cb- 


tained, which is discussed in detail, constitutes a generalization of results reached by 
Goodier and Jahsman {|1],? who considered the present problem for a homogeneous 


medium. 


Introduction 


N Arecent paper, Goodier and Jahsman [1] studied 
the propagation of shock waves in an isotropic, homogeneous elas- 
tic plate of infinite extent and arbitrary thickness, which has a 
transverse cylindrical hole. The ‘rotary’? motion considered in 
{1] arises from shearing tractions, uniformly distributed over the 
boundary of the opening and acting parallel to the faces of the 
plate; these tractions are suddenly applied and thereafter steadily 
maintained.* The body is otherwise free from loading. 

It is the object of the present paper to extend the investigation 
contained in [1] to a class of inhomogeneous elastic materials, 
in the hope that the corresponding solutions may be of interest 
beyond their immediate context; the results reached here are 
apt to enhance the understanding of more general wave-propaga- 
tion phenomena associated with continuously inhomogeneous 
elastic media.‘ 

With a view toward a description of the type of inhomogeneity 
underlying this investigation, let (r, @, z) be cireular cylindrical 
co-ordinates and let the plate under consideration occupy the 
region a <r< o, < d/2, a being the radius of the hole and d 
the plate thickness. If EF and yp, respectively, denote Young’s 
modulus and the shear modulus of the material, we assume that 


E=KE(r), w= («2 0) (1) 
a < 


' The results presented in this paper were obtained in the course of 
an investigation conducted under Contract Nonr 56225 with the 
Office of Naval Research, Department of the Navy, Washington, 
D.C. 

? Numbers in brackets designate References at end of paper. 

§ The companion case, in which a rotary velocity is suddenly im- 
posed at the hole, is also treated in [1]. 

‘See [2] for a comprehensive bibliography on the subject of wave 
propagation in nonhomogeneous media. The investigations cited in 
[2] aim primarily at layered media rather than at media with con- 
tinuously varying properties; they are, moreover, confined to surface 
waves in semi-infinite bodies. 

Presented at the West Coast Conference of the Applied 
Mechanics Division, Stanford, Calif., September 9-11, 1959, of Tue 
AMERICAN SocieTy Or MecHANICAL ENGINEER}. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 10, 1958. Paper No. 59—APMW-17. 
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in which po is the value of u at the hole. Thus the shear modulus 
is taken proportional to an arbitrary power of the radial distance 
from the axis of the opening, while no restriction is placed upon 
the (continuous) radial variation of Young’s modulus. The 
variation of Poisson’s ratio follows from (1) since we adhere to 
the assumption of isotropy. In order to shorten the analysis, we 
shall regard the mass density as constant. It should be empha- 
sized, however, that the admission of a power law for the density— 
analogous to that stipulated for uw, but involving an exponent 
which may be distinct from @— introduces no essential complica- 
tions. 

In dealing with the special case a = 
homogeneous medium, Goodier and Jahsman [1] made use of an 
operational scheme originated by Kromm [3] in connection with 
the allied problem in which the hole is subjected to a suddenly 
rising uniform radial pressure (or radial velocity). If a # 2, 
Kromm’s procedure may be extended to the present generalized 
problem. Thus, as in [1] and [3], one is led to integral equations 
of Volterra’s first kind for the nonvanishing cylindrical component 
of displacement, stress, and particle velocity.6 The numerical 
solution of these integral equations, with the aid of approximately 
equivalent systems of linear algebraic equations, is readily ac- 
complished for every @ # 2; it necessitates, in fact, no greater 
volume of computations than is encountered when @ = 0, and 
has been carried out here to determine the stress distribution for 
a@ = 1. Moreover, the formulas for the instantaneous position 
and velocity of the wave front of the ensuing diverging cylindrical 
shock wave remain elementary for all choices of the “stiffness 
exponent’? a. The same applies to the formulas for the peak 
values of the stress and particle velocity at the wave front. 

For the exceptional case a = 2, we deduce an exact explicit 
solution in integral representation and again discuss the stress 
distribution numerically. Finally, we find that there exists an 
infinite sequence of a-values which gives rise to exact solutions in 
closed form and in terms of elementary functions. Two members 
of this sequence, which correspond to a = —?/; and a = 10, are 
determined explicitly and discussed in detail. 

The character of the solution is found to depend on whether 
a<2ora>2. Fora < 2, the values of stress and particle 
velocity at the wave front decline monotonically as the shock 


0, appropriate to the 


5In view of the title of [1], it may be worth mentioning that 
Kromm’s solution [3] involves the approximative assumption of 
generalized plane stress, whereas the plane-stress character of the re- 
sults in [1] is a rigorous consequence of the three-dimensional field 
equations, 

¢ The integral equation for the displacement is not included in [1]. 
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wave progresses. The solution asymptotically approaches the 
steady equilibrium state in which the stress distribution is 
statically determinate and, hence, independent of a. In contrast, 
for a > 2, the stress at the wave front increases steadily and 
beyond bounds during the finite time in which the wave here 
reaches infinity. In this instance, the solution fails to approach 
a steady state and ceases to be physically significant once the 
entire body is stressed, the stresses at infinity having become un- 
bounded. 


Formulation of Problem Governing Equations 


The problem described in the preceding section is character- 
ized by an axisymmetric displacement field of pure torsion, ap- 
propriate to a purely rotary motion. With reference to the cylin- 
drical co-ordinates (r, 8, z) introduced earlier, we thus have 


(2) 
where (u,, ug, u,) are the cylindrical components of displacement 
and ¢ is the time. Equations (2), in conjunction with the dis- 


placement-stress relations of the linear theory of isotropic elastic 
media, now yield the shear stress 

ou u 

or rj’ 


whereas all remaining cylindrical components of stress vanish 
identically. The shear modulus uy is, for the time being, assumed 
to be an arbitrary function’ of r. The equations of motion here 
reduce to the single equation 


u,=u,=0, up = u(r, 


= = ( (3) 


= 8 
(4) 
in which y designates the (constant) mass density. 
In stating the initial and boundary conditions, we cite merely 
those requirements which are not automatically satisfied by virtue 
of (2). The relevant initial conditions are then given by 


Ou 
u(r, 0) = 0, — =0 (a<r< o~), (5) 
ot (r. 0) 
while the nontrivial boundary condition becomes 
s(a, t) = h()s, <t< (6) 


where s) is a constant and A(t) is the Heaviside step function, de- 
fined by 
h(t) = 0 for t<0. (7) 


A(t) = 1 fort > 0, 


Since the tractions at infinity are to vanish, we adjoin the regu- 
larity condition 


s(r,t) 0 as 


The problem under consideration, therefore, reduces to the solu- 
tion of (3), (4) for the displacement u(r, t) and the shear stress 
s(r, 0), subject to conditions (5), (6), (8). Moreover, the present 
formulation of the problem is rigorous within the three-dimen- 
sional linear theory.® 

At this stage, it is expedient to introduce dimensionless varia- 
bles. To this end, we define a dimensionless radial co-ordinate 
and time by means of the relations 


(9) 


7 We require merely that this function be positive and continuously 
differentiable for a < r < ©, while postponing the particular choice 
of u(r) appearing in (1). 

§ The body forces are assumed to vanish. 
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where 


Co = = ula), (10) 


whence ¢ is the velocity of shear waves in a homogeneous medium 
whose shear modulus coincides with the local value of u at the 
boundary of the hole. Next, we define a dimensionless shear 
modulus, displacement, and stress through 


(11) 


Equations (3), (4), with the aid of (9), (10), (11), become 


= ( ) (12) 
- 
op p 
2 
(13) 
op or? 


and substitution for § from (12) into (13) leads to the displace- 
ment equation of motion in the dimensionless form 


p dp 1 u 1 
dp p Or? 
The partial differential equation (14) is analytically tractable if 
p* (« 0) 
< 


a being a constant, in which case the coefficient of the term in 
This motivates the particular choice of 


Op? 


(14) 


i = (15) 


brackets is constant. 
u(r) announced in (1). 
We shall assume, henceforth, that (15) holds and, consequently, 


replace (14), (12) with 
ou 1 
op p? p* or? 


l 
+ (1 + @) ( 
p 
s= 
op p 
By virtue of (9), (10), (11), conditions (5), (6), (8) may be written 


aS 


Op? 


(16) 


(17) 


i(p, O 0 of 0 (1 (18 

u(p, 0) = 0, = < < @), ) 
p p 

s(1,7) = h(r) <T< ®), (19) 

(20) 


8(p, as 


Thus we need to determine the solution of (16) which conforms 
to (18) and is such that the stress (17) meets (19), (20). 


Solution of the Associated Equilibrium Problem 


In the equilibrium problem associated with the foregoing prob- 
lem of motion, u and s are independent of the time. In place of 
(19) and (20) we now have 
(21) 


a(1) = 1, 


as the governing (time-independent) boundary and regularity 
conditions. Equation (16) now reduces to the displacement 


equation of equilibrium 


1 da ti 
+ (1 + @) = 0. 
p dp 


(22) 


which is an ordinary differential equation of the Euler type, while 


(17) becomes 
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| 
= 
Me So 80 
¥ 
ia 
a 
(8) 

dp* 


(23) 


“(4-4 
ry 


The solution of (22) which conforms to (21), in view of (23), is 


i =plogp (a = —2), (24) 


and from (24), (23) follows 
(25) 


= 

regardless of the particular value of a. 

We note that the displacement (24) tends to zero as p—> © 
only iffa@ > —1. Next, we observe that the stress distribution 
given by (25) is independent of the stiffness exponent a. This 
conclusion, which at first sight may seem surprising, is self-evi- 
dent; the stresses, in the present case, are statically determinate, 
whence (25) is immediate from elementary equilibrium con- 
siderations. More explicitly, (13) here passes over into the stress 
equation of equilibrium 


2% 


— 26 
dp (26) 


which, together with (21), implies (25) directly. The stress field 
determined by (25), according to (12), remains compatible and 
(25) continues to hold, even if (15) is replaced with an arbitrary 
radial variation f(p) of the shear modulus, provided fi(p) is con- 
tinuously differentiable for 1 < p< © and f~‘(p) is sufficiently 
well behaved as p— ©. 


Application of the Laplace Transform—Classification of the 
Stiffness Exponent 


Returning to the dynamic problem which constitutes our main 
objective, we now remove the time dependence from the govern- 
ing field equations and boundary conditions with the aid of the 
Laplace transform. To this end, let the Laplace transform, with 
respect to 7, of a function f(p, 7) be F(p, p), whence 


F(p, p) = Life, = rar, 


in which p is the transform parameter. In particular, let 
U(p, p) = L{a(p, 
S(p, p) = L[8(p, 7)], 
Vp, p) = L{6(p, r)], 


where 


on 
i(p, = (29) 


is the particle velocity. Applying the Laplace transform to (16), 
(17), (19), (20), and taking into account the initial conditions (18), 
we reach the field equations 


p* 


dp? p= dp ] 

*For a < —1, the displacement field is unbounded as p— ©, and 
its physical significance becomes questionable. In this connection, 
attention also should be drawn to the discontinuous dependence of 
fiona,ata = —2. 

1 Throughout this paper, image functions are designated by capital 
letters, while the corresponding lower-case letters are used to denote 
their respective antecedents. 
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together with the boundary condition 
1 
S(1, Pp) = ?’ 


and the regularity condition 


S(p, p) +0 as p— @. (33) 


Moreover, 


V(p, p) = pU(p, p). (34) 


If a # 2, (30) is reducible to a modified Bessel equation and 
has the general solution 


U(p, p) = Ap~*7I,, ("2") + Ap~*/? K, ("2"), (35) 


where J, and K,, are the modified Bessel functions of the first 
and second kind, of order n, while 


a 2+a 
=l-—, n= 36 
8 2 2-a (36) 
The coefficients A,, A: appearing in (35) are arbitrary functions 
of p and are to be determined consistent with (32), (33). 
On the other hand, for a = 2(8 = 0), (30) is an equation of the 
Euler type, whose complete solution is given by 
U = + Asp™, m,. = —1 + (4+ (37) 
The character of the solution (35) depends on whether 8 is 
positive or negative and hence on whether a < 2 or @ > 2. 
This leads us to distinguish between, and deal separately with, 
the following three fundamental cases: 


Case 1 ) 
-e®<a<2 (0<B< 


Case 2 
38) 
(8B = 0); 


a 2 


Case 3 
2<a<o 


(-2<B<0, —#<n<-1). | 


Solution for Case 1. ’ Generalization of Kromm’s Scheme 


Since 8 > 0 in the case under consideration, the argument of the 
Bessel functions entering (35) is positive for p > 0 and tends to 
infinity as p— ©. Applying conditions (32), (33) to (35), we 
obtain, by virtue of (31) and the recursion formulas appropriate 
to the modified Bessel functions! 


U(p, = —K, Ea (39) 
S(p, p) = Kan ("=") Ee 


while (39), (34) imply 
B ] 


V(p, p) = -K, (2) 


Unfortunately, the explicit inversion of (39), (40), (41), in a 


(40) 


(41) 


11 See Watson [4], p. 79. 
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dU U 
. 
given by 
(32) 
2+a : 


form suitable for numerical computations, appears to be prohibi- 
tive, in general.’* For this reason, we extend Kromm’s scheme 
of solution [3], which Goodier and Jahsman [1] adapted to the 
present problem for a homogeneous medium (a = 0). Thus, let 


1 
Vp, P), 


(42) 


(43) 


V, = — e?/8K,,, (44) 
With these definitions, (39), (40), (41) may be written as 
U(p, p)®(p) = Vilp, p), ) 
S(p, p)P(p) = Vp, p), (46) 
V(p, p)®(p) = V3(p, p) 
From (46), (28), and the convolution theorem, follow 
Mo, Hak = Yule, 7), (47) 
Jy 0, Bak = 7), (48) 


in which ¢(7), ¥,(p, 7) are the antecedents of ®(p), (p, p) (i = 
1, 2, 3) with respect to the Laplace transform. Equations (47), 
(48), (49) are three integral equations of Volterra’s first. kind 
for the desired unknown functions &(p, 7), 8(p, 7), and 6(p, 7). 

The determination of the kernel g(r) and of the right-hand 
members y/,(p, 7) (i = 1, 2, 3) in (47), (48), (49), may be effected 
by recourse to available inverse Laplace transforms and to ele- 
mentary properties of the transform.’ Thus (42), with the 
aid of [7],'* yields after some manipulation, 


h(r)B — 
+ — Vo 1)**1], (50) 
where 
w= Br+1 (51) 
Equations (44), (45), in view of [5], ultimately give 
¥(p, 7) = [((w + o)**? — (w — (52) 
provided 
(53) 


8 


12 As will be shown later, there exists an infinite sequence of a- 
values for which the inverse transforms may be determined in closed 
form and in terms of elementary functions. 

13 See, for example, Doetsch [5] or Churchill [6]. A more extensive 
tabulation of inverse Laplace transforms is contained in [7]. 

14 Reference [7], p. 278, no. 18. 

16 Recall (7). 
16 Reference [5], p. 139, no. 21, and p. 138, no. 18. 
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= (a — (54) 

¥x(p, T) = — o)" — (w+ 
for n #0 (a # —2), (55) 
Vilp, = — 8)p log for n=0 (a= —2). 
(56) 


Finally, by (43), 


= vue, Bas, (57) 


and a tedious computation, based on (57), (55), (56), eventually 
leads to 


h(r — 8) 


Vi(p, T) = 2Bn(n? — 1)p*+! [(w = no)(w + a)" 
— (w+no)(w —o)"] for n #0,1(a@ # —2,0), (58) 
2 p 
for n=0 (a = —2), (59) 
2p p 
for n=1 (a =0). (60) 


This completes the derivation of the integral equations (47), 
(48), (49). For the special case a = 0, (48) and (49) reduce to 
the corresponding results in [1]. The kernel function ¢(r), 
given by (50), is seen to possess an integrable singularity at 
7 = 0. Furthermore, the integral of g(r) is found to be ele- 
mentary. Indeed, Equation (50), after several changes of the 
variable of integration, yields 


h(r n) 2 nt 
—(¢ Ve = (61) 


with 
f= Ar +1, (62) 
as may be verified directly. 

The solution of (47), (48), (49), in analytical form, becomes 
feasible only for an exceptional sequence of a-values'? which will 
be discussed later on. For arbitrary a(— © < a < 2), the values 
of &i(p, 7), 8(p, r), and 6(p, 7), may be found by the usual numerical 
process."7 Thus, each integral equation is replaced with an 
(approximately) equivalent finite system of linear algebraic 
equations, obtained by regarding the unkown function as piece- 
wise constant over the range of the integration, and by making 
use of (61). Fortunately, the volume of computations so en- 
countered is no greater than in the special instance of the homo- 
geneous medium. The numerical values of 8(p, 7) for a = 1, pre- 
sented at the end of the paper, were established in this manner. 

We turn now to certain general conclusions which may be 
drawn from the integral equations (47), (48), (49). Since each of 
the right-hand members has the factor h(r — 4), it follows that 


= = = 0 for r< (63)" 


17 See [3] for details of this scheme. 
1% The lower limit of integration in (47), (48), (49) may be replaced 


by 6 because of (63). 
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and, according to (53),6—» © as p—> © because 8 > Oin Case 1. 
This confirms the presence of a diverging cylindrical shock wave 
which issues from the cylindrical boundary and progresses toward 
infinity in infinite time. Tf p and 7, momentarily, denote the in- 
stantaneous radius of the wave front and the time at which this 
radius is attained, (63), (53), (51), imply 


The (dimensionless) velocity of the wave front is, therefore, 
given by 


p = (Br + 1)'/8 = (64) 


1-8 
= dp = a/2 =W B = Va, 
dr 


(65) 


in which (15) has been used. Consequently, as was to be ex- 
pected, the instantaneous velocity of the wave front coincides 
with the velocity of shear waves in a homogeneous medium, which 
has the same mass density, and whose shear modulus has the 
value of u(p) at the instantaneous position of the wave front. In 
particular, @ increases or decreases with p and 7, depending on 
whether @ > 0 or a < 0. 

Of special interest are the values of the displacement, stress, 
and particle velocity at the wave front. These values may be de- 
termined by noting, on the basis of (47), (48), (49), that 


¥ilp, + €) 
6 + ©) 


Hp, 8+) = tim 


II 


ti(p,6+) = lim 


S(p,6+) = lim 


b+ 
n= + — (67) 
Carrying out this lengthy limit process with the aid of (51) to 
(61), and bearing in mind (63), (64), one arrives at 


le = 6+) = ti(w'/8-, r) = 0, (68) 


Se = &(p, b+) = &w!/8-, 7) = p 


be = Hp, b+) = 7) = = —wl 2- V8, 
(70) 


Equation (68) is consistent with the physical requirement that 
the displacements remain continuous throughout the body at 
all times. As seen from (69), (70), the shear stress and the par- 
ticle velocity suffer finite jump discontinuities at the wave front. 
The peak value of § decreases as the wave progresses, since a < 2 
at present; the particle speed |é|, at the wave front, increases or 
decreases according as a@ << —2ora> —2. 

Finally, we observe that (48) is met by the equilibrium stress 
(25) in the limit as rT + ©; ie., in the steady state. Similarly, 
the equilibrium values of @(p, 7), appearing in (24), satisfy (47), 
provided’ # —2. 

The foregoing conclusions agree with the results given in [1] if 
the medium is assumed to be homogeneous (@ = 0). 


Solution for Case 2 


Referring to (38), we note that a = 2. and 8 = O in the present 
case. The general solution of the transformed displacement 
equation of motion is now given by (37) which, on invoking (31), 
(32), (33), yields 
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exp + 


Ue, P) = + (4 + py 


where 
= log p (72) 
With a view toward the inversion of (71), we recall the general 
formula!? 


Pot + = Age) suet - (73) 


in which J, is the Bessel function of the first kind, of order one. 
With the aid of (73) and of elementary results in Laplace trans- 
form theory, we find from (71), (72) after trivial manipulations, 


f f exp { V (28)? - n} Ji(n)dndé 


(74) 


h 
ti(p, 7) = [ -1 +} pte?" 


The corresponding shear stress and particle velocity follow 
from (74) through (17) and (29): 


af, VE + (2d) | 
(75) 


2)'/ 


exp {— — BY bag (76) 


‘This completes the solution for Case 2. Substitution into (16) 
to (20) confirms that (74), (75), (76) satisfy the governing field 
equations, as well as the initial and boundary conditions. The 
representation (74) of @, which involves an iterated integral, is 
unwieldy for numerical purposes. On the other hand, the simple 
integrals appearing in (75), (76) are readily accessible to numeri- 
cal evaluation. Such tabulations have been carried out for the 
integral in (75), and the corresponding results for $ will be pre- 
sented in a subsequent section. 

An inspection of the foregoing solution reveals that (63), previ- 
ously derived for Case 1 (@ < 2), remains valid in Case 2(a@ = 2), 
if 6 is replaced by A. Also, according to (53), (72), (36), 


\ = log p = lim 6. (77) 


The cylindrical shock wave, as in Case 1, progresses to infinity 
in infinite time. In place of (64), we now have 


p=e’, r=logp=A, (78) 


if rT, once more, is the time in which the wave front attains the 
The velocity of the wave front obeys 


dp 
dr 


radius p. 


-=sp=e" = Vi, (79) 


while 4, 8, and @ at the wave front are evidently given by 
= i(p, 4+) = 7) = 0, 
Se = 3(p, A+) = 7) = 1, 
de = A+) = 7) 
19 See [7], p. 227, no. 5. 
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| 
(80) 
(81) 


I-quations (78), (79), (80), (81), (82) coincide with (64), (65), 
(68), (69), (70), if in the latter equations we proceed to the limit 
as a—~2(8-—+0). This reflects the continuous transition from 
Case 1 to Case 2. For future reference, it is essential to notice 
from (81) that the peak values of the stress $ at the front of the 
wave remain constant for @ = 2. 

Lastly, we consider the limit of the present solution as T—> ©. 
By (28), (71), 
lim a(p,7) = lim 

p—0+ 


whereas (75), in view of Watson’s identity”! 


d = 1/ 84) 
implies 
s(p, T) > as T— an 


Thus @ and &, in Case 2, again tend to the equilibrium values 
(24), (25) in the steady state. 


Solution for Case 3 

Here a > 2 and 8 < 0, as announced in the classification (38). 
Consequently, the argument pp®8~! of the modified Bessel func- 
tions J,, and K,, in (35) is negative for p > 0, so that neither fune- 
tion is real-valued in the present case; furthermore, in contrast 
to Case 1, the argument now tends to zero as p—> ©. Since both 
T,(z) and K,(z) have (linearly independent) singularities at z = 0, 
the general solution (35) or (30) cannot be adapted to the regu- 
larity requirement (33) in Case 3; hence, (20) cannot hold; ie., 
&(p, T) no longer tends to zero at all times as p —~ ©. This 
pathological behavior of the solution when @ > 2 is suggested al- 
ready by the behavior of &(p, 7) in the transition Case 2 (a = 2), 
as manifest in (81). 

Therefore we are compelled to abandon (33) and to relax (20) 
accordingly; the latter condition is now required to hold merely 
for a finite time interval following the start of the motion. This 
leaves us with the single boundary condition (32), which is in- 
sufficient to determine uniquely the values of both A,(p) and 
A,(p) in (35). One finds, however, that unless A; = 0, (35) fails 
to give rise to a diverging wave in the physical domain; on these 
grounds, the functions of the first kind are inadmissible in (35). 

Setting A; equal to zero, and proceeding as in Case 1, we are 
formally led once again to the integral equations (47), (48), (49). 
Moreover, the kernel g(r) and the right-hand members y,(p, 7) 
(i = 1, 2, 3), retain their previous definitions, given in (50), (52), 
(55), (58), and one arrives, as before, at the conclusions (63), (64), 
(65), (68), (69), (70). 

We now show that the validity of the foregoing results, in Case 
3, is confined to the time interval 


= —1/8>0 (86) 
To this end, we note from (53) that 
as (87) 


Equivalently, (65), (36) imply (if a > 2), 


f = -1/B=7,, (88) 
1 1 


while from (69), at present, 
as p— @ (89) 


According to (88), in Case 3, the velocity of the wave front in- 
creases so rapidly as its radius grows, that the wave reaches in- 


2 Note that the existence of the first limit is assumed. 
21 See [4], p. 435. 


Journal of Applied Mechanics 


finity in the finite time r,,. Also, as is evident from (89), the 
value of the stress § at the front of the wave increases steadily and 
beyond bounds as the wave spreads to infinity; ie., as T —~ 7... 
The motion, in the case under consideration, fails to approach 
the steady equilibrium state. Indeed, for r > r,, the stresses at 
infinity have become unbounded and the foregoing results cease 
to be physically significant. 

The solution of the integral equations characterizing 4, §, and 
é, for arbitrary values of a in the range 2 < a < , may be ac- 
complished by the same numerical scheme to which we referred 
in connection with Case 1. The functions g(r — &) and W,(p, 7) 
(i = 1, 2, 3), appearing in (47), (48), (49), are found to be purely 
imaginary in Case 3, for the time-range (86). This observation is 
consistent with the real-valuedness of the physical unknowns. 


A Class of Elementary Solutions in Closed Form 

Let a # 2 (Case 1 or Case 2), so that.(39) represents the La- 
place transform of the displacement a@ (p, r).. Moreover, recall 
that when n is half an odd integer, i.e., 


n=k+'%/, (k = 0, +1, +2,...), (90) 


the modified Bessel functions of the second kind degenerate into 
the elementary functions given by*® 


k +m 
>0), (91 
(=) m |k — m(2z)™ 


m=0 
K_,(z) = K,(z) (n arbitrary). (92) 


Thus, if n in (39) obeys (90), the determination of a(p, 7) from 
U(p, p) reduces to the determination of the inverse of a rational 
function and may be carried out in closed form, in terms of ele- 
mentary functions. Consequently, also &(p, rT) and é(p, 7), which 
follow from f(p, rT) by means of (23) and (29), admit similar 
representations. 

In view of (90), (36), the infinite aggregate of elementary, closed 
solutions here referred to corresponds to the sequence of stiffness 
exponents, 

22k — 1) 

"3 + 2k 
For the convenience of the reader, we include Table 1 which dis- 
plays the initial members of the sequence (93). 


(k = 0, +1, +2, ...) (93) 


Table 1 Initial members of sequence (93) 
k 0 1 -1l 2 -2 3 -3 4 -4 
—2/3 2/5 -6 6/7 10 10/9 14/3 14/11 18/5 


As illustrative examples, we now present explicitly the closed 
solutions appropriate to @ = —*/; and a@ = 10, which belong to 
Case 1 and Case 3, respectively. Since the underlying computa- 
tions are entirely elementary, the final results may be cited witb- 
out intermediate detail. 

Solution fora = —*/;: 


q 4 
ti(p, rT) = h(r — 4) [ - (r- 


s(p, 7) = h(r — 4) » (94) 
| 
exp 
4 
i(p,7) = —h(r — b)p~'/* exp] — (r — 6) ], | 


22 See [4], p. 79 and p. 80. 
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where h, as before, is the Heaviside step function and 


a(p, d+) = 0, 6+) = i(p, 6+) = (96) 


Solution for a = 10: 
= h(r — 5)[2p(r — 5)? — — 
&(p, 7) = h(r — 8)p*, 
7) = h(r — 5)[4p(r — 46) — p~*), 

where 


(99) 


1 
— — 
6 p~); 


(100) 
(101) 


ap, 6+) 6+) = 
6—~1/4 as 


ai(p, 6+) = 0, 


and the solution is valid for 0 < r < 1/,. 
It is readily confirmed by substitution and inspection that the 
preceding two solutions indeed satisfy the governing field equa- 


$+ 


Fig. 1 a = —2/3. Stress as a function of position at various times. 


s/s, 


GOODIER -JAHSMAN RESULTS 


Stress as a function of potision at various times. 
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tions (16), (17), the initial conditions (18), the boundary condi- 
tion (19), and the regularity requirement (20). One also may 
verify easily that both solutions satisfy the integral equations 
(47), (48), (49). Finally, the particular results just cited, evi- 
dently conform to the general conclusions reached earlier for 
Cases 1 and 3. 


Numerical Results— Discussion 


In this section we consider illustrative numerical results based 
on the foregoing solutions. For the sake of brevity, the discussion 
will be confined to the space and time dependence of the dimen- 
sionless shear stress &(p, 7), corresponding to various choices of 
the stiffness exponent @ in (1). 

Figs. 1, 2 refer toa = —2/3 and thus to a plate the shear modu- 
lus of which diminishes steadily with increasing distance from the 
axis of the hole. Fig. 1 displays § as a function of p for r = 4, 8, 
12, together with the steady-state limit as tT > ~; Fig. 2 exhibits 
the dependence upon 7 of § for p = 1, 4, 8, 12. The graphs under 
consideration were obtained by evaluation of the elementary 
closed solution (94). The analogous results for the homogeneous 
medium (a = 0), appearing in Figs. 2, 3, were taken from [1] 
and have been included here for purposes of comparison.”* 

The qualitative behavior of the stress distribution appropriate 


23 The authors are indebted to Professor J. N. Goodier and Dr. W. 
E. Jahsman for their permission to reproduce these two figures. 


‘ 


Fig. 2 a = —2/3. Stress as a function of time at various positions. 
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t= ¢,t/o 


12 16 


Fig. 4 a = 0. Stress as a function of time at various positions. 


Transactions of the ASME 


“| — —4 
094 
\ o8 
| oe 
\ 
os \ 
o« Se Gres 
\ 
\ 
\ rea \ - 
| pri2 
r@ 
2 3 4 7 e 9 
Sess 
‘ 
1.0) 
~ 
| 
06, *e 
3 spe ! 
oq 
02 
02 
4 | ro 


to a = —2/3 is quite similar to that characteristic of a = 0. As 
seen from Fig. 1 and Fig. 3, for fixed finite 7, 8(p, 7) decreases 
sharply from its boundary value of unity and—at- first following 
closely the steady-state curve—attains a minimum from which it 
rises to the peak-value $+ at the wave front. The material ahead 
of the wave front is unstressed. On the other hand, Fig. 2 and 
Fig. 4 indicate that for fixed p(p > 1) the plate remains free from 
stress until the shock wave reaches the location in question. At 
that moment $ instantaneously reaches the peak value 8, and 


tT 


Fig.5 a = 1. Stress as a function of time at various positions. 


thereafter declines almost monotonically (except for a slight dip) 
toward the respective steady-state asymptote. In accordance 
with the general formula (69), the peak-values $,.—which lie 
on the dashed curves—decay more rapidly for a = —2/3 than 
for a = 0. 

Fig. 5 corresponds to a = 1; that is, to a plate whose shear 
modulus increases in direct proportion to p. The curves shown 
here, which depict § as a function of 7 for p = 4, 8, 12, are based 
on the numerical solution of the integral equation (48). In com- 


20 


Fig. 8 a = 10. Stress as a function of time at various positions. 
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Fig.6 a = 2. Stress as a function 
of time at various positions. 
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paring these curves with their counterparts in Fig. 2 and Fig. 4, 
we observe notably that § now undergoes one pronounced oscilla- 
tion before asymptotically approaching the appropriate steady- 
state value. 

All of the graphs discussed so far are illustrative of Case 1 
(a < 2). In contrast, Fig. 6 describes Case 2 (a = 2). The 
numerical results underlying this figure are analogous to those 
appearing in Figs. 2, 4, and were reached from the integral repre- 
sentation (75). This necessitated the numerical evaluation of the 
definite integra] in (75), which was carried out with the aid of an 
IBM 650 electronic computer. We observe that in the present 
transition case the peak values + remain constant, as predicted 
by (81). Furthermore, the stress at a fixed interior point, after 
an initial drop, now oscillates indefinitely (with decreasing ampli- 
tude) about its steady-state equilibrium value. 

Case 3 (a > 2) is exemplified by Figs. 7, 8 which belong to 
a = 10. The corresponding closed elementary solution (98) 
happens to be severely degenerate. Fig. 7 shows the variation 
with p of the shear stress at times rT = 1/16, 1/8, 3/16, and 1/4. 
The portions of these curves which lie behind the wavefront over- 
lap and all lie on the limiting parabola § = p*, which is fully 
realized at rT = To» = 1/4. As pointed out in the general discus- 
sion of Case 3, for rT > 7. the front of the wave has reached in- 
finity and the stresses have become unbounded, whence the va- 
lidity of the solution is confined to the finite time interval 0 < 7 < 
To». Fig. 8 indicates the response, as far as § is concerned, at 
various positions in the plate. Evidently, this response, in the 
particular example under consideration, is a step function of time 
at any fixed point of the body. 


Concluding Remarks 

The investigation presented in this paper admits certain 
generalizations, and extensions to related problems, which it may 
be useful to mention. Specifically, the restriction to a constant 
mass density can be relaxed at the expense of merely trivial 
complications. Suppose not only the shear modulus yw but also 
the density y, obeys a power law; i.e., 


(29) 


In this event, y in (10) needs to be replaced by yo. The governing 
field equations (16), (17) then remain unaltered, except that the 
exponent @ in the right-hand member of (16) now becomes 
a—k. Clearly, the succeeding developments remain applicable 
with only minor modifications. 

Next, suppose that instead of the boundary condition (6), 


(102) 
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which corresponds to a suddenly rising shear load, we have 


ou 
= A(t)r, 


which represents a suddenly imposed tangential velocity of the 
boundary. This more elementary problem, which Goodier and 
Jahsman [1] solved for the homogeneous medium, permits a 
strictly analogous treatment. 

Similarly, the generalized plane stress solutions, due to Kromm 
[3], of the companion problems in which the cylindrical boundary 
is subjected to a radial pressure (or a radial velocity), are tracta- 
ble by the present means if u(r) and (r) are again given by power 
laws, provided Poisson's ratio is constant. Finally, the same ap- 
plies—under analogous inhomogeneity assumptions—to the 
problem of the infinite medium with a spherical cavity, the 
boundary of which is subjected to a sudden radial pressure (or 
velocity). This problem, for a homogeneous body, was appar- 
ently solved first by Jeffreys [8].?* 
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The Frequency of Flexural Vibration 
of Rectangular Orthotropic Plates 
With Clamped or Supported Edges 


The Rayleigh method, using characteristic beam functions appropriate to the boundary 
conditions, is applied to derive closed formulas for the frequencies of vibration of ortho- 


Theory 


has derived approximate expres- 
sions for the frequencies of all the modes of vibration of isotropic 
plates subjected to any combination of free, supported, or clamped 
edges. He applied the Rayleigh method, assuming that the de- 
flections of the plates could be represented by suitable charac- 
teristic functions satisfying the boundary conditions [1, 2], and 
that the nodal lines were approximately parallel to the sides of the 
plates. 

In the present paper, Warburton’s treatment is extended to the 
“specially orthotropic’ plate with any of its edges either clamped 
or supported; i.e., to a plate made of a material possessing three 
mutually perpendicular axes of elastic symmetry, two of which 
lie in the plane of the plate parallel to the respective sides, Fig. 1. 
The third symmetry axis is normal to the other two and is there- 
fore perpendicular to the plane of the plate. The thickness of the 
plate and its deflection are assumed small; under these condi- 
tions, a two-dimensional treatment applies, and the elastic prop- 
erties in the third symmetry direction do not enter into the 
problem. 


t Numbers in brackets designate References at end of paper. 
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tropic plates under any combination of clamped or supported edges. 


It is possible to extend Warburton’s treatment to orthotropic 
plates with free edges, but free edges are not discussed in the 
present paper, partly because the characteristic functions only 
satisfy the boundary conditions approximately for a free edge 
[1], and partly because inclusion of free edges would somewhat 
complicate the derivation and presentation of the results. 

Warburton expresses the deflection w of a point (x, y) on the 
plate as a function of time and position by the equation 

w = W sinwt = KO(x)d(y) sin wt, (1) 
where K is a constant and 6(r), @(y) are functions which satisfy 
the boundary conditions. 

Appropriate functions are 

(a) Simply supported at z = 0, z = a: 

— Yor 


Or) = sin = sin (2) 


where Yo = (m — 1) for all values of m(m 2 2). 


Y 
bee. a 
Dy 
x 


Nomenclature 
length of side of plate parallel to Oz, Fig. 1 


b = length of side of plate parallel to Oy, Fig. 1 

D, = 

D, = E,h*/12p 

D; = Dy + 2D; flexural and torsional rigidities of plate 
dD, = 

Ds = Gzh*/12 

E, = Young’s modulus in bending in Oz-direction 


E, = Young’s modulus in bending in Oy-direction 
Gi. = rigidity modulus for shear stresses in Or and Oy-directions 
h = plate thickness 
m = number of nodal lines, including edges, perpendicular to 
Ox (m 2 2) 
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number of nodal lines, including edges, perpendicular to 
Oy (n > 2) 


i = time 

7 = maximum kinetic energy 

V = maximum potential energy 

w = transverse displacement of a point on plate 

B= 1 Vary 

p = density of plate material (mass per unit volume) 
¥z, = Poisson's ratio corresponding with compressive strain in 


Ox-direction, extensional strain in Oy-direction for ten- 
sion in Oy-direction 
w = circular frequency (= 297 X frequency) 


Other symbols are defined in the text as they oceur. 
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| 

Fig. 1 Diagram of plate 


(b) Clamped at z = 0, supported at z = a: 


Ox) = conh — — ay (sinh 
a a a a 


sin 2), (3) 
where to sufficient accuracy, a; = 1, and y, = (m — */,)m for 
all values of m(m > 2). 

(c) Clamped at z = 0, 2 = a: 


2) = cosh cos (sion sin ™), (4) 
a a a a 


where a, = 0.982, ¥: = 4.730 for m = 2, and to sufficient ac- 
curacy a = 1, Y¥2 = (m — 1/2) for all other values of m(m > 3). 
Equations (3) and (4) are in the form used by Young and Felgar 
(2], with the notation slightly modified. 
Analogous expressions hold for @(y); for instance, if the plate 
is clamped at y = 0 and supported at y = 5, 
ay ey ay (5) 


Gy 
Py) cosh — einh + sin 


where ¢, = (n — */,)m for all values of n(n 2 2). 
The maximum potential energy of bending corresponds with 
sin? wt = 1 and is [3, 4] 


ow ow \? 


where the D are the principal rigidities (see Nomenclature). 
For supported and clamped edges, W is always zero at the edges, 
and [5} 


Thus Equation (6) can be simplified to 
irr ow \? ow \? 
ow \? 
+ 2D, (27) ] dxdy, (7) 


where D, = Dy + 2Ds. 

In an isotropic material, D, = D, = D, and Equation (7) re- 
duces to the known equation for the strain energy of a bent iso- 
tropic plate subject to the condition W = 0 at all points along 
the edges. 

The maximum kinetic energy corresponds with cos* wt = 1 


and 
2 a b 
f f Wdrdy. (8) 
0 0 


Thus equating maximum kinetic and potential energies from (7) 
and (8) 


(9) 
and the frequencies are obtained by substituting the expression 
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Table 1 Frequency equations 
B*D aCD, 

Pho = a? b* 
%=(m-a)1r ¥%=(m-2)Tr 
€.=(n-1)T (n-4)r 

62 Supported Edge c= Clamped Edge 


Boundary 
Condi tions 


151-3 
12:30€, (€,-2) 
12-30% (25-2) 

04-2)@-2) 
12306, (¢€,-1) 
12:30€> 


} 


- 
y 


1) 


Yo | €& Ye €o 


a 


for W appropriate to the boundary conditions, Equations (1) to 
(5), in Equation (9). The definite integrals can be evaluated by 
standard methods, or simply by referring to the list prepared by 
Felgar [6]. It is then found that the equations fo: the frequencies 
can be put in the general form 


BD, 


2CD, 
a‘ b4 


at? 


phw? = (10) 


and the values of A, B, and C for any combination of clamped (c) 
and supported (s) edges, and for any values of m and n, are set 
out in Table 1; the equation for a plate with all edges supported 
(Case 6) coincides with the known exact solution [4]. 


For the fundamental mode of a plate with all edges clamped 
(m = n = 2), Equation (10) becomes 


A previous investigation of this case [7], assuming 


w = Krty%a — z)%b — y)? sin wt 


Ds 


a‘ bf 
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phy? = 204 ( 


4-730 | +730 2 
4730] € a 
|+730 345° 
% | €2 
4730 2 
4730 2 12,3,4,-- 
+ ~ 
+4D:(——] |drdy, (6 % 
| 
— 
D Dy 0.605D. 
gave 
| 


Case number 1 2 
\* Equation (13) 41.01 37.56 
d* Huffington 


Table 2 Values of \” 


Table Values of and d. Fundamental mode of square plates. 


3 4 5 6 
35.41 20.72 18.60 9.375 
35.40 ay 18.59 9 375 


Case 2 — 
D./Ds} d ? d d »? d 
1/3 6.53 +1.5 20.24 19 5.43 +1.3 19.13 —2.2 
3 20.24 -1.9 33.94 2.7 11.94 -2.9 26.64 —-3.5 
Case 3 — Case 4 — 
1/3 4.54 -0.2 18.24 2.5 4.34 41.3 10.8 -3.3 
3 7.2 -0.8 20.91 2.5 10.85 —-3.3 17.36 


Equation (12) also was obtained independently by Lekhnitskil 
[4]; the agreement between Equations (11) and (12) is satisfac- 
tory. 

Huffington and Hoppmann [8] have given the transcendental 
frequency equations for a number of cases in which two opposite 
sides are supported, and Huffington [9] has supplied the results 
of numerical computations based on the solutions of these equa- 
tions, for a plate of maple 5-ply wood having, in the present 
conventions, 


a/b = = 4.810, D,/Dy = 1.543. 


In order to compare Huffington’s results with those obtained 
from Equation (10) in conjunction with Table 1,. it is convenient 
to introduce the quantity A? where 


A? = 
or, substituting for phw* from Equation (10): 


20) 


(13) 


Values of \?, calculated from (13) for all six cases represented in 
Table 1, are given in Table 2, and compared with Huffington’s 
values (suitably converted) for the three cases having opposite 
edges supported. 

In spite of the approximate nature of the Rayleigh method, 
the values obtained are in close agreement with Huffington’s; in 
Case 6 (all edges supported), both methods lead to the exact 
solution. 

The fundamental frequencies of vibration of square ortho- 
tropic plates have been calculated for various boundary condi- 
tions by Kanazawa and Kawai [10]. They do not obtain closed 
formulas for the frequencies, but describe a method of successive 
approximations which appears to involve rather troublesome 
calculations in each individual case. They tabulate the first ap- 
proximation to \? for the boundary conditions 1, 2, 3, 4, and for 
D,/Ds, De/Ds equal to 1, 2, 3. All their calculations have 
been checked using Equation (13) and Table 1, but it is sufficient 
for comparative purposes to quote the values corresponding to 
D,/ Ds, D2/Ds equal to 1/3 and 3. The values of \? in Table 3 are 
those obtained from Equation (13), and d is the percentage dif- 
ference between these values and those of Kanazawa and Kawai 
(positive values of d mean that the estimate from Equation (13) 
is the greater). 

Kanazawa and Kawai appear to have tabulated the values of 
\? corresponding to Cases 3 and 4 against the wrong boundary 
conditions, and this error was corrected before the comparisons 
leading to the values of d, Table 3, were made. Examination of 
Table 3 shows that the differences tend to be positive by about 
1 per cent for the lowest values of D,/D; and D./D;, and negative 
by 2 to 5 per cent for the highest values of D,/D; and D,/D,;. Asis 
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well known, the Rayleigh method yields frequencies which are 
too high, and the estimates of Kanazawa and Kawai are therefore 
slightly better than those from Equation (13) at low D,/D,, 
D./D,, whereas at high D,/D,;, D./D,; the reverse is true. Values 
of D,/D;, D,/D,; both less than unity are, however, unrealistic be- 
cause, in approximate terms, they would involve the shear modu- 
lus of the material being higher than both the Young’s moduli. 

Gumenyuk [12] has published closed formulas, obtained by a 
finite-difference method, for the flexural frequencies of ortho- 
tropic plates under the boundary conditions 1-6, Table 1. His 
equations corresponding to Cases 2 and 5 cannot be put into the 
same form as Equation (10), but on converting the remainder, it 
appears that Gumenyuk’s values of A and B are generally lower 
than those obtained here, whereas the values of C are generally 
higher. It is not possible to comment further on these results, 
since details of the derivations are not given in the paper so far 
seen [12]. 

As a final illustration of the use of Equation (13), values of \ for 
plywood plates having D./D, = 4.810, D,/D, = 1.543 have been 


Fig. 2. Values of \ as affected by boundary conditions and ratio a/b 
maple 5-ply; D,/D; = 1.543, D./D; = 4.810 
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calculated for various ratios a/b up to 3, form = n = 2; m = 2, 
n = 3; m = 3,n = 2; m = n = 3; and for the boundary con- 
ditions 1, 4,and 6. The results are plotted in Fig. 2. In practice, 
the frequencies will be influenced by the occurrence of shear and 
rotatory inertia effects [11], which are ignored in deriving Equa- 
tion (10), and, in addition, the assumed boundary conditions can 
seldom be realized exactly in experimental work [7]. Neverthe- 
less, the curves of Fig. 2 should show approximately the trend 
in frequency with change in boundary conditions, shape of plate, 
and order of mode, and owing to the closed nature of Equation 
(10) the calculations could be extended to plates with other di- 
mensions, boundary conditions, and elastic properties if such in- 
formation were required. 

The estimates of the frequencies can be improved by applying 
the Ritz modification of the Rayleigh method. The labor in- 
volved, however, would be considerable; moreover, previous ex- 
perience with the Rayleigh-Ritz procedure [7] suggests that it 
would not yield simple closed formulas, and that the gain in ac- 
curacy would be slight. For these reasons, no attempt has been 
made to apply the Ritz method to the present problem. 
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Axially Symmetric Extensional 
Vibrations of a Circular Disk 
With a Concentric Hole’ 


In a paper by T. R. Kane and R. D. Mindlin,? a two-dimensional theory was de- 
veloped for high-frequency extensional vibrations of elastic, isotropic plates. 


theory is now used to study vibrations of a circular disk with a concentric hole. 


Rieeneaied extensional vibrations of a thin 
plate can be described satisfactorily by the equations of the 
theory of generalized plane stress. In order to deal with low- 
frequency vibrations of thick plates or with high-frequency vibra- 
tions of thin plates, it is necessary to use equations which make 
adequate provision for the phenomenon of coupling between 
extensional and thickness modes of motion. Such equations 
have been presented.? In the present paper they are used to 
study axially symmetric, extensional vibrations of a circular disk 
with a concentric hole. 

First a résumé of the relevant equations of the plate theory is 
given. This is followed by the derivation of a frequency equa- 
tion, a number of limiting cases of which are presented. Finally, 
the manner in which the frequency spectrum may be computed 
is described. 


Plate Displacements, Stresses, and Equations of Motion 


Letting r, 9, 2 be cylindrical co-ordinates, and considering only 
motions symmetrical with respect to the z-axis, the components 
of displacement u,, ug, uv, in a plate bounded by the planes z = 
+h are assumed to be given to sufficient approximation by? 


u, = vr, 
ug = 0 
u, = 2h 


In the case of free vibrations of circular frequency w, v,, and 1, 
may be expressed in terms of two independent displacement po- 
tentials, @,(r) and @(r), 


or or (1) 


= 19: + O29 


1A thesis, presented to the Faculty of the School of Mechanical 
Engineering of The University of Pennsylvania in partial fulfillment 
of the requirements for the degree of Master of Science. 

?T. R. Kane and R. D. Mindlin, “High-Frequency Extensional 
Vibrations of Plates,’ JournaL or AppLieD Mecuanics, vol. 23, 
Trans. ASME, vol. 78, 1956, pp. 277-283. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29-December 4, 
1959, of Toe American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, June 16, 1958. Paper No. 59—A-32. 
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These potentials are governed by the equations of motion 


no i= 1,2 (2) 


Boundary conditions, sufficient to insure a unique solution, are 
obtained by specifying, on the edge of the plate, the plate stresses, 


defined as 


These are related to the displacements v, and v, by 


N, = 2h [a + 2G) 4 
dr r h 


Nw =0 (3) 
2Gh? dv, 
3. dr 
In the foregoing equations 
2 
- i= 1,2 (4) 
ren 
3K? 
2 2 2 2 V/s 
v= + B) + 4aB (: (6) 
w 
B = (7) 


4G(X + ©) 


= (A + 2G)/p, =G/p, = + 26) (8) 
= + 2G) (9) 
4h*p 
= (10) 


\ and G are Lame’s constants of elasticity; p is the mass density 
of the plate material; @ and B are dimensionless constants which 
depend only on the value of Poisson’s ratio »; @ is the frequency 
corresponding to the first mode of pure thickness vibration of an 
infinite plate. 
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Solution of Equations of Motion In these equations 


For a circular disk of radius a, with a concentric hole of radius 
b, the solutions of Equations (2) are (13) 


pi = A,J (br) + B, 


where Jp and Y» are Bessel functions of the first and second kind, 5 (15) 
and A,, A», B,, are constants. Hence from Equations (1), 


(14) 


2 2 2 -1 
v, = — Bib: ¥i(dir) — i(ber) — Bb. Y + B) —-1+ (16) 
Examination of Equations (5) and (13) shows that £ is real for 
w/@ > 1 and imaginary for w/@ < 1. It is therefore convenient 
to introduce the real quantity 


Traction-free edges at r = a andr = b are obtained by setting 
the components of stress given in Equations (3) equal to zero at 
r =aandr =b. This results in the following four simultaneous, 


homogeneous equations in A,, As, B,, Ba: = 


+ + + = 0 for the frequency range w/@ < 1, with 
+ + CIB, + = 0 i = (-—1)!? 
CyAi + CwAr + Cu Bi + CuB, = 0 Equations (12) may then be written in the following alternate 
form: 
+ + + = 0 
any 
B 
any 
Jy) - JAY) a 
BE 
any 


Ji 
BE A EY) 


= Jy) - JAY) 


YoY) 


any 


8 
Jo - - 


BE 
anty 
“pe = ¥(ty) - omy 


Yo fy) Hy(itEy) + (it Ey) 
ant y 


— Yo 


BE 


2n 
— 


— 29 
= rity) 


—2 
1 — 27 


27 
a; 
1— 29 


where H‘” is the Hankel function of the first kind. 
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b 
where 
= 
C, = 
C= 
Cy 
(17) 
C, = Cy = Jy) 
Cro 
— 29 
J (Ey) C, = Yily) 
2 
2 
Cy = —— } 
Cis 
Cu 
Co = 


The frequency equation is obtained from Equations (11), by 
setting the determinant of the coefficients of A;, A2, Bi, B, equal 
to zero: 


G&G 
G G 
C, Co Cu Cr 
Ci Cu Cr Cis 


=0 (18) 


Limiting Cases 

Before proceeding to the detailed solution of Equation (18), 
it is helpful to study a number of limiting cases. ’ 

Small Hole. In this case b< aso that { ~ 0. Now, for small x 


J(z) = 1 

= x/2 

Yo(z) = (2/m) log z 
Y\(z) = —2/az 


Hence for small values of ¢, those of Equations (12) which con- 
tain ¢ become 


~ — 20) 
2(1 — 2n) 
Cis = 
20) 

— 2n) 
Inserting these expressions in Equation (18), the frequency 


equation, for { ~ 0, becomes 


1-# 
— (CiCw — = 0 


This equation has real, positive roots only when 
C:C. = 0 
or, using Equations (12), when 


a 1—2n La 


This, as it should be, is the frequency equation for a solid 
circular disk, as given previously.? For the first two modes of 
motion, values of w/w versus a/h satisfying this equation are 
plotted (for y = 0.3) as curves I and II in Fig. 1. 

Large Hole. As b approaches a, { approaches unity and can be 
written as 


f=l-—e 
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where «< 1. 
Now, for small € 


fz) = Pox) + 
P\(fz) = (1 + z)Pi(z) — exPo(z) 


where P = J, Y andz = y¥, fy. 
Thus those of Equations (12) which contain [ can be written 
as 


C, = (1 + (1 + eddy) 


Ce = (1 + (1 + edo ty) 
= (1+ (1 + ¥oy) 


= (1 + (1 + &) Yo( Ey) (19) 
Cu = (1 + ¥) — 

— 2n 
= (1 + — Ey) | 


Cs = (1 + — 


Cu = [(1 + — 


— 29 
1 — 2n 


where, neglecting second-degree terms in €, 


Equation (18) now becomes 
(CiCy — — = 0 (21) 
where C,, C;, Cy, aud C,, are given by Equations (12) and 
(1 — &)(€ — &) 


= 
(1 — 2n)(1 + 4) 


Ji Ey) 


any(€ ad €) 


-- — J 
&)(€, = €) 
— oma de) 
any(€: — €) .. 
—— } 
BEI + €) 
8 (22) 
— le 
(1 — 2n)\(1 + 
— 1)e8 
Cu (1 — 2n)(1 + 
(£2 — 2n)(&? — 1) 


— + © 
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| 
| | 
| 
1 a ; 
2 BE 
2 
& =€ (f 1) 
Gs -— 
@=€ (: 3 (20) 
Cis = Sy/2 
BE? 
=«(—-1 Pet. 


Thus from Equations (12) 


any 
B 


and from Equations (22) and (20), fore ~ 0 


Ci'Cu’ — C,'C,’ 
+ — 2n + 1) 


(1 — 2m) 
(Ey) Yo Ey) — JolEy) Vil Ey)] (24) 


Examination of the expressions (23) and (24) shows that the 
roots of equation 


B 


an 


CiCu GC, = Wily) — Joly) (23) 


— + — 99 + -2) =0 
are the only real, positive roots of Equation (21). By using 
Equations (13)-(16) together with Equations (5)-(10), this be- 
comes 


E 
“(1 — vp a 
which is the frequency equation for the lowest modes (n = 1/2) 
of symmetrical, extensional vibrations of a thin cylindrical shell.* 
This result, which is unrestricted as regards the ratio a/h, shows 
once again (see footnote 2, section 10) that the plate theory con- 
tains equations valid for very thick plates. Curves III and IV in 
Fig. 1 shows w/@ versus a/h as obtained from Equation (25). 

Thin Plate, Low Frequencies. For a/h > 1 and w/a < 1 Equa- 
tions (13), (14), and (16) reduce approximately to 


wk? 


2 
4(1 — v*)ath*p? 0 (25) 


a Bu? 


f= 


aw 


Hence for small w/a, is a large imaginary quantity. 
Now, for large z 


= (29x) 


2\'/2 
1HO(iz) = (2) 


iJ (iz) ~ 


A,O(iz) = -(2 


Wr 


Thus those of Equations (17) which contain — can be written 
approximately as 


2 
-(%) 


Co = Ey) 


2 
—fty 


3A. E. H. Love, ‘Theory of Elasticity,” fourth edition, Cambridge 
University Press, Cambridge, England, 1927, p. 546. 
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Cw = 


wey 


Cu = Fy) —'/s 


‘ 1 
) 
Inserting these expressions in Equation (18), the frequency 


equation for large values of £ becomes 


(C,C; — sinh (1 — = 0 


CC; = 0 
where [see Equations (17) and (26)] 


- 


Faw 
—— 
) 
Table 1 Computed frequencies of first two modes of vibration of circular 
disk with concentric hole, { = 0.5 
First Mode 
1.49 
0.5 
Second Mode 
2.08 1.25 
0.9 0.95 


a/h 


w/oa 


3.80 0.99 
0.2 0.7 
a/h 


w/o 


02 


Fig. 1 Curves I-VI show frequencies of first two modes of axially sym- 

metric extensional vibrations of circular disk with concentric hole ac- 

cording to equations of this paper for { = O (Curves I- and Il), for £ = 1 

(Curves Ili and IV), for £ = 0.5 (Curves V and Vi). Curve Vil shows 

=0.5. 
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or 
aw aw 
(=) 
[aw aw faw 
(*) - 2 
C3 
(26) 
14 
| w 
| os 
%n 


It may be verified that Equation (27) is precisely the fre- 
quency equation obtained when this problem is solved in terms 
of the theory of generalized plane stress. Curve VII in Fig. 1 
represents this result. 

Thin Ring. When ¢ approaches 1 in Equations (28), Equation 
(27) becomes the frequency equation for a thin ring. C; and C; 
then approaches the values given by Equations (19) and the 
positive, real solutions of the frequency equation are found by 
solving the equation 

& = & (29) 


where € and €, are given by Equations (20). 
From Equations (20), (26), and (29), one then finds that 


(E/pa*)'/? 
which agrees with the frequency predicted in Timoshenko 
*S. Timoshenko, ‘Vibration Problems in Engineering,” D. Van 


Nostrand Company, Inc., New York, N. Y., third edition, 1955, p. 
426. 
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for the lowest mode of radial vibration of a thin circular ring. 


Computation of Frequencies 


The complete frequency spectrum may be computed in the 
same manner as for a solid circular disk.* 
From Equations (14) and (16), noting that @ = me,/2h 


(8n)‘/* (30) 
h Tw 


a and B depend only on Poisson’s ratio v, while £ and 9 depend 
only on vy and w/a. Hence a choice of v and w/@ reduces the ex- 
pressions (12) or (17) to transcedental functions of y and ¢ only. 
Thus for a given ¢, each root y of Equation (18) corresponds to 
a value of a/h in accordance with Equation (30). 

Results of computations for the first two modes (v = 0.3, 
¢ = 0.5) are shown in Table 1 and illustrated by curves V and VI 
in Fig. 1. 
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Analysis of a Nonlinear Mechanical System 
With Three Degrees of Freedom 


In recent years the methods of solution of nonlinear vibratory systems with one degree 
of freedom have been extended to the solution of nonlinear systems with two degrees of 
freedom. For these systems, the steady-state amplitude equations can be obtained by 


several methods, such as perturbation and the iteration method introduced by Duffing. 
In this paper the amplitude-frequency equations for a nonlinear mechanical system 
with three degrees of freedom are obtained, using Duffing’s method for obtaining the 


steady-state amplitude equations [1].? 
linear mechanical systems, each having three degrees of freedom, are given. 


Derivation of Steady-State Amplitude Equations 


ieee the mechanical system with three degrees 
of freedom as shown in Fig. 1. A periodic driving force is applied 
to mass m,. The springs are all nonlinear with cubic nonlinear- 
ity. Hence an extension or contraction of any one of the springs 
from the position of equilibrium will give rise to a restoring force, 
expressed by the following equation: 


R = kq + eq (1) 
where 
R = restoring force 
k = coefficient of linear term 
€ = coefficient of cubic term 
q = extension or contraction of spring from position of equi- 
librium 


This relationship between the restoring force R and the displace- 
ment from the position of equilibrium q is shown in Fig. 2. In 
Equation (1) the positive sign refers to a hardening spring and 
the negative sign specifies a softening spring. 

In the case of hardening springs (€ > 0), the equations of 
motion of the system of Fig. 1, from Newton’s second law 
of motion, can be written as follows: 


+ + — kel(z2 — 
+ — = 0 (2a) 


Mote + kel(te — 21) + — 21)*} 
— — 22) + os — = O (2b) 


mats + — x2) + — 22)*] = Focoswt (2c) 


where 


€: €5 
be’ 


Ma = he = ks 


2. 
ky’ 


1 Now Research Engineer, California Research Corporation, La 
Habra Laboratory, La Habra, Calif. 

2? Numbers in brackets designate References at end of paper. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of Tae American Sociery 
or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, June 19, 1958. Paper No. 59—APM-29. 
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The steady-state response curves of two non- 


x, Xs 
im, Me F,COS wt 
Fig. 1 
Fig. 2 q 
HARDENING 
——— SOFTENING 
m = mass 
a; = displacement of mass m, from position of equi- 
librium 
F,coswt = applied periodic force 
@ = angular frequency of applied force 
i = time 


The dots indicate derivatives with respect to time. 

Summation of Equations (2a), (2b), and (2c), and summation 
of (2a) and (26), together with Equation (2a), results in Equations 
(3a), (3b) and (3c), respectively. 


md, + + mats + + mit’) = Fo cos wi 


(3a) 


md, + + + — ks 
— 22) + — = O (3b) 


+ + — ke[(z2 — 21) 
+ — = 0 (3c) 


Following Duffing’s iterative method [2, 3] we assume the 
following equations as a first approximation for the solution of 
(3): 

a, = A cos wt 
zz = Beoswt (4) 
zr; = C cos wt 


In these equations A, B, and C are the values of the steady-state 
amplitudes of the motion. Substituting Equations (4) in Equa- 
tions (3) and using the trigonometric identity, 
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a3, 
| 


cos* wt = + 

4 4 
three equations are obtained involving the amplitudes of the 
Vibrations. Equating the coefficients of the cos wt-terms in 
these equations to zero gives the following set of algebraic rela- 
tions between the amplitudes of steady-state vibrations (this 
assumes the cos 3 wi-terms can be neglected [2, 3]}): 


—Amw? + + — — Cmyo* = Fy (5a) 


—Amw?* + kA + - Bmw? 
— — B) — — = 0 (5b) 


—Amw? + kA + 3/ kip A® kB A) 
— A)* = 0 (5c) 


Setting m: = m;, the foregoing equations after some algebraic 
manipulations can be written: 


(B — A)* + (B— A) — (K) = 0 (6a) 
Me kobe 


mw 


(C BY + (C ~ B) + (B — A) 
3 


+ (K Amus) = 0 (60) 


K 
2A + (C — B) + AB A) + (6c) 
where 
K = —Amw? + kiA + A? (6d) 


Equations (6) form the basis of the graphical solution for the 
values of the steady-state amplitudes, the description of which 
follows. 

Given the physical constants of the system, for a particular 
value of w (angular frequency of the impressed force), Equation 
(6d) gives K as a function of A. By calculating the values of K 
for several values of A and solving the cubic Equation (6a),* for 
these values of K, the curresponding values of (B — A) are ob- 
tained. Using the values of (B — A) thus obtained, K previously 
found, and solving cubic Equation (6b), (C — B) can be obtained 
as a function of A. Now, since the values of (B — A),(C — B), 
and K are known as a function of A, the right and the left sides of 
Equation (6c) can be plotted against A. The intersections of 
these two curves give the correct values of A. Since we already 
have obtained (B — A) and (C — B) asa function of A, we ean 
easily find the magnitudes of the amplitudes B and C. 

The foregoing method can be extended to the solution of non- 
linear systems, with cubic nonlinearity, having more than three 
degrees of freedom. The driving force can be applied to any one 
of the masses with minor adjustments in the derivation of the 
amplitude Equations (4). 


Solution of the Three-Degrees-of-Freedom System 


Cease !. In this numerical example all masses are considered 


to be equal and the springs are all nonlinear hardening with cubic 
nonlinearity. 

3 The cubic Equations (6a) and (6b) will have only one real root 
for hardening spring systems, and this root is used in the subsequent 
calculations. 
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Fig. 3 


Referring to Fig. 1, let us assume the following constants for 
the system :* 


m, = Mm: = m; = | Ib-sec*/ft 
ki = ke = ks = 1 Ib per ft, @&=@=€ = 1 pef 


1 

= = = 1 it” Fy, = 0.20 lb 

Substituting the foregoing values in the amplitude-frequency 
Equations (6), and following the method of solution previously 
outlined, we will obtain the response curves given in Fig. 3. 
From this figure it is seen that the response curves rise sharply up 
to an angular frequency w of about 1.5 radian per sec. For 
values of w slightly greater than this, the amplitudes decrease with 
increasing w until a minimum is reached at w ~ 2.0. Beyond 
this point the amplitudes increase monotonically withw. Hence, 
within the range of w-values shown, there are only two “‘peaks.”’ 
Since the system considered here possesses three degrees of free- 
dom, comparison with systems having two degrees of freedom [5, 
6, 7], would lead one to expect response curves with three peaks. 
If the range of the calculations were extended to larger values of 
w, it is possible that a third peak might be observed. For each 
value of w > 3.2 there are three values of the amplitudes. The 
dashed lines in Fig. 3 correspond to unstable regions of the re- 
sponse curves [8]. 

Case2. Inthe present example the first mass is considered to be 
larger than the other two equal masses. The first spring is con- 
sidered to be linear while the other two are nonlinear hardening 
springs, with cubic nonlinearity. 

Referring to Fig. 1, let us assume the following constants for the 
system‘: 

m, = 2 lb-sec*/ft, mz = = 1 lb-sec*/ft 

ky = 1 lb per ft, ke = ky = 2 lb per ft 

= Opef, = & = | pef 

= 0, = = */2 1/ft*, Po = 0.20 Ib 
Substituting the foregoing values in the amplitude-frequency 


Equations (6) and solving the resulting equations for the values 
of the amplitudes, as outlined previously, gives the response 


4 Stoker [2] points out that in applying Duffing’s method the values 
of the coefficients of nonlinear terms ¢ should be small. But in the 
present example the rather large values of ¢ are chosen as an aid in 
arithmetical manipulation. 
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curves of Fig. 4. From this figure it is observed that within the 
range of 0 < w < 10 radians per sec two peaks exist—one at w ~ 
0.5 and the second starting at w ~ 1.7 radian per sec. Since 


the first pea@k is small, the direction of bending of the response 


ANGULAR 
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curves, at this value of w, is not known. Starting from the value 
of w = 1.6 radian per sec the response curves start to rise and 
bend toward the right, as expected for the case of hardening 
springs. For values of w > 1.8 radian per sec there are always 
three values of the amplitudes corresponding to each value of w. 
The unstable regions of the response curves are partially shown 
by dashed lines. 
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ts stress field in a rotating ellipsoid was first ex- 
amined by Chree.** He was mainly concerned with oblate 
spheroids of slight eccentricity for geophysical applications. 


Statement of Problem 


The problem consists of the determination of the stresses in a 
homogeneous, isotropic, elastic ellipsoid 


gt yt 
(ec < b) (1) 
of mass density p rotating with constant angular velocity w about 
the z-axis. The surface of the body is to be free from boundary 
stresses. 


Construction of Solution by Superposition 


The actual field of centrifugal body force is w%p(zt + yj). To 
avoid clumsy algebra, we multiply it by 8(1 — v)/(w*p) switching 
to a fictitious body force 8(1 — v) (zi + yj). Stresses computed 
in the fictitious field will have to be multiplied by (w*p)/[8(1 — v)] 
for actualization. An elastic stress field derivable from displace- 
ments and equilibrating with the fictitious body force is 


—(3 — 2v)x? — (1 + 2v)y? 
o, = —(1 + 2v)z* — (3 — 2v)y? 
o, = —4r(x? + y?*) (2) 


—2(1 — 2v)ry 


i] 


Tz = Ty, = 0 
For the removal of boundary stresses due to (2) we will use 
three types of basic solutions derivable from three independent 


potential functions‘ 3, and 


First Basic Solution.® 
2G(u, v, w) = grad ¢ (3) 


1The work reported here is a part of the doctoral dissertation of 
M. A. Goldberg at Rensselaer Polytechnic Institute. 

2C. Chree, ““The Stresses and Strains in Isotropic Solid Ellipsoids 
in Equilibrium Under Bodily Forces Derivable From a Potential of 
the Second Degree,”’ Proceedings of the Royal Society, London, Eng- 
land, vol. 58, 1895, p. 39. 

3J. Prescott, ‘Applied Elasticity,"" Dover Publications, New 
York, N. Y., first American edition, 1946, pp. 332-345. 

4M. A. Sadowsky and E. Sternberg, ‘Stress Concentration Around 
an Ellipsoidal Cavity in an Infinite Body Under Arbitrary Plane 
Stress Perpendicular to the Axis of Revolution of Cavity,”” JounNaL 
or Appiiep Mecuanics, vol. 14, Trans. ASME, vol. 69, 1947, 
p. A-191. 

‘Subscripts attached to functions which originally bear no sub- 
scripts denote partial derivatives; e.g., 


fry = 
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Stresses in an Ellipsoidal 
Rotor in a Centrifugal Force Field 


This paper contains an exact solution for the stress distribution in an elastic 
ellipsoid rotating about a free axis. The surface of the body is free from boundary 
stresses. The stresses are expressed with the use of 12 coefficients which have been 
tabulated for 209 ellipsoids of different shapes. General diagrams give the maximum 
values of stresses as functions of two shape ratios. 


(4) 


Tay = Psy; Tye = Tez = Pos 


Second Basic Solution. 
G(u, v, w) = curl (0,0, 3) (5) 
o, = 28,,; = —20,,; = 0 
(6) 
Third Basic Solution. 
2G(u, v, w) = grad (7A) — 4(1 — v)(0, 0, d) (7) 


O, = — a, = 2d,, — WA;z; = 2A, — Al — vA, 
(8) 


Tey = Tye = — (1 — Tes = — (1 — 


The potential functions g, 3, will be selected using the 
standard spherical forms 


rP,.™ (cos 0) cos and r*P,,™ (cos @) sin mp (9) 
in which P,™ is the symbol for the associated Legendre function 
of the first kind and 

xr =rsin@cos@ 


y =rsin @sing 
(10) 


z=rcos@ 


The centrifugal field (2) produces residual stresses on the 
boundary. We will remove them by polynomial basic solutions 
(3-8). As suggested by (2), the removing polynomials for the 
stresses should be of degree 2, and the normal stresses should be 
even functions in z, y, z. These requests limit the acceptable 
basic solutions to the following: 


First Basic type. Acceptable ¢ functions: 


(11) 
['/e r*P2* (p) cos 29) 


Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 20-Decem- 
ber 4, 1959, of Tae American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics, 
June 20, 1958. Paper No. 59—A-4. 
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*/,Ayr*P(p) 
Byr*P2(p) cos 26 


1 
1260 CirtP.“p) cos 4b 


Second Basic Type. Acceptable & function: 
1/Aor*P(p) sin 2p 
Third Basic Type. Acceptable \ functions: 
cos 


The bracketed solutions (11) and (14) have uniform (constant) 
stress fields. We drop them and introduce instead the uniform 
field in the form 

Oo, = Ao, 


(13) 


(14) 


(15) 


o,=Co 


a, = Bo, 


Try = Ty = Te, = O 


(16) 


The solution of the problem (8) is now set up as a superposition: 
(S) = (2) + (16) + (12) + (13) + (15) (17) 


9 unknown coefficients are involved; i.e., 


Ao, Bo, Co; Ai, Bi, Ci; Az; As, Bs (18) 


An evaluation of stresses in (S) in dimensionless form shows 
that they are of the following form: 


(19) 


Tay x 
21 — v) 


Ge (1 — v) b 


Tas 
2(1 — v) 
in which the 12 coefficients 


Kuz, Koz, Ky, Koy, Ky, 
(20) 


Kus, Kx, Kss, K; 
are dimensionless numbers depending linearly on the set (18) and 
= 21 — v)b? (21) 


is the average value of a, on the central section x = 0 of the 
ellipsoid. 


Boundary Conditions 


We have from (1) 
ar of of _ 2 
orb?” ce’ a? 


Hence the boundary conditions for a free surface read 


The stresses in (19) are composed of terms quadratic in z, y, z 
with the exception of 3 constant terms Ki, Kiy, Kis. For ex- 


Table 1 Coefficients for K,., Kz, and K;, for various shape ratios 


4x 


ei ef 1.0 on e4 of 
el 1.478} 1.651 


1.715 2430] 2950 

a4 111,350] 1.480] 1.649] 1.715 422] ,921 

-7 11.324] 16446] 1.606] 1.680 2400] 2848 

1.0 1e518| 369] 2748 
4,0 


1,190] 1,282]1,325 2293] 567 
{10.0 1.010 


1.0 ei 


10140} [1-249 
1,096] [1,369 
2998] [1,266 
881] [1.010 
2597 2°68 


1.481 
1,499 
1.585 
leles 
246 
2158 
2022 


203C 
030 
2029 
2027 

025 


1,098/1.175]1.207 .254] 2101 
1,070} 19147]1,174 2020] 259] 565] .672 2020 


Table 2 Coefficients for K\,, Koy, and K;, for various shape ratios 


K 
ey 


1.0 | | el 04 


1.140 015] .810 
1.096 e800 
2990 7014] 
.901 
2097 2019] 2006] 
2672 2017] 
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1.495 
2605 
2156 
2025 
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b? c a’ 
Ky (: Ky Ky a be + Te + = 0 
y? 
| 
‘ 
ox 
| | 11.674] 1.762 
| 
40525] 19495) 
{2149} 2156) 
K K 
ay ey 
| | [1.0 | [.1 | 4 | | | | 
| 013] .236] .209]1.715| | .000] .069| .465| | 
| 6257] | .000] .057] | 
2014] 4245] .824/1.680] | 2001] .075] .453]| 
0014] 6255] .828]1.59357 | .002] .094] 2451] 
| 4,0 O17] 4217) .606/1,207] | 
10,0 .566/1.174) | .006| 2049] ,280] 
i 


clusive use on the surface (1) we homogenize those constant terms b c 
into quadratic terms by (1). Then the left members in (23) i = - and 6; = b 
appear as homogeneous polynomials of the third degree. Cancel- 
lation of common factors leaves (23) in quadratic terms only. and on p. 
Equating to zero the coefficients of the 6 linearly independent 
leads to a nonhomogeneous 9 by 9 
linear system possessing a unique solution for (18). The 90 co- 
efficients of the system depend quadratically on all 3, a, b, c and 
linearly on Poisson’s ratio vy. The values of the 12 coefficients 
(20) depend only on 2 shape ratios ‘ ag 


\7 


\ 


N 


Fig. 1 Dimensionless stress o,/0) at center for various shape ratios Fig. 2 Dimensionless stress o,/0) at center for various shape ratios 


Table Coefficients for Kis, Kes and Ks. for various shape ratios 


1.0 el 24 1.0 | el 


420] |-.387 |-.447 |-.013 
2299 | 164 217 587 098] [-.014 
2086 2152 2105 -.014 
-.101 e527] 4282] .217} 
-.180 2209 2 00 
2075] .104] .126] 2.151] |-.008 
2014 204) 2029 2008 


Table 4 Coefficients for K,, K:, and K; for various shape ratios 


-.005 =,006 


1.840}1.467| .980 -.003 2004 
1,848 1,481 1,016 -.025 -.034 -.067 
1.813 1.465 1.061 -.167 e085 2043 =-.059 
1.725 1.406 1.078 =. 209 2000 ecle 2141 
1.505} 1.246] 1.001 2485 1,.012}1.009}] 1.011 
.87 1.272 1, 544]1.457} 1.4 

.817 1,546 1.468 1.572} 1,609 
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4022] 2091) 
1,0 
| 4.0 
10,0 
__ 
| 
+ 
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The 9 by 9 system was solved for a complete range of shape ratios 
6, and 6, with y = 0.3. This was accomplished with a high-speed 
1BM-650 electronic computer at Rensselaer Polytechnic Institute. 
The primary aim was a numerical determination of the set (20) 
of the 12 coefficients K. A total of 2508 values has been tabu- 
lated to 6 significant figures. An excerpt of the tabulation dras- 
tically reduced in size is reproduced as Tables 1-4. The original 
computation covers 209 different shapes of triaxial ellipsoids, the 
excerpt covers 28. The ultimate aim of the computation was a 
determination of the stress field within an ellipsoid and an 
analysis of the dependence of the stresses on the shape ratios 6, 
and 5,. All numerical work was done for y = 0.3. The tabula- 
tions show that Kis, Kez, Ksz, Kiy, Koy, Ksy are all positive. By 
(19) we conclude that the maxima of a, and o, are at the center 
of the ellipsoid. Figs. 1 and 2 show them; each curve holds for a 
given d:, the plotting is against 6. Fig. 3 gives the value of a, at 
the center, which may, but does not have to be the maximum of o, 
within the ellipsoid. Indeed, as there is no resultant force in the 


z-direction on any plane section z = z of the ellipsoid, we have 


ff a,(z, y, dy = 0 


By (19) and (1), this gives 
4K, + Ku + Ku = 0 


Fig. 4 (Right) Region (shaded) for 
which maximum stress o, is on §, 
surface of ellipsoid 


12 


2 4 6 8 10 


which shows that Aj,, K2., and K;,, are never all of the same sign. 
The distribution of positive and negative values is rather in- 
dividualistic here, as seen from the tables. If K., and Ky, are 
opposite in sign, then one of them is alike with K,., and by (19) 
the absolute maximum of g, is on the surface of the 
ellipsoid at the entls of the corresponding (“alike’’) axis at 
[+b, 0, 0) or [0, +c, 0]. Fig. 4 shows the region in the 6,, 6:- 
plane where this happens. If K2, and K;, are alike in sign, they 
are opposite to K,, by (26) and the absolute maximum of o, by 
(19) is at the center of the ellipsoid. This is always the case with 
a spheroid b = c, since the tables show that for 6. = 1, Ke = Ky:. 
Fig. 5 gives extra details on ¢, for a spheroid. 

An analytical investigation (prior to numerical methods of 
orientation) has revealed the existence of just one ellipsoid which 
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Fig. 3 Dimensionless stress o,/0, at center for various shape ratios 


Fig. 5 (Left) Profiles of o, on z = 
0, 1, 2, 3, and 4 for spheroid o = 
5,b=e¢=1 


is in a state of plane stress (0, = T,, = Ty, = 0); namely, a 
spheroid 6. = 1 with 
+ v) 


(1 — + 


giving 6, = 0.822 fory = 0.3. 
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Carrying Capacity of Elastic-Plastic 
Shells With Various End Conditions, 
Under Hydrostatic Compression 


This paper considers the influence of the beam-column effect on the carrying capacity of 
hydrostatically loaded elastic-plastic cylindrical shells. Specific problems considered 
include shells with clamped ends, simply supported ends, and a combination thereof. 
It is shown that in all cases considered there exist two characteristic modes of failure 
corresponding, respectively, to long and short shells where the terms “‘long’’ and ‘‘short"’ 
are unambiguously defined. Detailed results are presented graphically along with 


Tu methods of limit analysis have been used with 
increasing frequency in the past decade to determine the carrying 
capacities of beams, frames, rings, plates, and shells. It is im- 
plicit in such analyses that the equations of equilibrium be re- 
ferred to undeformed configurations. Such an approach must 
necessarily omit the so-called beam-column effect which tends to 
weaken structures in the presence of compressive loadings. 

In an earlier paper [1]? the beam-column effect* was introduced 
into the equations of equilibrium for a hydrostatically loaded, 
simply supported cylindrical shell made of an elastic, perfectly 
plastic material. The references of that paper supply the back- 
ground for the present one. It was found that a fully plastic 
mode of collapse existed for short shells, and the associated carry- 
ing capacity was computed for a wide range of shell parameters. 
Although no uniqueness theorem exists for such problems the 
collapse mode found satisfied all required boundary conditions as 
well as a modified plastic potential-flow law and the equations of 
equilibrium. In particular, it was shown in a numerical example 
that the contained elastic-plastic deformation becomes indefi- 
nitely large as the load increases from zero toward the predicted 
fully plastic carrying capacity. In the present paper, the analysis 
will be extended in several directions. 

In [1] the carrying capacity was determined for short, simply 
supported shells. The numerical results given in that report, how- 
ever, covered a range of shell parameters which extended slightly 
beyond the range of validity of the solution. As pointed out in 
{1], this amounted to a slight extension or distortion of the yield 
condition used. In the present paper this approximation will be 
dispensed with and it will be seen that the solution given in [1] 


! The work reported upon in this paper was done at the Polytech- 
nic Institute of Brooklyn, and was sponsored by the Office of Naval 
Research. 

? Numbers in brackets designate References at end of paper. 

3 The tendency of the bending moment produced by the axia! forces 
acting on the radial displacements to produce further displacements, 
and ultimately collapse, will for brevity be referred to as ‘‘beam- 
column effect.” 
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general conclusions useful for design purposes. 


is valid for short shells only, and another solution is valid for long 
shells. The two words long and short will be defined precisely, 
and it will be shown that all simply supported shells fit into one 
or the other category. 

The shell with both ends clamped, besides being of great in- 
terest for its own sake, represents a typical bay in a long shell re- 
inforced at regular intervals by rigid reinforcing rings. The fully 
plastic collapse mode for such shells will be determined in this 
paper. It will be seen that two types of solutions, corresponding 
to long and short shells, respectively, exist in this case too. These 
two types of solution again cover the entire range of shell parame- 
ters. 

As an illustration of the generality of the techniques employed 
for clamped and simply supported shells, an example will be given 
of a shell having mixed boundary conditions; i.e., one end clamped 
and the other simply supported. It is found that the general 
characteristics of the previous solutions are preserved in this case 
where two types of solutions are seen to cover the entire range of 
long and short shells with boundary conditions of the type speci- 
fied. 

It is of interest that all long shells of the three types investi- 
gated have the same carrying capacity. This common carrying 
capacity is the same as that for a shell with free ends, where col- 
lapse is due entirely to membrane forces. 

In this paper only radially symmetric modes of deformation 
are considered; therefore all dependent variables are functions of 
a single co-ordinate measured along the axis of the shell. The 
deformations found satisfy all kinematic boundary conditions, 
provide a non-negative rate of energy dissipation, and are related 
to the stress resultants by the plastic potential-flow law asso- 
ciated with a given singular yield condition; that is, the velocity 
fields are kinematically admissible in the sense of limit analysis 
(2]. The stress-resultant fields associated with each of the 
problems considered will be seen to satisfy all boundary condi- 
tions on stress, the equations of equilibrium (including the beam- 
column effect of the axial load), and the given yield condition. 
Following the nomenclature of limit analysis, a stress field satis- 
fying these three requirements will be referred to in this paper as 
a statically admissible stress field. 

Although the solutions which follow are both kinematically and 
statically admissible, there is no assurance that the carrying 
capacities so determined are unique. The possibility does exist 
that the collapse mechanisms visualized can never be developed 
in the actual shell owing to the constraints of the elastic region in 
the era of contained plastic deformation which must in reality 
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precede collapse. Thus some mode of collapse other than the one 
visualized may actually prevail. 

If the carrying capacities found in this paper are below the 
lowest known elastic buckling loads (as they are shown to be for 
a wide variety of simply supported shells in [1]), they represent 
possible improved upper bounds on the actual carrying capacities. 
The possibility does exist that even lower carrying capaci- 
ties are associated with different (possibly asymmetric) modes of 
plastic collapse. It should be noted that the solution given pro- 
vides a lower value of collapse load than does the solution of the 
analogous purely elastic beam-column problem, primarily be- 
cause the lever arms (radial deflections) on which the axial forces 
act have been increased by the plastic component of radial de- 
flection. 

The notation and basic equations are essentially the same as 
those of [1], but are restated in section 1 in order to make this 
paper reasonably self-contained. Sections 2 and 3 deal with shells 
having clamped ends and simply supported ends, respectively. 
The distinction between long and short shells of both types is 
pointed out. Section 4 deals with shells having one end simply 
supported and the other end clamped. Both the rigid-plastic 
collapse load and the elastic-plastic carrying capacity are deter- 
mined. Finally in Section 5 the results are evaluated and con- 
sideration is given to reinforcement by rigid rings. 


1 Notation and Basic Equations 


A circular cylindrical shell has the dimensions indicated in 
Fig. 1, and is made of an elastic perfectly plastic material having 
modulus of elasticity Z, Poisson’s ratio v, and tensile yield stress 
Y. The bending moment per unit length produced by axial 
stress is M,; the axial and circumferential forces per unit length 
are given by N, and Ng, respectively. The corresponding curva- 
ture and strains are k,, €,, €». The inward radial deflection is 
represented by w, and the axial co-ordinate z is measured from a 
suitably chosen origin. The shell is assumed to be suvmersed in 
a uniform hydrostatic-pressure field of magnitude p. Therefore, 
the loading consists of a pressure p acting over the lateral surface 
of the cylinder and an axial compressive force pra? uniformly 
distributed over the end cross sections. 

The following dimensionless variables prove convenient: 


Dynamic variables: 


n, = N,/No = N,/2Yh 


Kinematic variables: 


ce? = (L/a)(L/h) 


m, = M,/M, = M,/Yh* 


= (Y/E)(a/L)? 


(1) 
y = 2/L; ( )’ = )/dy ng = Ng/No = Ng/2Yh 
W = (E/Y)(w/a) P = ('/2)(p/Y)(a/h) 
Within the spirit of thin-wall, small-deformation theory of 
shells the governing equations of equilibrium are‘ 
n, = —P/2, m,"/2c? + 2n,e!W"’+ng+P=0 = (2) 
Within the elastic range the stresses and strains are related by 
Hooke’s law: 
= -W = Nye — vn,, (3) 
k = —W"/2c? = (3/,)(1 — v*)m, (4) 
Although Hooke’s law can be used to find €, in terms of ng and 
n,, this relationship will prove to be unnecessary for the problem 
under consideration. 


The relationship between the stress and moment resultants for 
a plastic point in the shell has been discussed by Onat [4] and 


* Reference [3], p. 536. 
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Fig. 2 Yield surface 


Hodge [5|. The yield surface may be approximated by a poly- 
hedron bounded by twelve planes in the space of the stress re- 
sultants (m,, n,, ny). This surface represents the true yield 
surface for an idealized sandwich cross section, or a linearization 
of the true yield surface for a uniform section, based upon 
Tresca’s maximum-shear-stress criterion of yielding. 

Fig. 2 shows that part of the yield surface for which n, 2 0 
and ny Z 0. Five of the twelve bounding planes of the entire 
surface are shown. Level curves for various negative values of 
nz are indicated. Table | [5] gives the equation of each face 
shown in Fig. 2. 


Table 1 Equations of yield surface 
Face Equation 
1 1 
3 2ng + mz 
5 2ng — mz 
10 m, = 1 
ll =1 


In what follows, only completely plastic modes of deformation 
will be considered so that all points of the shell must correspond 
to some point in the space (m,, n,, ng) which lies on the yield 
surface. If each strain component is divided into an elastic and 
plastic part, the plastic potential-flow law states that the plastic 
part of a suitably chosen strain-rate vector is parallel to the ex- 
terior normal to the yield surface at the corresponding stress 


Transactions of the ASME 


Nx 
\ 
| 
~ 
| 
EE 


point. Wherever the normal is not uniquely defined, e.g., at 
edges such as AB or vertexes such as B in Fig. 2, the plastic-strain- 
rate vector may lie anywhere in between the normals of the in- 
tersecting surfaces at that point. The elastic part of the strain 
rate still is given by the differentiated form of Hooke’s law. 

It develops that the pertinent portions of the yield surface for 
the problem under consideration are the points on the plane ng = 
—1. This plane is indicated as ABCD in Fig. 2. If the stress 
point corresponds to an interior point of this plane it will be said 
to be in plastic regime 1. In regime 1 the flow law [5] requires 
that 


= er? =0 (5ab) 
és? < 0 (6) 


where a dot signifies differentiation with respect to any mono- 
tonically increasing function of time, and the superscript p refers 
to the plastic component of strain rate. The total curvature is 


K= K+ KP (7) 
where the superscripts e refer to the elastic component of curva- 


ture given by Equation (4). Upon integration of Equation (7) 
and use of (5a) and (4) one obtains 


W" = —(3/2)c%(1 — v*)m, + Fly) (8) 


where F(y) is an arbitrary function of y alone. If a cross section 
of the shell goes directly from the elastic state into regime 1, 
without first entering any other regime, continuity of W” requires 
that F(y) = 0, so that in regime 1 the relevant relations are given 
by Equation (4) and 


ne = —1; eg <0 (9a, 6) 


Equation (4) implies that W’ is continuous in regime 1. The 
condition on €,? may be used to determine the axial displace- 
ment. Since this displacement is irrelevant to this problem it 
will not be considered explicitly. 

As the loading progresses it turns out that certain cross sections 
of the shell move onto the intersections of the plane ABCD with 
the faces 10 and 11. Points corresponding to the line AB will be 
said to be in regime 1-10, and points corresponding to the line 
AD will be said to be in plastic regime 1-11. For a point in 
regime 1-10 or 1-11 the slope W’ need not be continuous. A 
discontinuity in W’ will be referred to as a plastic-hinge circle. 
Therefore, the condition of continuous slope is replaced by the 
condition that the cross section be in regime 1-10 or 1-11, i.e., 
that 


m, —n, = 1, or —m, —n, = 1 (10a, b) 


Equation (9a) stipulates that a point lies somewhere on the ex- 
tended plane ABCD in the stress-resultant space but does not 
insure that the point in question lies within the square ABCD. It 
will be seen, in the present problem, that n, < —'/2. Therefore, 
a necessary and sufficient condition for the stress point to be on 
the yield surface in regimes 1, 1-10 or 1-11, is 


-—(l+n,) <m<1l+n, (11) 


When Equation (4) is combined with the equilibrium equations 
(2) the following relationship is obtained: 

m," + k*m, = 2c*(1 — P), (12) 
where 
k? = 3(1 — v*)b%c*P (13) 


Equation (12) is valid only in regime 1, but not necessarily valid 
in either regime 1-10, or 1—11. 
Physical reasoning requires that m,, m,’, and W be continuous 
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at all points of the shell. Furthermore, symmetry requires that 
if the origin of z is located at the middle cross section of the shell, 
and conditions of support at both ends are the same, 


m,'(0) = 0 (14) 


Upon integration of Equation (12) subject to Equation (14) it is 
found that 


m, = C, cos ky + 2(c*/k*)(1 — P) (15) 


where C; is a constant of integration. 


2 Shells With Ends Built In 


It will prove convenient in this section and in the immediately 
following section to measure the co-ordinate z from the middle 
cross section. 

A first step in the determination of a statically admissible stress 
distribution is a tentative hypothesis regarding the plastic regime 
corresponding to various parts of the shell. A heuristic argument 
is presented in [5] which indicates that at least for small values of 
c? a rigid-plastic shell will be entirely in regime 1 except for the 
middle and end cross sections which will be in regimes 1-10 and 
1-11, respectively. Adopting this same argument provisionally 
for the present problem, Equations (10a, b) provide two addi- 
tional boundary conditions which may be substituted into Equa- 
tion (15) to give 

C, = (1 — P/2) — (2c*/k*)(1 — P) (16) 
(1 — cos k) + (k*/2c*)(1 + cos k) 


P= aa (17) 
(1 — cos k) + (k*/4c*)(1 + cos k) 


Equation (17) is transcendental in P and may be solved 
numerically to give P as a function of the parameters c? and b*. 
It may be observed that, for a rigid-plastic material, F approaches 
infinity, and hence 6 tends to zero. In this limiting case 


P = (2 + c*)/(1 + ce?) = PY (18) 


where P,’ is the rigid-plastic collapse load for a shell with ends 
built in [5]. It also should be noted that P, as given by Equation 
(17), is always greater than unity and decreases monotonically 
from P, to unity as k varies from zero to r. Fig. 3 shows two 
curves, each consisting of a cosine term plus a constant term and 
satisfying all required boundary conditions on m(y). These 
curves show that Inequality (11) is satisfied if 0 < k < @ and 
violated for w < k. Inequality (11) also may be satisfied for the 
particular values k = @ + 2nm (n = 1, 2,.. .) in which case 
Equation (17) reduces to P = 1. 

A kinematically admissible velocity field is obtained by noting 
that for P given by Equation (17) the moment distribution is a 
function of y alone so that Equation (4) can be differentiated to 
give 

Ww’ =0 (19) 


Upon integration of (19) subject to the boundary condition 


(1- P/2) 
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W (1) = 0, the velocity distribution is found to be given by 
W = —y) 


where W, is the central deflection. If W, > 0 the velocity dis- 
tribution satisfies all conditions for kinematic admissibility. 

Thus a collapse load has been found which is associated with a 
statically admissible stress distribution and a kinematically ad- 
missible velocity distribution for clamped shells having 0 < k < 
a. Such shells will be referred to hereinafter as short shells; all 
other clamped shells will be referred to as long shells. 

It has been seen already that for certain discrete values of k, 
admissible stress and velocity fields can be associated with the 
collapse load P = 1. It will now be shown that if P = 1, ad- 
missible (though not necessarily unique) stress and velocity fields 
can be associated with all long shells. 

In order to construct a statically admissible moment field for 
long shells let it be assumed that a central portion of the shell, 0 < 
y < v, where v is to be determined, is at the vertex B, of Fig. 2. 
The remainder of the shell may then be assumed to be in regime |, 
except for the ends which are at vertex D. Therefore 


(20) 


(21) 
(22) 
(23) 


P = —ny = 1, 
O<yS»), 


m = '/, 
m = cos k(y — v) 


Equation (22) satisfies the equilibrium equations (2) if W" = 0 
for 0 < y < v, and Equation (23) satisfies the equilibrium equa- 
tion (12) valid in regime 1. It is to be noted that continuity of 
m and m’ has been enforced at y = v. The boundary condition 
m(1) = —'/¢;is satisfied if cos k(1 — v) = —1, or 


—v) = w(1+2n) n=0,1,2,... (24) 
In order to have v > 0, the additional requirement 2n < (k/m) — 
1 must be enforced. Since nis not uniquely specified, neither is 
the moment distribution. Fig. 4(a, b) illustrates the ambiguity in 
moment distribution associated with the choices n = 0, 1, for the 
special case 39 <k < 57. It is obvious from Fig. 4 that Inequal- 
ity (11) is satisfied and the stress field is statically admissible. 

In order to construct a kinematically admissible velocity field 
it is necessary to note that substitution of Equations (21) and 
22) into the equilibrium equations (2) loads to 


W"=0 O<yXv) (25) 

Equation (25) implies continuity of slope throughout the cen- 

tral region. Therefore plastic hinges can appear only at v < y 

‘ wherever m = +!/,. Observing that W” = 0 within regime | 

.and W(1) = 0, kinematically admissible velocity fields may be 

associated with the corresponding moment fields of Fig. 4, as 
illustrated in Fig. 5. 

In addition to the ambiguity in moment distribution associated 
with the choice of integer n, an alternative possibility for a stati- 
cally admissible moment distribution is given by the assumption 
that the center is in the regime 1 and the ends in regime D; that 
is, 


m, = '/: cos ky 


v = (2n + —ng = P = 1; (2n+ 1) < 


Fig. 6(a) shows an alternate possibility for a shell having the 
same dimensions as the shell of Fig. 4. It is assumed that n = 0 
[eompare with Fig. 4(a)]. It may be verified that a kinematically 
admissible velocity field, with a hinge circle at y = 0, may be as- 
sociated with this stress field. For example, see Fig. 6(b), and 
compare with the alternate velocity field shown in Fig. 5(a). 


556 / DECEMBER 1959 


mY) 


ie] y 


0 \ 
VIN 


v=!|-37/K 
Fig. 4 Admissible noment fields for 37 < k < 


y 
(b) 


y 
Aa) (n=0) 


(b) (n=1) 


wy) 


Fig. 5 Admissible velocity fields associated with Fig. 4(a), (b) 


wy) 


Fig.6 Alternate moment and velocity fields for 37 < k < 5x (n = 0) 


10 


Fig 7 Elastic-plastic carrying capacity for shells with clamped ends 
Transactions of the ASME 


. = 
| | 4 
| w(y) 
(a) 
| 
(b) 
|__| 
MST 
c?=1.0 
| IN. | 
| | | | 
O<sys») an 
(26) “AY | a 
| 
(1- v?)b? 


The significant point is that all of these various stress and 
moment fields which are admissible for long shells predict the 
same value of P; viz., P = 1. 

In summary, a built-in shell is called long or short accordingly 
as the parameter 


= 3(1 — = (3/2)(1 — v?)(Y/E)(L/h)? (27) 


is greater or less than (7)*. For long shells P = 1; for short 
shells P is given by Equation (17) or Fig. 7. 


3 Simply Supported Shells 


If the boundary condition (10b) is replaced by m(1) = 0, it 
can easily be seen that a suitable moment field for a simply sup- 
ported shell is given by Equations (15), (16) and 


1) k + 1 
(k?/4c? — 1) cosk + 1 


2 


(28) 


Equation (28) has been derived already in detail in [1] where it 
was noted that as E> 


P — (2 + 2c?)/(1 + 2c?) = P,' 


where P,' is the collapse load for a simply supported, rigid-plastic 
cylinder. 

It may be shown that the collapse load predicted by Equation 
(28) decreases monotonically from P,’ to unity as k increases 
from zero to 7/2. In [1] it was assumed that for values of k 
slightly greater than 7/2 Equation (28) would still provide a 
reasonable first approximation to the carrying capacity, which 
would then be less than 1. This is equivalent to a modification of 
the yield surface by allowing the face 10 to extend slightly beyond 
the line EB in Fig. 2. In the present paper this approximation 
will not be necessary since it will be shown that for 7/2 < k the 
carrying capacity P = 1 can be associated with statically and 
kinematically admissible stress and velocity fields. 

The fact that the statically admissible solution of this paper 
predicts a higher carrying capacity (for k > 2/2) than does the 
statically inadmissible solution of reference [1], illustrates the 
fact that the theorems of limit analysis are invalid when significant 
changes in geometry occur. 

A statically admissible stress field is given by Equations (21, 
22, 23) if the boundary condition m(1) = Oisenforced. Substitu- 
tion of this boundary condition into Equation (23) leads to 


4 + + = + 
| ae 


(1- v?)b? 
Fig. 8 Elastic-plastic carrying capacity for simply supported shells 
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k(l — v) = + 2n) 1,2... (29) 


< (2k/m) — 1 must be observed in order that 
v > 0. By reasoning similar to that of the previous section it 
may be shown that kinematically admissible velocity fields can be 
associated with the stress fields described in the foregoing. Simply 
supported shells may be classified as long or short accordingly as 
the parameter y*, defined by Equation (27) is greater or less than 
(w/2)*. For long shells P = 1; for short simply supported 
shells P is given by Equation (28) or Fig. 8. 

The lower branches of the curves shown in Fig. 8 represent the 
asymmetric elastic buckling load computed by Batdorf [6]. 


4 Shells With Mixed Boundary Conditions 


The techniques of the previous section can be applied to 
problems of somewhat greater complexity. As an example the 
case of a shell simply supported at one end and clamped at the 
other end will be considered. It will prove convenient in this 
section to place the origin of the co-ordinate z at the simply sup- 
ported cross section and to consider x increasing in the direction 
of the built-in cross section. 

As a first step toward the solution of the elastic-plastic prob- 
lem it is desirable to solve the rigid-plastic problem. The previ- 
ous solutions suggest that an admissible stress field may be ob- 
tained by assuming the entire shell in regime 1 except for the 
built-in cross section which is in regime 1-11 and some inter- 
mediate cross section y = u which is in regime 1-10. Thus the 
boundary conditions may be formulated as 


The restriction 2n < 


m(O) = 0; m(u) = 1 — P/2; m'(u) = 0; 
m(2) = —1 + P/2 (30,a,),c,d) 


Equation (30c) is a necessary requirement for the stress point 
corresponding to y = u to remain on the yield surface. For a 
rigid-plastic material no deformation occurs until the full collapse 
load is reached, consequently the term multiplied by W” in the 
equation of equilibrium (2) may be omitted. After substitution 
of ng = —1 into the equilibrium equation one obtains an ordinary 
linear differential equation of second order, which may easily be 
integrated. The four boundary conditions (30) are sufficient to 
determine the two constants of integration as well as u and P. 
The final equations are 


u = 2(+/2 — 1) = 0.828 (31) 
P = (2 + 2u%e?)/(1 + 2u%?) = Po (32) 
m = c(1 — P)(y? — 2Juy) (33) 


where P™ is by definition the rigid-plastic collapse load for a shell 
with mixed boundary conditions of the type under discussion. 
Equation (33) shows that the stress field is statically admissible. 
A kinematically admissible velocity field is given by 


w/a = Wy/u O<y su 


us<ys2 


(34) 


where W,, the velocity at y = u, is a positive number. 

Having the rigid-plastic solution as a guide it now seems 
reasonable to assume that, at least for short shells, the same 
regions will be occupied by the elastic-plastic shell. Therefore 
Equation (12) must be integrated subject to the boundary con- 
ditions (30). The general solution of Equation (12) is 


m = C, cos ky + C2 sin ky + (2e?/k*)(1 — P) (35) 


Upon substitution of boundary conditions (30a), and (30c) into 
(35) one obtains 


C, = (2c?/k2)(P — 1); Cy = C, tan ku (36a,b) 
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With the aid of Equations (36) the remaining two boundary con- 
ditions become 


(2c?/k*)(1 — P)(1 — sec ku) = 1 — P/2, (37) 
(2c*/k*)(1 — P)[1 — see ku cos k(2 — u)] = —1+ P/2 (38) 


Upon addition of Equations (37) and (38) there appears a 
transcendental equation, in k and u alone, of the form 


2 cos ku = 1 + cos k(2 — u) (39) 


Equation (39) can be solved to give u as a function of k, either 
graphically or analytically. The details of the analytic solution 
are given in the Appendix, and the results are illustrated in Fig. 9. 
Equation (37) is now written in the convenient form 


P = (2 + 2ct)/(1 + 2c%) (40) 


where 


¥ = (2/k*)(sec ku — 1) (41) 


From the function u(k) it is a simple matter to compute (kh). 
For convenience 1/y is plotted in Fig. 9. The procedure for find- 
ing P(c*, b*) can now be systematized as follows: For a fixed 
value of c?, Equation (40) and Fig. 9 give P(k), and finally 
Equation (13) gives the correct b? associated with any value of 
k and its associated P(k). It is shown in the Appendix that, as 
E — , P approaches the rigid-plastic collapse load Py” given 
by Equation (32). 

Fig. 10 shows a-typical curve of P(b*) for c? = 3. It is instruc- 
tive to compare this curve with similar curves for shells having 
both ends simply supported or clamped, as discussed in Sections 
2 and 3 and shown in Fig. 10 by broken lines. 

In order to determine the range of applicability of Equation 
(40) it should be noted that 1 < P < 2solongas0 < y, or, from 
Equation (41), so long as 


0 <ku < 2/2 (42) 


Since m(y) consists of a sinusoidal term plus a constant term, In- 


558 / DECEMBER 1959 


= 004 008 O12 O14 020 O24 O28 O32 036 
Fig. 10 Carrying capacity for shells with various end conditions and 
=3 


equality (42) together with the boundary conditions (30a, b, c) 
is a sufficient condition for static admissibility in the range 0 < 
y <u. This is easily seen by examination of Fig. 11. The 
moment distribution in the range u < y < 2 is evidently statically 
admissible provided that k(2 — u) < 7. With the use of (42) 
this latter condition becomes 


2k < w+ ku < (43) 


Therefore, if all shells having k < 37/4 are defined as short shells, 
the foregoing solution is statically admissible for short shells. A 
kinematically admissible velocity distribution is given by 


W = Wyy/u O<y<u 

W=W, ) 
u—2 


where W, is the (positive) velocity at y = u. 

This completes the solution for short shells with mixed bound- 
ary conditions. For k > 32/4 (long shells) the load P = 1 can 
be associated with more than one set of statically and kine- 
matically admissible moment and velocity fields. Figs. 12(a, 6) 
illustrate two typical sets of moment and velocity fields for long 
shells. 


A general technique has been established for finding improved 
upper bounds on the carrying capacities of elastic, perfectly plastic 
shells, with various end conditions, submersed in a hydrostatic- 
pressure field. 

The solutions obtained satisfy the equations of equilibrium (in- 
cluding the beam-column effect of axial load), the required 
boundary conditions, and the plastic potential-flow law associated 
with a linearized singular yield condition. However, the unique- 
ness of the collapse load is not guaranteed by the theorems of limit 
analysis, which are based upon the satisfaction of equilibrium in 
the undeformed state. In fact, a counterexample has been given 
which shows that the upper-bound theorem of limit analysis is not 
valid if significant changes in geometry occur. 

In any case, the carrying capacities predicted by the present 
method are always below the rigid-plastic collapse loads pre- 
dicted by standard techniques of limit analysis. Further it may 
easily be verified [1] that in many practical cases the carrying 
capacities found here are well below the lowest known elastic 
buckling loads. It may be of significance that in many such cases 
the experimentally deterriined collapse loads were indeed below 


Transactions of the ASME 


6 ae 
5 Conclusions 
~ 


— 
(1-P/2) 
e 


(1-P/2) 
(2-u) 


Fig. 11 Moment distribution for short shells with mixed boundary con- 
ditions 


my) 
6 ve 
We 
tw 


m(y) 
i/2 


w Wy) (b) 


Fig. 12 Alternate sets of admissible moment and velocity fields as- 
sociated with long shells having mixed boundary conditions 


the computed elastic buckling load. Although the disagree- 
ment with elastic theory may be due to initial deviations from a 
truly cylindrical shape [7], it is possible that plasticity effects 
have been instrumental in causing collapse. 

It is of interest that, for the entire range of shell parameters 
shown in Fig. 8, all short simply supported shells have an elastic- 
plastic carrying capacity which is lower than the elastic (asym- 
metric) buckling load. This is shown clearly in Fig. 3 of reference 
{1]. Furthermore, only an extremely narrow range of long 
simply supported shells has an elastic-plastic carrying capacity 
which is lower than the elastic (asymmetric) buckling load. These 
observations suggest a rule-of-thumb which may prove useful for 
design purposes; viz, “long shells will tend to buckle elastically; 
short shells will tend to fail by yielding.” The utility of this rule 
is enhanced by the simple definitions for long shells given in 
Sections 2, 3, and 4; that is, a shell is long if 


= (3/2)(1 — v*)(¥/E)(L/h)* > (nw/4)?, 


where n = 2, 3, 4, accordingly as the ends are both simply sup- 
ported, alternately simply supported and clamped, or both 
clamped. 

The influence of strain-hardening probably would be small (at 
least for incipient collapse) for most structural metals [8] and 
would in any case tend to raise the predicted carrying capacity, 
so that the present results are conservative from this point of 
view. 

Similarly, the linearization of the yield surface by an inscribed 
polyhedron should lead to a conservative evaluation of carrying 
capacity. 

Finally it should be pointed out that the common carrying 
capacity P = 1 for all long shells indicates that rigid reinforcing 


5 Reference [6], p. 7. 
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rings have very little (if any) utility if spaced farther apart than 
2L = hw(8E/3Y (1 — v*)|'/* 


in so far as plastic collapse is concerned. 
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APPENDIX 
Solution of Transcendental Equation (39) 


Equation (39) can be written in the expanded form 
2 cos ku = 1 + cos 2k cos ku++ sin 2k sin ku (44) 


It will prove convenient to introduce the new variable J de- 
fined by the transformation 


sin 2k/(5 — 4 cos 2k)'/* = sin 8, 
(2 — cos 2k)/(5 — 4 cos 2k)'/? = cos 8 = 
If Equations (45) are substituted into Equation (44), the follow- 
ing relationship results: 
cos 8 cos ku — sin 8 sin ku = (5 — 4 cos 2k)~'/*, (46) 
or 
cos (8 + ku) = (5 — 4 cos 2k)~"* (47) 
The solution of Equation (47) can be written 
u = (1/k)(¢ — 3 + 2nz), (48) 
where n = 0, +1, +2,..., and 
cos g = (5 — 2k)~"*, (49) 


tan 3 = sin 2k/(2 — cos 2k) (50) 
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The inverse trigonometric functions are considered restricted to 
the ranges 
4/2 


0 < 1/2 


It must be remembered that the solution desired is subject to 
the following two inequalities 

0 < ku (42) 

0 < 2k < 3n/2 (43) 


It will now be shown that Inequality (42) requires that n = 0 
in Equation (48). Because of Inequalities (51), Equation (48) 
can be transformed into the inequality ‘ 


— w/2 + < ku < w/2 + w/2 + 2nd 


Now if n > 0, the left-hand side of (52) violates Inequality (42). 
On the other hand if n < 0 the right-hand side of (52) will violate 
Inequality (42). Thus it follows that n = 0. 

Equation (48) still does not define u uniquely since the function 
¢ is double-valued in the range defined by (51), and it is necessary 
to choose either the positive or negative value of ¢ defined by 
Equation (49). In the range 0 < 2k < 7, it can be seen from 
Equation (50), or Equations (45), that 8 > 0. Therefore, in 
order to have 0 < ku, it is necessary to use the positive value of 
¢ in Equation (48). In the range  < 2k < 37/2, it may be 
shown that 1.11 < |g] < 1.23 and —0.46 < 3 < 0, so that once 
again it is necessary to choose the positive value of ¢ in order to 
have 0 < ku. 

In short, the solution may be written 


u = (1/k)(\g| — 8), 


(51) 


(52) 


(53) 


where |g] and & are uniquely defined by Equations (49), (50), and 
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Inequalities (51). The function u(k) is shown in Fig. 9 for the 
range of interest. 

It will now be shown that, if the modulus of elasticity 2 in- 
creases without limit so that the material becomes rigid-plastic, 
the carryifig capacity P given by Equation (40) becomes equal 
to the rigid-plastic collapse load Po™ given by Equation (32). If 
E is very large, and therefore k is very small, Equation (41) can 
be written as 


and Equation (50) shows that 
= 2k 


Equation (49) becomes 
cos = [5 — 4(1 — = [1 + 8k] 


1 
> 


(56) 


= V8k 

If Equations (55) and (56) are substituted into Equation (48) 
there results, for small values of k, 

u = (1/k)(V/8k — 2k) = 1) 


This result agrees completely with Equation (31) as it should. 
Upon substitution of Equations (54) and (57) into Equation 
(40) one obtains 


P = (2 + 2ctu®)/(1 + 2ctu2) = Pym 


(57) 


(58) 
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Is A previous paper [1]* a derivation was given of 
approximate equations of motion that take into account the 
coupling between face and thickness modes of extensional vibra- 
tion of elastic plates. The thickness motion considere:! was that 
of the lowest thickness-stretch mode, in which the displacement is 
normal to the middle plane of the plate and the middle plane is 
the nodal plane. The frequency of this mode depends on Pois- 
son’s ratio (v); the frequency increasing with increasing vy. When 
v > 1/3, the frequency of the lowest thickness-stretch mode is 
higher than the frequency, independent of v, of the lowest, sym- 
metric thickness-shear mode. In the latter, the displacement is 
also unidirectional but it is parallel to the middle plane of the 
plate and there are two nodal planes symmetrically disposed with 
respect to the middle plane. In the range of Poisson’s ratios 
commonly encountered, both thickness modes can couple with the 
face modes and with each other. This circumstance has a marked 
influence on phase and group velocities of waves and on the fre- 
quencies and shapes of high-frequency vibrational modes. In the 
present paper, a derivation is given of approximate equations of 
motion which include the effects of both thickness modes. 

The approximate, two-dimensional equations are deduced from 
the three-dimensional equations of elasticity by a procedure 
based on the series-expansion methods of Poisson [2] and Cauchy 
[3], and the integral method of Kirchhoff [4]. A detailed ex- 
position of the procedure, using a power series, and its applica- 
tion to approximations of orders zero and one are given else- 
where [5]. In approximations of the second and higher orders, 
awkward mathematical forms are encountered due to the lack of 
orthogonality of the terms of a power series. At the suggestion 
of W. Prager, an expansion in a series of Legendre polynomials 
was studied. In that case, although similar awkward forms 
appear as a result of the more complicated formula for the deriva- 
tive, they do not occur, for the most part, until the terms of 
the third order are reached. Hence the expansion in a series 
of Legendre polynomials is a convenient one on which to base the 
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Extensional Vibrations 
of Elastic Plates’ 


A system of approximate, two-dimensional equations of extensional motion of isotropic, 
elastic plates is derived. The equations take into account the coupling between exten- 
stonal, symmetric thickness-stretch and symmetric thickness-shear modes and also in- 
clude two face-shear modes. The spectrum of frequencies for real, imaginary, and com- 
plex wave numbers in an infinite plate is explored in detail and compared with the 
corresponding solution of the three-dimensional equations. 


present second-order approximation. The method of derivation 
and the resulting equations (with the inertia terms omitted) are 
closely related to E. Reissner’s theory [6] of three-dimensional 
corrections for the equations of generalized plane stress. 

The expansion in a series of Legendre polynomials of the thick- 
ness co-ordinate, followed by an integration across the thickness, 
converts the three-dimensional equations of elasticity into an in- 
finite series of two-dimensional equations which then are trun- 
cated to produce the approximate equations. The full series 
expressions of displacement, strain, stress, energies, and equations 
of motion, in conjunction with an understanding of Rayleigh’s 
[7] exact solution of the problem of vibrations of an infinite plate, 
are of aid in deciding what to include in various orders of ap- 
proximation and in understanding the implications of what is 
discarded and what retained. The series expressions and Ray- 
leigh’s exact solution also supply both the motivation and the 
necessary data for making adjustments, of terms that are left 
after the truncation, in addition to an adjustment of the type 
made by Poisson in establishing the zero-order equations. 

The adjustment analogous to Poisson’s serves to uncouple the 
modes retained from the higher ones without seriously affecting 
the behavior of the lower ones. The additional adjustments are 
made to improve the match between the frequency spectra of an 
infinite plate as obtained from the approximate and exact equa- 
tions. This is accomplished by the introduction of coefficients 
analogous to the shear coefficient in the Timoshenko beam equa- 
tions [8] and the analogous equations for plates [9]. In the latter 
paper [9] it was shown how the shear coefficient may be chosen to 
effect a perfect match in one or another part of the spectrum de- 
pending upon the frequency range and mode of greatest interest 
in a particular application of the approximate equations. In the 
present case, four such coefficients are introduced and, owing to 
the complexity of the spectrum, several possible combinations of 
matching points present themselves. The choice is made here to 
do all the matching at zero wave number. The range of wave 
numbers and frequencies over which the match remains good is a 
measure of both the usefulness of the approximate equations and 
their range of applicability. In this range, solutions of the ap- 
proximate equations, in the case of finite plates, may be expected 
to be reliable inasmuch as these solutions are composed essentially 
of combinations of the modes and overtones of the infinite plate. 

When both the symmetric thickness-shear and thickness-stretch 
deformations are taken into account, important properties of the 
frequency spectrum contained in the exact theory are repro- 
duced in the resulting approximate equations of the second order, 
whereas they do not appear in the previous approximation of the 
first order [1]. These properties of the exact frequency spectrum 
include the imaginary loop discovered by Aggarwal and Shaw 
[10]; the anomalous behavior of the second and third branches 
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with variation of Poisson’s ratio [5]; the frequency minimum of 
the second branch [5] with its associated zero group velocity at a 
nonzero wave number and phase and group velocities of opposite 
sign at smaller wave numbers, as described by Tolstoy and 
Usdin [11]; and, finally, a pair of complex branches which ac- 
count for edge vibrations observed in experiments. 


Expansion in Infinite Series 


We refer the plate to rectangular co-ordinates x; (t = 1, 2, 3) 
with x; and z; in the middle plane and the faces at z, = +b. The 
components of displacement u; (j = 1, 2, 3) are expressed as 


uy = 22, 0, (1) 


n=0 
where 9 = 22/b, the P,() are the Legendre polynomials 
= 1, =n, = (39? — 1)/2,... 


1 — 1)" 
and the u,‘, it is to be noted, are functions of the co-ordinates z,, 
zs, and the time ¢, only. The u, are the amplitudes of poly- 
nomial distributions of displacements across the thickness of the 
plate. For convenience, however, they will be referred to as dis- 
placements of order n or, simply, as displacements. 

Stress Equations of Motion. The series expression for the displuce- 
ment is substituted in the equation 


which is obtained from the variational equation of motion.‘ In 
Equation (2) the integration is over the volume V of the plate; 
the 7,,; are the components of stress; and the summation conven- 
tion for repeated indexes is employed, as are the comma notation 
for differentiation with respect to the co-ordinates z; and the dot 
notation for differentiation with respect to time. 

When the integration with respect to n, from —1 to +1, is 
performed in Equation (2), the result is 


n 
An=0 m=1,3... 


+ = pb ti; Md A =0, (3) 
where A is the area of the plate and 


1 


Dun = An —m) +1, C, = 2/(2n + 1). 


The 7,,™ and F,™ are defined as the nth-order components of 
stress and face traction, respectively; while the constants D,,, 
and C,, arise from the operations 

=n. 


n 1 
f P,.P,dn = 
dn 3... = 
(5) 


The appearance of F ; and 72;""-™, in Equation (3), follows from 
an integration, by parts, of the terms in Equation (2) that con- 
tain 0/dz2. 

Since Equation (3) must hold for all A and arbitrary du,‘, the 
quantity in parentheses must vanish and we arrive at the stress 
equations of motion of order n: 


* Reference [12], p. 167. 


[ 0m xn, 
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n 
br — Dat + Fi = pbCi;™. (6) 


In the analogous equations of motion obtained from an ex- 
pansion in power series,* an infinite series appears on the right- 
hand side and no series appears on the left-hand side. However, 
the series in Equation (6) contributes more than one term only for 
n> 2. 

Strain. In the three-dimensional theory, the components of 
strain €,;; are expressed in terms of the components of displace- 
ment by 


2€;; = + Uj (7) 


Inserting the series expansion from Equation (1) and using the 
formula for the derivative from Equation (5), we find 


+ + (8) 


where 6,; is the Kronecker symbol 6,; with i = 2. 

In order to define components of strain of order n, the summand 
in Equation (8) must be expressed as the product of P, and a 
function independent of zz. Considering the double sum as a 
triangular array and interchanging the order of summation of 
columns and rows, we find 


n=0 
where the ¢;;", defined as the components of strain of order n, are 
given by 


%2.. = u,;.;™ +u 


+ b-42n + 1) + “(10) 
m=1,3... 


In the analogous expression obtained by a power-series expansion® 
there is no sum over m, However, the additional terms in Equa- 
tion (10) do not appear until m = 3. 


Stress-Strain Relations. The relations between the 7,;°" and the 
«;™ may be obtained by inserting the three-dimensional ex- 
pressions 


Tig = = (11) 


n=0 


in the first of Equations (4). After performing the integration, we 
find 


= (12) 


For later use, it is convenient to have Equation (12) expressed 
in the reduced indicial notation, in which double indexes ranging 
from 1 to 3 are replaced by single indexes, ranging from 1 to 6, as 
follows: 


€ = 223, 
= 
€ = 262. 


T = Tuy, Ts = T23, = €u, 


= T = Tn, = €n, 


T; = T33, T. = = €33, 


Then Equation (12) becomes 


= = 1, 2,..- 6, = Coy 


5 Reference [5], p. 3.04. 
Ibid., p. 3.08. 
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Energy Densities. Using the strain energy density U given in 
the three-dimensional theory by 


2U = Co = (14) 
we define a plate-strain energy density 
1 
0 = van (15) 


and find, with the aid of Equations (14), (9), and the second of (5), 


20 = (16) 
n=0 
We also note that 20 = > Te, (17) 
n= 
= (18) 


Similarly, using the kinetic energy density K as given in the 
three-dimensional theory by 


2K = pii,t;, (19) 
we define a kinetic energy density of the plate by 
1 
2K =2 f Kdn =p >, (20) 
n=0 


Extensional Vibrations of Isotropic Plates 


When the plate is isotropic, motions symmetric (extensional) 
and antisymmetric (flexural), with respect to the middle plane, 
may be considered separately. In the case of the former, only 
those components of displacement u, are retained for which 
j +nisodd. As a result, only those components of stress 7,;° 
and strain ¢;;°" appear for which i + j + n is even. 

The stress-equations of motion (6) then are 


Or; b ? ol? 
or; 
-=? 
Or; O23 b ot? 
(21) 
or, 4 dr; Fy 
Or; Or; b b 5 ot? 
ox; Or; b b at 
or,» or, Fy 2p 


The components of strain that remain, in Equations (10), are 
4 = du /dx 


6 = dus 
6 = + Ou; 

= + 3(us + us + ...)/b 
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= du /dz, 


(22) 
= + + ...)/b 
= dus 
= + /Izy 
= dus /dz3 + 7(us + + ...)/b 
= dus + + +...)/b 
The stress-strain relations (13) reduce to 
= 2[(A + + Ma” + 
= + + Ne” + 
Ts = Que, 
= Que/3 
= /3 
(23) 


= + Que + Me™ + 
= 2(A + + + 
= + Que + + 
= /5 
= /7 


= /7 


where \ and uw are Lamé’s constants. 
The strain energy density, in the form given in Equation (17), 
becomes 
20 = + 4 7, 
+.. (24 
and, finally, the kinetic energy density (20) is 


Truncation of Series 
We begin by setting 
a> 2, 


u™ = 0, u;\™ = 0, 


(26) 
n> 3. 
This leaves only the components us, us", and 
as illustrated in Fig. 1. The terms u and u; are the am- 
plitudes of uniform distributions that represent the thickness 
distributions of displacements which occur in low-frequency ex- 
tensional and shear motions in the plane of the plate; uu," is 
the amplitude of a linear distribution of displacement which is 
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an approximation to the exact sinusoidal distribution in the low- 
est, symmetric, thickness-stretch mode; wu; and us are the 
amplitudes of quadratic distributions of displacements which are 
approximations to the sinusoidal distributions in the lowest, 
symmetric, thickness-shear mode, and the face-shear mode of the 
same order. 

The last “displacement” retained (ue) is the amplitude of a 
eubie distribution which is an approximation to the sinusoidal 
distribution of displacement in the second, symmetric, thickness- 
stretch mode. This is a mode of higher order than is to be in- 
cluded in the approximate equations of the second order which we 
seek. However, uz“ produces the second-order strain € [see 
the eighth of Equations (22)] which, in turn, appears in the sec- 
ond-order stress-strain relations [see the seventh, eighth, and 
ninth of Equations (23)]. In order to permit the alternating 
expansion and contraction, through the thickness, which should 
accompany the stresses 7) and 7; (by coupling through 
Poisson's ratio) and at the same time avoid coupling with the 
undesired higher mode, the thickness stress 72") and the velocity 
u,'” are set equal to zero, The eighth of Equations (23) is then 
used to express in terms of and 

= — )/(X + 2u) (27) 
and this result is substituted in the expressions for 7)? and_r;\” to 
obtain 


7) = + ve")/5, 


= 2E'(€;?) 4 ve,"?))/5, 


(28) 


where v = \/2(A + yp) is Poisson’s ratio and 


E’ = + w)/(A + = E/(1 — v?), (29) 
in which Z is Young’s modulus. In addition, the contributions 
of the stresses 7, and 7» to the strain energy [see Equation 
24)| are neglected inorder to destroy coupling with the unwanted 
higher mode when the displacements vary with x, and z;. 

At this stage, the stress equations of motion end with the fifth 
of Equations (21); the strain-displacement relations end with 
¢, in Equations (22); the stress-strain relations end with 7,‘ in 
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Equations (23), with the expressions for 7,‘), 72°), and 73°) re- 
placed by Equations (27) and (28); the strain energy density 
ends with the third line in Equation (24); and the kinetic energy 
density ends with the fifth term in Equation (25). 

Up to this point, the process of truncating the series expres- 
sions and adjusting the remaining terms is similar to the one 
employed by Poisson [2] to obtain the zero-order equations of ex- 
tensional motions of isotropic plates,’ the main difference being 
that here the process is carried on at a level two orders higher. 
In Poisson’s equations only the zero-order displacements u; and 
us; survive. These are the amplitudes of uniform distributions, 
across the thickness of the plate, which are good approximations 
to the nearly uniform distributions found in the lowest exten- 
sional mode of the exact theory (at long wave lengths) and are 
exact for the lowest face-shear mode at all wave lengths. The ad- 
ditional terms u, uw, and us"), which are now included, are 
the amplitudes of first and second-degree polynomials and these 
are not good approximations to the distributions in the thickness- 
stretch and thickness-shear modes of the exact theory. For 
example, at infinite wave length along the plate, the exact dis- 
tributions are sinusoidal across the thickness. It is advisable, 
therefore, to introduce additional adjustments to compensate, as 
well as possible, for the omission of the polynomials of higher de- 
grees. 

The incorrect distributions of displacements affect the frequen- 
cies mainly through the thickness strains and velocities. Ac- 
cordingly, we make the substitutions 


K€ for for 


for Ky; for u,, 


for Katt; for 

in the strain energy and kinetic energy densities, so that the co- 
efficients x, (r = 1, 2, 3, 4) will be available for appropriate ad- 
justments of the equations. 

Finally, as a matter of expediency, we omit the term u.“ from 
the strain €. This term complicates the equations and may 
be shown to have little influence on the long wave-length end of 
the spectrum. 


Second-Order Approximation 


As a result of the truncations and adjustments described in the 
preceding section, the variables and equations of the second-order 
approximation are 
Kinetic Energy Density: 

K® = p 4, + 1/5 K 
+ Ys + (30) 
Strain Energy Density: 
O® = (AX + + + 
+ + + 


+ + + )/5 + mes /5 (31) 


Stress-Strain Relations = 0°) 
71 = + + + 


= 2K AA + + + 


7 Reference [12], p. 497. 
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=2 


Strain-Displacement Relations: 


= /3 
= /3 
= + vel)/5 
= + ve)/5 
= Que'®/5 


= Ou, 
/b 
dus /dz3 


60 = 
6 = 
= 
= 
= du/dz, 


= Ou; /dzr3 


or; 
Ox; Or; b b 
or; 37 
Displacement Equations of Moti 


2 


+ (A + — + 
Or; 


+ (A +p) 4 
Ors 
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AK, Ou, 
b on 
Ani 
b da; 
+ 


b 


62) = dus) + dur" 


(The components of stress are illustrated in Fig. 2.) 


dus /dx, + 
3us™/b + 
+ 3uy/b 


(The components of strain are illustrated in Fig. 3.) 


2pk;? 


Stress Equations of Motion: 
on; Or; b ol? 
on FO _ du 
or; Or; b ol? 
Oz; Ox; b b 3 


2pK.? 


(33) 


(34) 


or? 


2pK,? 


5 


2b 


ot? 


{obtained by substituting (33) in (32) and the result in (34)]: 


b 2 of? 
E’ 
[« — v)V2u® + (1 + pv) | 
E de 
[« — + (1 +») 
Oz; 
b ( ) 


----7 
! 
oul 
‘ 
Ke (0) 


(2) (2) 

Fig. 3 Components of strain 

ou; ou; ou," 

—» & = — & = 
Oz;? Oz; Ors or Or; 
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The Coefficients «, 


The coefficients x, are determined from a comparison of proper- 
ties of the solutions of Equations (35), for the case of straight- 
crested waves in an infinite plate, with the corresponding proper- 
ties of the analogous solution of the three-dimensional equations. 
Taking the wave normal in the direction of z,, we find that Equa- 
tions (35) separate into a group of three coupled equations on 
us, and and two independent equations: one on us 
and one on u;, The coupled equations govern three “compres- 
sional modes’”’ and the remaining two equations govern “face- 
shear’? modes. To consider, first, the group of three, we set Fj 
= 0 and 

=A sin Ex, ett = 0, 

= B cos 

u, = Cc sin Ex, ett = 0 


in Equations (35) and obtain the secular equation 
0 
Ax = 0 
0 a3 
= — 
= + 4K,2k?/m? — 
= E'z2/5y + 12K22/m? — «20?/5 


where 


= 2x,(k? — 2)z/r 
= 
z = 2tb/r, Q=w/w, w, = w(u/p)'*/2b, 
= (X + 2u)/m = 21 — v)/(1 — 


and 


We also obtain the three sets of amplitude ratios 
A;:B,;:C; = 1:a;/z,:a;/b,, = 1, 2,3 
where 


a, = — k*z,2)/2(k? — 2 


2r 15x,” 522k? 


and the z,; are the roots of Equation (37). 

It may be seen that z, which is proportional to the wave num- 
ber &, is the ratio of the thickness of the plate to the real half 
wave length along the plate; k is the ratio of the velocity of dila- 
tational waves to the velocity of equivoluminal waves in an in- 
finite medium; and Q is the ratio of the frequency to the fre- 
quency of the lowest antisymmetric thickness-shear mode. 

The relation between Q and z, in Equation (37), should match, 
as closely as possible, the corresponding relation obtained from 
the three-dimensional equations. The match is improved, within 
the framework of the present approximation, by choosing appro- 
priate values for the coefficients x;; but, since the x; are constants, 
a perfect match can be made only at one value of z for each of 
them. Now, large enough z corresponds to frequencies high 
enough to enter the range of modes that have not been included 
in the approximate equations. In a plate vibrating at such high 
frequencies under practical (i.e., not mixed) edge conditions, the 
high modes would, in general, couple with the ones of lower order. 
Thus the applicability of the approximate equations to bounded 
plates is limited to frequencies below the lowest frequency of the 
lowest neglected mode. There is, then, little advantage to be 
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gained in matching the approximate and exact solutions at short 
wave lengths (large z) at the expense of a good match at 
long wave lengths. In fact, we go to the extreme and do all of the 
matching in the neighborhood of z = 0 primarily because of the 
intricate behavior of the exact solution at long wave lengths and 
also because this choice results in a reasonably good match out to 
as short wave lengths as the frequency limitation permits. 
When z = 0, Equation (37) has the three roots 


Q? = 0, (40) 


corresponding to the amplitude ratios 

A:B:C = 1:0:0, 0:1:0, 0:0:1 
respectively. It may be seen that, at infinite wave length, the 
three compressional modes uncouple to form an extensional, a 


thickness-stretch, and a thickness-shear mode. The three limiting 
frequencies are to be compared with the exact values 


Q?=0, 4 (41) 


of the cut-off frequencies of the extensional, first thickness-stretch 

and first symmetric thickness-shear modes in Rayleigh’s exact 
solution [7]. Hence, we set 

Ki/Ke = 1/4/12, = 1/0/15 

and these relations between pairs of x; are used in what follows. 

We proceed to examine the roots of Equation (37) in the neigh- 

borhood of the roots given in Equations (40) or (41) (which are 


now the same). 
First, for z << 1,2 < 1, we find 


Q? = 42%(k* — 1)/k?, 


i.e., phase velocity [E/p(1 — v*)]'/*. This is exactly the result 
obtained from the three-dimensional theory for the lowest mode 


at long wave lengths. 
Next, forz <1,Q = k + €,€ < 1, Equation (37) gives 


aQ z 2)%(k? *) (44a) 


(42) 


(43) 


dz 


and in the limit, as k ~ 2 and z—~0, 


dQ 
dz 4k, V/3 


Finally, forz <1,Q = 2 +6€,€< 1, we find 


= — 4 “4 
dz 6(k? — 4) 5k*x,? “) 


and in the limit, as k — 2 and z— 0, 
4k, 


Equations (44a) to (47a) are to be compared with the exact 
values* given in the following correspondingly numbered equa- 
tions: 


(47a) 


(44b) 
(455) 


(466) 


* Reference [5], p. 2.43. 
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aa ot) 
dz 


(47b) 


Fquating (44a) to (446) and (46a) to (46b), we find 


1k 
= — 1) + 4k cot 


1 5k? 


= - 8 
Ki? 4K,%(k® — 1)(k® — 4) (48) 


We also note, from Equations (48), that 


(49) 
3840(r? — 6) 
k—2 


Equations (42) and (48) give the values of the four coefficients 
x, in terms of Poisson’s ratio. As a result of these relations, all 
of the ordinates, slopes, and curvatures of the curves 2 versus z, 
characterizing the frequency spectrum of the compressional 
modes of the approximate theory, are identical with those of the 
exact solution at z = 0. Equations (48) and, in fact, all of the 
equations of this second-order approximation should be used only 
for Poisson’s ratios less than about 7/6. Above that value, the 
frequency of the thickness-stretch mode is so high in the spec- 
trum that, in the exact theory, coupling with the second sym- 
metric thickness-shear mode becomes important and that mode 
is not included in the present approximation. 

Turning, now, to the two face-shear modes, we set F;‘) = 0, 


= = = 0, 
us = A, cos £2, (50) 
us) = Ay cos Ez, e™, 


in Equations (35), and find that us and us are not coupled and 
have frequencies given by 


Q? = 23, 4 + 2°/x,? (51) 
respectively. These are to be compared with the frequencies 
Q? = 2%, 4+ 2% (52) 


of the face-shear modes of orders zero and two obtained from the 
exact equations. It may be seen that the zero-order face-shear 
mode is reproduced exactly, in the approximate equ:tions, for all 
wave lengths. The second order face-shear mode has the correct 
ordinate ({2) and slope (dQ/dz) at z = 0 but it does not have the 
correct curvature because of the presence of the coefficient x. By 
choosing x, = 1, this discrepancy could be eliminated, but only 
at the expense of incorrect behavior of one of the coupled modes. 


Frequency Spectrum 


The spectrum of frequencies of the five possible modes of vibra- 
tion of an infinite plate, which the approximate theory contains, is 
given by the five independent roots of Equations (37) and (51). 
We consider, first, the three compressional modes. 

Equation (37) relates 2? and z? but only real, positive values of 
Q have physical significance. For real, positive 2, the roots z* 
may be three real positive or two real positive and one real nega- 
tive or one real positive and two conjugate complex. Hence the 
roots 
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z=rt+ly 


may be three real or two real and one imaginary or one real and 
two conjugate complex. In addition, the character of the spec- 
trum is different according as Poisson’s ratio is less than equal to, 
or greater than '/;. 

We consider the case vy < '/; (i.e., k < 2) first. Then, when 
{> 2, the three roots of Equation (37) are real (y = 0). They 
are illustrated in Fig. 4(a) (for v = '/4, i.e., k®? = 3) by the three 
curves (full lines) marked @;, @:, é; in the plane y = 0 and the 
region 22> 2. As Q drops below 2 = 2, the largest root @; ap- 
proaches zero with asymptotic behavior given by Equation (43); 
the intermediate root @: approaches a minimum {*, below 
which there are no real roots other than ¢@,; the smallest root @; 
approaches a minimum in the real plane y = Oat Q = 2,2 = 0 
with asymptotic behavior given by Equation (46a) or (46b) which 
are the same in view of Equations (48). Continuing with the 
root ¢s, as 2 drops below Q = 2, the root is imaginary (x = 0), 
again with asymptotic behavior given by Equation (46a) or 
(46b) in the neighborhood of Q = 2. As 2 approaches k, from 
above, the root @; forms a loop in the imaginary plane (2 = 0) and 
approaches 2 = k, y = 0 with asymptotic behavior given by 
Equation (44a) or (446). As Q continues to drop below Q = k, 
the root @; becomes real, with behavior in the neighborhood of 
Q = k, « = O again given by (44a) but now z is negative. 
Upon further diminution of Q, the root @; approaches a minimum 
at Q = Q2* and negative x. This portion of ¢; (i.e., between Q = k 
and 2 = Q*) is identified in Fig. 4(a) by [3], where the brackets 
indicate that it is the reflection in the plane 2 = 0 that is shown. 
Finally, when 2 < Q*, the roots @ and @, are conjugate complex 
(z = +2 + iy). One of them is shown, in Fig. 4(a), as the curve 
marked @»; this curve is also [ds], i.e., the reflection of the con- 
jugate root ¢; in the plane z = 0. 

As Poisson’s ratio approaches '/; from below, the frequency of 
the thickness-stretch mode increases, approaching the frequency 
of the thickness-shear mode; i.e., at z = 0 the intercept Q = k 
approaches 22 = 2. Conjointly, the curvature of @, at Q = k,z = 
0 approaches negative infinity in the plane y = 0 and positive in- 
finity in the plane z = 0 while both slopes remain zero; al! in 
accordance with Equation (44a) or (44b). At the same time, the 
curvature of @; at 2 = 2, z = 0 approaches positive infinity in 
the plane y = 0 and negative infinity in the plane z = Q while the 
slopes remain zero: all in accordance with Equation (46a) or 
(466). Meanwhile, the imaginary loop shrinks toward the point 
Q=2,y =0. 

At v = '/;, the thickness-stretch and thickness-shear modes 
have the same frequency and the slopes of the two branches of 
@; become 2/7 in accordance with Equations (45a) and (47a). 
This situation is illustrated in Fig. 4(b). Here, again, the portions 
marked [@;] are the reflections, in the plane z = 0 of the actual 
branches, 

When v > '/; the thickness-stretch mode has a frequency 
higher than that of the thickness-shear mode. The spectrum 
{illustrated in Fig. 4(c) for y = #/;] has now undergone an im- 
portant change in that the imaginary “branch loops up, from 
Q2 = 2, instead of down. 

Since only powers of 2? occur in Equation (35), there is another 
set of physically significant roots given by the reflections of the 
curves of Fig. 4 in the planes z = Oand y = 0. 

Turning, now, to the face-shear modes, the first root in Equa- 
tion (51) yields the straight line marked H) in Fig. 4. The second 
face-shear mode gives the roots marked H, in the figures; these 
roots are real for 2 > 2 and imaginary for 2 < 2. As before, there 
is an additional set of roots given by the reflections of the curves 
H, and H; in the planes z = Oand y = 0. 

The spectra of the corresponding five modes, as computed from 
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Fig. 4 Frequency spectrum of an infinite plate. Comparison of approximate and exact branches for three values of Poisson's ratio. 


Rayleigh’s solution of the exact equations, are also shown? in 
Figs. 4(a), (6), and (c) (as dashed lines). The importance of the 
introduction of the coefficients x; and their definitions, in terms of 
Poisson’s ratio, is apparent. Without these coefficients, the ex- 
traordinarily complicated behavior of the branches of the exact 
frequency spectrum at long wave lengths would not be repro- 
duced in the approximate equations. In the whole range of fre- 
quencies and wave numbers depicted, the approximate spectrum 
is reasonably close to the exact one; the poorest representation 
occurring in portions of the complex branches and the spectrum 
of the second face-shear mode. On the whole, fair results may be 
expected from solutions of the approximate equations in the case 
of finite plates. 

The shapes of modes in the various ranges of frequency can be 
anticipated from the real, imaginary, or complex character of the 
roots. In rectangular co-ordinates, for example, real roots cor- 
respond to trigonometric mode-shapes; imaginary roots to ex- 
ponential or hyperbolic mode-shapes; and complex roots cor- 
respond to modes whose shapes are given by products of trigo- 
nometric and exponential or hyperbolic functions. A striking ex- 
ample of the latter is to be found in the experiments with circular 
disks by Shaw [13]. 

The phase velocities (v) and group velocities (v,) can be visual- 
ized readily from Fig. 4 inasmuch as 


(53) 


For example, the phenomenon of phase and group velocities of 
opposite sign, noticed by Tolstoy and Usdin [11] in Rayleigh’s 
solution, is represented by the branch [@s] in the real plane. Also, 
the minimum at 2* represents zero group velocity and nonzero 
phase velocity. As the wave length approaches zero (r + =) 
the frequencies rise beyond the range of applicability of the equa- 
tions and the asymptotic behavior of the velocities of the three 
compressional modes are 


(54) 


According to the exact theory, the first of these should be the 


® The complex roots were kindly supplied by Dr. Morio Onoe. 


568 DECEMBER 1959 


velocity of Rayleigh surface waves and the second and third 
should be the velocity of equivoluminal waves. 


Additional Results 


(a) The equations of compatibility may be obtained by elimi- 
nating the displacements from Equations (33), with the result: 
076; 
or;? Or, 


076, 


ox,? b? 


1 
b Or; 


ar? 


1 
b Or; 


(2) 


3 de® 4 deat” 
b ozs b 

(- b + O73 or; ) 


13 de Beg”? 


The first of (55) is the usual compatibility equation of generalized 
plane stress and the remaining six equations correspond to the 
ordinary six compatibility equations; the main differences being 
that here the components ¢,‘?) have a factor 3 and the operator 
0/dz2 is replaced by 1/b 

(b) It also may be shown that there are nine dislocations when 
the nine components of strain and their derivatives are continu- 
ous. Three of them are the two translational and one rotational 
dislocations of generalized plane stress. Of the remaining six, 
three are translational (in the displacements us) 
and three are rotational, in the component of rotation 


2 b or, J?’ 2 \ on dx; 


3u, 
2 ( dui b ) (56) 


- —- = 


or? 


07,023 


07,023 


3 
b 02; 
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(c) A theorem of uniqueness of solutions of the approximate 
equations of motion may be established along the lines of Neu- 
mann’s theorem.” This leads to the following conditions suf- 
ficient for a unique solution (in the absence of discontinuities and 
singularities): 

(i) Initial values of mw, us, we, w™, and us throughout 
the plate. 

(ii) Initial values of us, and us throughout 
the plate. 

(iii) One member of each of the five products uy, 
Fsus® at each point of the plate; i.e., five 
surface conditions. 

(iv) At each point on the edge of the plate (normal n tangent s) 
one member of each of the five products 7,,u,, 7,,%u,, 
Tre ™, T,5°u,™; i.e., five edge conditions. 

The requirement that the strain energy-density 0, Equation 
(31), be positive definite is satisfied by the addition of the re- 
quirements k, > 0, kK, > 0 to the usual requirements 3A + 2u > 0, 
u> 0. 

(d) In the case of steady vibrations, the displacements may be 
expressed conveniently in terms of potentials that satisfy Helm- 
holtz equations. Omitting a factor e'“' the results are 


4+ — 


or oz; 
= aid, + + Ash; (57) 

Od: oH, 

(2) — 3 — 
B Or; + or; + B: Or; Or; 
og: oH, 

B Ox; + OF; + Bs O73 + or; 


uV*Hy + pw*Hy = 0 
+ (Kk pw? = 15b ~*x22u) He = 0 (58) 


+ £79, = 0, i= 1, 2, 3 
where 


3 (59) 
B; = (Q? — 4) — 


and the £,* are, again, the roots of Equation (37). It may be seen 
that Hy and H, are the potentials of the two face-shear modes and 
the @,; are the potentials of the three compressional modes. 

(e) The tensor, and hence invariant, characters of the quan- 
tities that appear in the second-order equations are, for the most 
part, apparent. For example, in the displacement equations of 
motion (35), if the first and second equations are regarded as the 
rectangular components of a vector and the fourth and fifth 
equations the rectangular components of another vector, the only 
differential operators that appear are the gradient, divergence, 
Laplacian, and 0*/d/?: all invariants. The dependent variables 
are the scalar uz“) and the two vectors 

= + = + uy 
(60) 


= + = ke + uyk,, 


” References [11], p. 176, and [9]. 


Journal of Applied Mechanics 


while the gradient operator is 


= k, + k; ar, ka a + k, ds. (61) 


3 Sa 


where k,, ks, and kg, k, are unit vectors in the rectangular direc- 
tions 1, 3, and the orthogonal curvilinear directions a, y, respec- 
tively: all in the plane of the plate. 

The appropriate strain tensors and their expression in terms of 
vector displacements are not quite as apparent. We define 
another vector displacement 


u’ = + (62) 


and a gradient operator 
+ (63) 
where k, is a unit vector normal to the plane of the plate. Then 
the two tensors 
e = 1/( Tu + uP), 
e = '/(V'u' + 


(64) 


constitute the strain. The seven equations of compatibility, for 
example, become 


=), 
XV’ =0. 


(65) 
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Rapidly Running Crack in a Plate 


The conditions near a crack in a plate, whether stationary or growing, are usually 
considered to be a state of plane stress. 


In this note, however, it is shown that ap- 


preciable normal stress through the thickness can occur when the crack is growing 
rapidly. This gives rise to a state of triaxial tension in the core of the plate near 
the head of the crack and can thus contribute to the brittle behavior observed in such 
cases. The amount of triaxiality is strongly dependent on the extent of the piastically 
deformed zone at the end of the crack. This fact may be one reason for the greater 
brittleness shown by thick plates. 


A. THE head of a crack in a plate stressed in tension, 
the stress concentration produces a localized contraction in thick- 
ness. When the crack advances through the plate, this dimpied 
depression moves with it, thus giving rise to accelerations which 
produce a tensile stress in a direction normal to the plane of the 
plate. Cracks have been reported to run as fast as 6000 fps in 
steel and at such speeds the accelerations might be large. If the 
thickness stress becomes appreciable, it would give rise to a tri- 
axial tension and thus would contribute to the brittle behavior 
associated with rapidly growing cracks. Curiously enough, little 
or no attention has been given to this question in the literature of 
brittle-fracture mechanics. This paper attempts to estimate the 
magnitude of the effect. 

The available solutions for the stresses near the head of a 
crack, whether stationary! or advancing,? are restricted to con- 
ditions of generalized plane stress. The three-dimensional prob- 
lem is quite intractable, especially if plastic flow occurs. Never- 
theless, it will be shown that a plausible extrapolation from the 
two-dimensional solutions can be used for estimation of the tri- 
axial tension in the core of the plate. 

Let the faces of the plate be given by z = +h in a rectangular 
co-ordinate system x, y, z, The crack is advancing with constant 
velocity v along the z-axis. At large distances from the crack the 
plate is under the constant uniaxial tension ¢,. Consider the in- 
stant at which the head of the crack has reached the origin. A 
plastically deformed zone extends ahead of the crack to small 
positive values of z. We focus our attention on the intersection 
of the elastic-plastic interface with the z-axis. 

We have the equation of motion 


o*w 
or? 


or or oo, 
or oy + oz P 


where T,,, T,,, 7, are stresses, p is the density of the material, 


'C. E. Inglis, “Stresses in a Plate Due to the Presence of Cracks 
and Sharp Corners," Trans. Institution of Naval Architects, vol. 55, 
part 1, 1913, p. 219. 

2K. A. Yoffe, “The Moving Griffith Crack,” Philosophical Maga- 
zine, vol. 42, 1951, p. 739. 
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Division, Troy, N. Y., June 18-20, 1959, of Tue American Society 
or Mecuanical ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
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until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
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w the component of displacement perpendicular to the surface of 
the plate, and ¢ is time. The boundary conditions at z = +h are 


which imply 


OT 
or 


2p | 
Of? 


Now E(0w/dz) = o, — v(o, + o,), where v is Poisson’s ratio. 
Integrating from z = 0 toz = h, 
Ew* = h(a, — + (2) 


where w* is the normal displacement at the surface and the bars 
over the stresses signify average values through the thickness of 
the plate. 
For y = 0 and for small positive values of x, assume 
w* n>O (3) 
and therefore 


* 
= n(n + 


= n(n + 1)w*v?/x*? 
Let be the maximum value of 
de, | 
dz le =h 


= —ady/h, (5a) 


and 


Bas (5b) 


Consider the stresses ¢, and 6,. On the x-axis near the head of a 
stationary crack these are equal. When the crack is growing, ac- 
cording to Yoffe,? the two stresses are unequal and the ratio de- 
pends on the speed of the crack. We shall define « as the ratio of 
the smaller to the larger of these two principal stresses in the 
plane of the plate. In addition, we shall assume that o, is the 
least principal stress. Taking the maximum-shearing-stress 
criterion for yield since it is more conservative for our purpose 
than the von Mises’ condition, yield occurs when 


Oo + Oy (6) 


Transactions of the ASME 


= Ty, = = 0, 
ory: O at +) 
=—= at z= 
oy 
Hence 
dz 
| 
| 
i 
| 


where 9; is the greater of 6, and &,, and ay is the yield strength in 
tension with allowance for strain-rate and temperature effects. 
At the elastic-plastic interface, equation (2) becomes 


Ew* = h{Boo — + + (7) 


Substituting equations (4), (5), and (7) in (1) and solving for 
0», 


(8) 


where 
A = +x), 


2a(1 + v) 
n(n + 1)’ 


and 
C = 
Here ¢ represents the velocity of waves of rotation; viz.: 
= (G/p)'* = {E/[2p(1 + 


and x is the distance from the head of the crack to the elastic- 
plastic interface. 

The only ad hoc hypothesis introduced in the foregoing deriva- 
tion is the assumption of equation (3). In support of this, the 
static! and dynamic? elastic solutions agree in finding n = 1/2. 
Equation (8) seems, therefore, to be well justified. 

To draw useful conclusions from equation (8), we must give 
reasonable values of A, B, and C, as well as of x, the extent of the 
plastic zone. The available information is sufficient for fair esti- 
mates of A, B, and C; but knowledge of the extent of the plastic 
zone is sketchy. About all that can be said from examinations of 
fractures accompanying rapidly running cracks is that, in steel 
plates of thickness around */, in., obvious plastie deformation ex- 
tends no further than a few hundredths of an inch. 

As stated previously, the dynamic and static elastic solutions 
assign the same kind of singularity to the head of the crack, and 
this is characterized by n = '/2. This value will be assumed in 
the calculations. The values of x will be taken from Yoffe’s dy- 
namic solution and are given in Table 1. 


Table 1 Values of « 


0 0.4 0 


= 0.6 
= 1.00 0.86 0. 


0.62 


in which a Poisson’s ratio of 0.3 has been assumed. 

The parameters a and 8 depend on the distribution of o, 
through the thickness of the plate. For a rapidly running crack, 
the crack front is approximately parabolic and fractures seem to 
initiate at the mid-thickness.* Accordingly we assume 


o, = o(1 — j2z/h|™), (9) 


and it is plausible that m is in the neighborhood of 2. Since 
larger values of m lead to smaller values of a, calculations will be 
made for both m = 2 and m = 3. From equation (9), using (5a) 
and (5b), 


m 


and B = ra + 1 


a=m 


It should be noted that the assumed distribution of ¢, is suitable 


3G. M. Boyd, “The Propagation of Fractures in Mild-Steel Plates,” 
Engineering, vol. 175, 1953, pp. 65, 100. 
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x/h 


POSITION OF PLASTIC FRONT 
Fig. 1 Maximum values of c, form = 2 


x/h 


POSITION OF PLASTIC FRONT 
Fig. 2 Maximum values of o, form = 3 


only for a running crack, since equation (1) demands that a = 0 
for a stationary crack. 
Putting these estimates in equation (8), one obtains 
v(l + x) (10) 
8 1+») + Wl + «) 
3 m( m+ 1 
For a material with a Poisson’s ratio v = 0.3, the estimates from 
equation (10) are plotted against the extent of the plastic zone in 
Fig. 1 and Fig. 2 for m = 2 and m = 3, respectively. Crack 
speeds of 40 to 60 per cent of the speed of rotational waves are 
assumed in accordance with experimental observations on high- 
speed cracks; e.g., 4000 to 6000 fps for steel. 
An upper bound for o» can be found by setting w* = 0 in equa- 
tion (7), which gives 


+ «) 
— wl + x) 


(11) 


m 
m+ 


Actual values of a» can be expected to be considerably less than 
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this upper bound. Values calculated from equation (11) are 
given in Table 2. These bounds are well above the values plotted 
in the figures. 


Observations of contractions in thickness at brittle fractures in 
+/,-in. steel plate suggest that z/h is of the order of 0.1, but it is 
possible that this criterion is insensitive and may underestimate 
the extent of the plastically deformed region. Calculations there- 
fore have been extended to z/h = 0.3. The figures indicate that 
appreciable triaxial tensions may exist at the core of the plate in 
the case of high-speed cracks and that this condition is strong]\ 
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dependent on the extent of the plastic zone at the head of the 
erack 

Dr. G. R. Irwin has suggested that with increase of plate thick- 
ness the ratio of the extent of the plastic region to the plate 
thickness might be expected to decrease. This would con- 
tribute to a size effect in which thicker plates would show a more 
brittle behavior. 

The real test of the foregoing speculations must be experimen- 
tal. It is urged that those observing the behavior of rapidly 
growing cracks pay more attention to the factors brought out in 
this analysis, and, in particular, to the extent of the plastically 
deformed region. 
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Table 2 Upper bounds 
= 2——-— = 
v/e = 0.4 0.5 0.6 0.4 0.5 06 
o/oy = 5 14 3.19 2.69 2.91 2.42 1.84 
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Multiply Connected Cross Sections 


A new method is proposed for estimating the volume flow of a viscous incompressible 
Jluid through a cylindrical tube of multiply connected cross section. 
brackets the magnitude of the volume flow between upper and lower bounds. 
sential feature of the method is that the calculation of both upper and lower bounds is 
based upon the same approximating function for the velocity distribution, thus avoiding 
the usual approach to a lower bound via the Rayleigh-Rits method. 
connected cross sections of the form discussed, a Rayleigh-Ritz solution of sufficient 
accuracy becomes extremely laborious. 


The method 
The es- 


For multiply 


Efforts to solve the problem by relaxation methods 


are also rendered difficult by the presence of high-velocity grodients in the vicinity of an 
internal boundary, particularly when this is a small circle. In contrast to these methods 
the one presented achieves the result with considerably less labor; moreover, the method 
ts directly applicable to simply connected cross sections with many-sided boundaries. 


7 Schwarz inequality can be used to deduce upper 
and lower bounds to the volume flow of a viscous incompressible 
fluid through a cylindrical tube. The inequality has been used by 
Diaz and Weinstein [1]! to establish the procedures generally 
known as the Rayvleigh-Ritz and Trefftz methods. Papers by 
Diaz and Weinstein Polya and Weinstein [3! and Diaz [4] 
give methods for bounding the torsional rigidity of uniform rods 
having simply and multiply connected cross sections. Likewise 
the continued inequality given by Hill [5] when applied to such 
problems reduces to the Rayleigh-Ritz and Trefftz bounds. 

It is well known that, for simply connected cross sections, the 
torsion problem and the flow problem under discussion are identi- 
eal. For multipl they differ 
because of the requirement that the displacements in the elast 
material shall be single-valued. This introduces boundary con- 
ditions which are not identical with those of the flow problem. 


onnected cross sections, however, 


Essentially, the fow problem is the easier, but for multiply con- 
nected cross sections, indeed for many-sided simply connected 
cross sections, the Ravleigh-Ritz approach is extremely cumber- 
some. 

It is the purpose of this paper to establish upper and lower 
bounds to the volume flow by using the same function in the 
calculation of both bounds. In the method to be discussed the 
work involved in obtaining the two bounds is little more than is 
involved in obtaining the upper bound alone. 

As illustrations of the method, bounds for a square cross section 
ilar hole and for an hexagonal cross sec- 


ireular hole have been obtained tor various 


with a central cir 
tion with centra 


diameters of hole 


Upper and Lower Bounds to Rate of Volume Flow 


The outer boundary of the cross section is taken as (°), the in- 
1 Numbers in >rackets designate References at end of paper 
Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of THe AMERICAN Society 
or Mecuantcat ENGIneers. 
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ternal boundaries as ©;, Cs, and soon. The contour (> taken in the 


anticlockwise direction, together with C,, C2, and so on, taken in 
the clockwise direction is denoted by C. The total cross-sec- 
tionalareais S. If the z-axis is taken parallel to the generators of 
the cylinder, it may be shown that the velocity distribution for the 
tlow of a viscous incompressible fluid is independent of z and is 
governed by the differential equation 


Vw = —P/p, 


where w is the velocity parallel to the generators of the cylinder, 
u is the coefficient of viscosity, and P the pressure gradient which 
is constant along the axis of the ev linder. 

The boundary conditions on w are that 


w=0 on C 
Make a change of variable 
xX = 2wp/P 
Then 


and 


By Green's theorem 


ff (xe? + dz dy = 2 ff xdzdy = Q, say. 
s s 


Let @ be a continuous function in and on C with continuous first 
and second derivatives and suppose 


= —? (4) 
From the Schwarz inequality it follows that 
a? — }? 2 2hia — b), 


with equality if, and only if,a = b. Therefore 


ff + dy — ff + Xy*)dz dy 
s Ss 


2 ff — Xs) + — dr dy 
s 
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: 

x =0 on C (3) 


od ox 
f x( 2 ff dy 
8 


= 0 


from equations (2), (3) and (4), where n is the outward normal to 
an element of are ds of C. Therefore 


ff (xe? + dy < ff + o,?)dx dy 
8 8s 


that is, Q < say. 
The upper bound for the volume rate of flow is then given by 


Now consider the line integral 


f on On J 
(x — dy, 


s 


from equations (2), (3), (4). 


If @ is chosen so that 
ox 
on 


Sf dx dy 
s 


The lower bound for the volume rate of flow is then given by 


P 
w dr dy = ~ x dsdy > gddzdy (6) 
2u 2u 
8 


8 


that is 


is positive, then 


provided that @ satisfies equation (4) and that 
ox 
—— ds 
is positive. 


The fact that 0x/On is negative or zero on C follows since it can 
be shown that x is positive at all points interior to C. For 
V*x < Oin S and x is zero on C. If there is an interior point at 
which x < 0 there is also an interior point at which x is a true 
minimum, since x is bounded and continuous. Application of 
Gauss’s theorem to a neighborhood containing this minimum 
point shows that Vx > 0 which is a contradiction. Therefore 
x > Oat all interior points. The integral 


ox 
ds 
fe 


can therefore be made positive by insuring that ¢ is negative on 
C. This condition assumes the minimum of knowledge as to the 
behavior of x. In particular cases of symmetry the condition 
could be relaxed. 
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Square Cross Section With a Central Circular Hole 


Let the origin O of (x, y) co-ordinates in the plane of a cross sec- 
tion be the center of the circle of radius b and the sides of the 
square have equations z = +a, y = +a. Polar co-ordinates (r, 
8) with O as pole and Oz as initial line are also used. Fig. 1. Let 


¢/a? = - 1) + a@ ln (r/a) + cos 46 — 
a a 
+7 (% con - i) +3 (7) 


a, B, y, 6 are constants, 5 being chosen to make @ < 0 on C. 


Then 
= -2 


8s 


E is now evaluated and is given by 


E/a* = {2.6 + a*(2x In A + 0.691304) + 43.88568? 
+ 605.9657? — 6.13584a8 + 13.9800ay 
— 215.1458 — 8a + 8.538 — 22.7560y 
— m(1/2A4 + 482/A + By?/A* — 2a/A*)} (8) 
where A = a/b. 


The value obtained for PE/4y is always an upper bound to the 
rate of volume flow, and the best upper bound is that obtained by 
minimizing (8) with respect to a, 8, y. The lower bound is 


P 
f @ dx dy 
Ss 
and is given by 


ddz dy = +a 


| + Blx/d? — 5.06] + — 2.57775] 


and 


+ (m/2X?) 
(9) 


This is valid as a lower bound provided 
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is positive. It has been established that 0x/On is negative on C 
so that it is sufficient for @ to be negative or zero on z = a and 
r=b, 

With 6 = Oit is found that @<Oonr = 6. The graph in Fig. 2 
depicts the general form of @ along the outer boundary z = a. 
It will be apparent that the line integral will be positive if 6 is 
chosen to be the negative of the value of @ at the maximum point 
P. Clearly |4| can be decreased by taking more terms in the ex- 
pression for @. In particular cases it may be possible to insure 
that the line integral is positive without insisting that @ should 
be negative along the entire outer boundary. For instance, in 
the case of a solid square cross section, for which it is physically 


; 
plain that am decreases along x = a as |y| increases, it would 


be sufficient to insure that the area between the @-curve and the 
y-axis up to the point X of Fig. 2 is negative. 

Table 1 lists the values of the upper and lower bounds to the 
rate of volume flow for a section in which the ratio a/b is denoted 
by A. The result is given in the form 


Q = kPat/p 
It is apparent from the analysis that as the ratio A tends to © 


the upper and lower bounds tend to those for a simply connected 
square cross section. If the bounds calculated are plotted against 


Table 1 


Max error 
from mean, 


nN lower bound upper bound per cent 
2 0.0942 0.0974 1.7 
3 0.1729 0.1764 1.0 
6 0.2797 0. 2835 0.7 
10 0.3328 0.3368 0.6 
20 0.3815 0.3855 0.5 
ro) 0.5583 0.5624 0.36 
(Simply 
connected) 


A, the resulting curve approaches the simply connected solution 
asymptotically. The convergence is, however, extremely slow as 
will be shown more clearly in the solution for the hexagon, which 
follows. It is of interest to note that the value of the upper 
bound for the simply connected seetion is indistinguishable from 
the exact solution. In fact, the values of the function over the 
entire cross section are very close indeed to those obtained from 
the exact series solution. 


Hexagonal Cross Section With a Central Circular Hole 


Let the origin O of (x, y) and (r, @) co-ordinates be the center 
of a circle of radius b as before. The radius of the inscribed 
circle of the hexagon isa. Fig 3. Let 


+ a ln (r/a) + a(< cos 68 — ') 
a a a 


+ v( cos 126 — i) +e (10) 
a 


a, B, y, 6 are constants as before. 
Then following the method given for the square cross section 


E 
$1.92450 + In A + 0.295402) + 38.20046? 
a 


+ 207.9917? — 3.09906a8 + 4.17684a’7y 
— 85.4199B-y — 6.92820 + 3.519088 — 5.13325y 
— + (12y2/A%) — (2a/A*) + (1/2A4)]} 


ff dx dy 
and is given by 


In A 
dx dy = 7609801 +a [" + 


39627 | + — 3.75736) + y[(w/A*) — 3.25022 


The lower bound is 


+ (9/44) — + 


Table 2 lists the upper and lower bounds to the rate of volume 
flow using the same notation as for the square cross section 


Table 2 
Max error 
from mean, 
PN lower bound upper bound per cent 
2 0.0634 0. 0656 1.7 
3 0. 1282 0.1311 1.1 
6 0.2189 0.2225 0.8 
10 0.2645 0. 2683 0.7 
20 0. 3062 0.3101 0.7 
10% 0.3902 0.3944 0.5 
10° 0.4229 0.4273 0.5 
0.4555 0. 4603 0.5 
(Simply 
connected) 
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Q = kPat/p 


As indicated earlier, the convergence of the solution as \ tends 
to infinity is extremely slow. This is shown in Table 2 by the 
calculations for = 10% and = 10°. 

The function values @ for the simply connected hexagonal 
cross section were compared with the x-values by means of a 
relaxation calculation using a triangular lattice of side a/4/3. 
The agreement was within 1 per cent. 


Validity of Method 


The validity of the results and of the method is limited by the 
necessity for laminar flow and the assumption that u = v = 0, 
as in the classical theory for slow viscous flow through simply 
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connected tubes. In practice the tube must be sufficiently long 
for end effects to be ignored. 
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On the Accuracy of Some 
Shell Solutions 


R. B. Dingle’s method [1]? for finding asymptotic solutions of ordinary differential 


equations of a type such as occur in the bending theory of thin shells of revolution is 


J. R. M. RADOK? 


Shell Development C 


ve 
Emeryville, Calif. 


presented in outline 


This method leads to the same results as R. E. Langer's method 
[2], recently used for problems of this kind, and permits a simple analytical and less 
formal interpretation of the asymptotic treatment of such equations. A comparison is 
given of edge influence coefficients due to bending loads, obtained by use of these asymp- 


totic solutions and numerical integration of the equilibrium equations, respectively. 
The particular shells investigated are of the open-crown, ellipsoidal, and negative- 
curvature toroidal types. The results indicate that the agreement between these solutions 
is satisfactory. In the presence of uniform pressure, the use of the membrane solutions 
for the determination of the particular integrals appears to lead to acceptable results 
in the case of ellipsoidal shells. However, in the case of toroidal shells, the membrane 


iii studies of the bending deformation of 
thin uniform shells such as ellipsoids, toroids, and paraboloids 
have encountered some basic analytical difficulties until quite re- 
cently, when various authors began to employ R. E. Langer’s 
method for finding asymptotic solutions of differential equations 
involving large parameters. These authors applied this method 
to single, complex, second-order differential equations which 
they obtained by combining the pairs of coupled ordinary dif- 
ferential equations governing the behavior of various types of 
shells of revolution in bending. The asymptotic solutions of 
these complex equations were then used to obtain expressions for 
the bending stresses in the corresponding shells which are valid 
for all practical values of the colatitude angle @, including the 
apex where often singularities occur in the basic differential 
eq'ations, 

The foregoing reduction of the differential equations to single 
complex equations necessitates, especially in the case of ellip- 
soidal and paraboloidal shells, the introduction of various ap- 
proximations. Nevertheless, little effort seems to have been 
made to compare the approximate Langer-type solutions with 
those of the more exact equations. The present paper makes an 
effort to fill this gap by preseniing: 


(a) Edge influence coefficients due to bending loads for an 
open-crown ellipsoidal shell and for a toroidal shell of negative 
Gaussian curvature, using the Langer-type solutions of Naghdi- 
de Silva [3] and Clark [4]. 

(b) Edge influence coefficients for the same shells as under (a), 
obtained by numerical integration of the classical small-deflection 
equations by use of a high-speed computer. 

(c) An investigation of the particular integrals for both types 
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stitute of Brooklyn, Brooklyn, N. Y. 
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and the numerical solutions disagree significantly. 


of shells, since previous work on toroidal shells of positive curva- 
ture had demonstrated the inaccuracy of the commonly used 
membrane solutions. 


Before presenting this information, the Langer-type solutions 
for toroidal, ellipsoidal, and paraboloidal shells will be deduced by 
use of the “generalized WKB method” of Dingle [1], since it was 
found that this approach, which contains the method of Langer as 
a special case, offers a clear and systematic alternative for obtain- 
ing asymptotic solutions. 


Determination of Asymptotic Solutions 


It is not the purpose of this paper to give a rigorous statement 
of the generalized WKB method, which is readily available in the 
work by Dingle [1], but rather a heuristic description and in- 
terpretation of the process of finding asymptotic solutions for 
ordinary differential equations of the type which eccur in shell 
theory. With this object in mind, it will be convenient to base the 
present discussion on a particular case, for example, on that of 
paraboloidal shells, since it represents one of the most complicated 
problems for which asymptotic solutions have been obtained by 
other workers in the field. 

It will be assumed that the relevant differential equation has 
been reduced to its standard form 


age 7 
For the case of paraboloidal shells, one thus has [5] 
(o>) = — iy? sin?=! sec? ** + - cosec? sec? 
+ 4 tan* @ — 2 sec? @ + » 2) 
where 
b 
0<b6= ie" a large parameter 3) 


Expanding y(¢) in powers of @, one finds the expression 


(o) = comet + O18) 4) 
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| 
2 
ik 
\ 
f 


which characterizes the behavior of y(@) for small values of @. 

In order to find solutions to Equation (1) which are asymptotic 
in the large parameter yu, one has now to find a comparison equa- 
tion 


PW(a) 


T(a)W(o) (5) 


for which analytic solutions in terms of tabulated special func- 
tions are known. In Dingle’s paper [1], a large table of compari- 
son functions (a) and their corresponding solutions are given. 
In the case of paraboloidal shells, the form of the comparison 
function T'(@) is indicated by Equation (4): 

4p? — 1 


T(o) = 2? + - (6) 


and the corresponding solutions of Equation (5) are 
W: = = 0'Janlo"), (8) 


where J, are Bessel functions. 

It is now clear that the solutions (8) have near ¢ = 0 the same 
analytic features as the solutions of Equation (1) with y(@) given 
by Equation (2). However, for larger values of the independent 
variable @, the term involving the large parameter uw becomes 
dominant. 

The next step is concerned with the determination of the in- 
dependent variable ¢ in terms of @. Writing the solution w(@) 


in the form 
d 
w(¢) = (7) W(o) 


a \? da \'? d? da\~'? 

) (3) dg? (3) 
where the last term in this exact equation is called the correction 
term. There are various conditions under which this correc- 
tion term will be negligible; in particular, this is the case when 
¥(@) and the comparison function T'(a) have almost the same 
analytic behavior. For more details, the reader may consult the 
paper by Dingle [1]. 

Omitting in Equation (10) the correction term, one finds for 
the equation 


one finds 


Having assured the correct analytic behavior of the comparison 
function and, hence, by the Relation (9), of the solution w(@) in 
the neighborhood of the point @ = 0, Equation (11) may now be 
evaluated by taking only the dominant term in y(@) and its cor- 
responding term in I'(a@) into account. One thus finds from 


Equations (2) and (6) 
b-1 b+4 
0 


(12) 


b-1 


and hence the asymptotic solutions of the original equation by 
use of Equations (8) and (9). It is readily verified that these 
solutions agree with those found by de Silva [5] on the basis of 
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Langer’s method, as given by Naghdi [6]. It should be noted 
here that Dingle’s paper gives a simple method for assessing the 
effect of the omission of the correction term. 

In Table 1, the various stages of the foregoing procedure for 
toroidal, ellipsoidal, and paraboloidal shells are given in a con- 
venient form for comparison with the results obtained by Clark, 
Naghdi and de Silva. 


Edge Coefficients as Given by Langer-Type Solutions 


(a) Etlipsoidal Shell. The geometric characteristics of the open- 
crown ellipsoidal shell used in this investigation were, Fig. 1: 


a/h = 100; c/a = '/2; central opening = 2a = 60 deg, 
where 


a = semimajor axis 
¢ = semiminor axis 
h = shell thickness 


The solution given by Naghdi and de Silva for the ellipsoidal 
shell involves Kelvin functions of the first order. These functions 


are tabulated for arguments less than 10, while for larger argu- 
ments their asymptotic expansions can be used. The argument of 
the Kelvin functions involves the following integral 


(13) 


t = sin 


p? = c?/a? — 1, (14) 


@ = colatitude angle 


As, to the authors’ knowledge, the-foregoing integral has not been 
tabulated, it was evaluated numerically using the method of Gauss 

The edge coefficients were found in the usual manner by apply- 
ing suitable edge moments and horizontal shears. Using the 
equations given by Naghdi and de Silva and satisfying the 
boundary conditions, the rotation V and the horizontal displace- 
ment 6 may be found.* The calculation turned out to be some- 


3 Naghdi-de Silva and Clark use the notation —8§ instead of V. 
The positive sign of the horizontal shear force Hy, used by these 
authors, is also opposite to the sense in which it is used herein. 


2a 
Fig. 1 Open-crown ellipsoidal shell 
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Fig. 2 Negative-curvature toroidal shell 


what tedious, owing to the complicated functional dependence be- 
tween the primary dependent variables and the independent 
variable 

It was found that an edge effect exists for the particular shell 
under consideration. As a result, it was possible to deal with two 
equations at a time, instead of having to solve all four equations 
simultaneously. 

The resulting edge influence coefficients for this case are given 
in Table 2. 

(b) Toroidal Shell of Negative Gaussien Curvature. The use of 
Clark's method for toroidal shells of positive curvature has been 
discussed previously [8]. However, negative-curvature toroidal 
shells, which are often used as transition elements between cylin- 
ders and cones or spheres, do not appear to have been treated 
previously. They will be considered in this section. 

The toroidal shell shown in Fig. 2 was chosen as a specific ex- 
ample, its geometric characteristics being 


\ = b/a = 0.2; b/h = 30; de = —30 deg, 
where 
b = meridional radius of curvature 
a = distance of center of generating circle of the shell from 
the axis of revolution 
h = shell thickness 
od: = colatitude angle of lower edge of shell 


Clark's solution is in terms of modified Hankel functions of 
order one third. These functions are tabulated in the Harvard 
Tables [9]}. The argument of the Hankel functions involves the 


integral 
| 


The shell under consideration has negative values of @, as far 
as Clark's solution is concerned. This means that the integral w 
will have a purely imaginary value, as is readily seen by letting 
= 8. 


The integral then becomes 


sing 
sin 
f 


For positive @, the values of w were tabulated by Clark. For 
negative @ one has, at the present time, to use numerical integra- 
tion. For this purpose, Gauss’ method was found adequate. 

Another point which for negative values of @ requires some care 
is the evaluation of the modified Hankel functions of order one 
It is known that 


(15) 


third. 


hi(z) = [ha(2*)]*, (17) 
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where the asterisks represent complex conjugates. Hence 


hi(—ty) = [he(iy)]* (18) 


Writing he(iy), which is tabulated in the Harvard Tables, in the 
form 


ho(ty) = A + 1B, 19) 


one has hi(—iy) = A — iB (20) 
A similar relation holds for he(—ty). 

Apart from these aspects, the application of Clark’s method to 
shells with negative angles of @ is the same as for positive angles. 
Hence, applying suitable edge moments and shears, one obtains 
the edge influence coefficients listed in Table 3. 

It is also of interest to note that for toroidal shells which involve 
small angles of ¢, and for which an edge effect may be expected, 
Clark gives some even more approximate formulas. These 
formulas have the advantage over the others given by Clark that 
they are relatively simple. For negative angles of ¢, these simple 
formulas have to be modified. They should read: 


8B = — 
= + Chis, 
= + Che’), 
y’ = 


The argument of the foregoing modified Hankel functions of 
order one third is iu‘? @. The subscripts r and i denote the real 
and imaginary parts. The other parameters are 


(21) 


8 = negative of the change in the angle of rotation 

Y = is proportional to transverse shearing force ” 
vy = Poisson's ratio 


while the primes denote differentiation with respect to @. 
Utilizing the foregoing approximate formulas for the toroidal 


shell under discussion at @ = —30 deg, one finds: 
Due to M_y» = Eb?: B-« = 110,820; 6-yw/b = —11,720; 
Due to H-x» = Eb: = + 11,725; = —2821 


These values are in good agreement with those given in Table 3 


Edge Coefficients Found by Numerical Integration 


The differential equations governing the behavior of constant- 
thickness shells of revolution subjected to edge bending loads and 
uniform radial pressure can be obtained by extending the analysis 
given in Timoshenko [10! to include pressure effects. One ob- 
tains 


L(U) + vU — EhriV = 
(23) 
L(V) — +7, U/D =0, 
where 
\’ re 
cot? @(...) (24) 
T: 


and the primes denote differentiation with respect to @. The 
notation used is similar to that of Timoshenko: 
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Table 4 Edge coefficients for ellipsoidal shell—Numerical integration 


Veo V0 
Hw = Eh... 334.37 — 2580.8 —10.418 —33.181 
Mo = —85.349 334.37 0.91900 6.6027 
Hw» = Eh... —4.9803 25.043 238.46 1232.1 
My = Eh’... —0. 69157 7.8585 99.879 238.46 


Table 5 


V_w 
H_w = Eb. — 12021 
= Eb?. 84575 
H_» = Eb. 163.61 


Qe 
Q¢ = transverse shearing force 
V = angle of rotation of a meridional tangent 
h = shell thickness 
ry = meridional radius of curvature 
ro = radius of curvature in normal plane perpen- (25) 
dicular to a meridian < 
p = uniform, internal pressure 
E = modulus of elasticity 


D = flexural rigidity of shell = Eh*/{12(1 — v*)] 
v = Poisson's ratio 


@ = colatitude angle 


The right-hand side of Equation (23) is given by 


rire cot re ro re? re \’ 
2 2 rT; 
For the types of shell under discussion the quantities r; and re 


are given by 


1 Elllipsoidal Shell 


r, = kaf?, re = kav (27) 
where 
= [1 + (k? — 1) sin? 
k = a/c, 
(28) 
a = semimajor axis, 
¢ = semiminor axis. 
2 Toroidal Shell 
A sin 
where 
A = b/a 
a = distance of center of generating circle of shell from axis 


of revolution 


In order to obtain the edge influence coefficients due to edge 
bending loads, the function G(@) was set equal to zero and the 
relevant values of r; and rz were substituted into the differential 
equations. These equations were then integrated on a high-speed 
digital computer, using the Runge-Kutta integration scheme with 
a step length of '/2 deg. Linear independence of the numerical 
solutions was assured by using the unit matrix for the initial 
values of U, U’, V, and V’. The resulting edge influence co- 
efficients are given in Tables 4 and 5. 


Particular Integrals for Ellipsoidal and Toroidal Shells 


An accepted approximate procedure for evaluating particular 
integrals for shells is based on the membrane solution. This 


Journal of Applied Mechanics 


Edge coefficients for toroidal shell—Numerical integration 


V_» 
3410.2 293 .36 — 195.64 
— 12021 —7571.5 — 145.53 
220.10 — 11954 — 2879 .6 
—329.93 — 110145 — 11954 


solution, while satisfying equilibrium requirements, is known to 
violate the compatibility conditions. For some types of shell, the 
approximation gives good results. However, it was shown re- 
cently [11] that the approximation is not very good for toroidal 
shells of positive Gaussian curvature. It is thus of some interest 
to investigate the edge coefficients for the ellipsoidal and nega- 
tive-curvature toroidal shells subject to uniform interna! pressure. 
The membrane solution gives the following results: 


1 Ellipsoidal Shell 


— 1)(302 + 1 


= ) sin — vNg), 
t 


30) 
Ne = = (2¢? — 1), 
= | 
2 Toroidal Shell of Negative Curvature’ (@ > 0) 
EV = sin @ — 1)(A sing + 2), | 
b 1—Asing 
= Ne — vNo) 
Fé ) ( ) Ve 
> (31) 
pb | 
N, = Dd? sin? (A? sin? @ — 1), 
pb 


The edge deformations due to uniform internal pressure were 
also obtained by integrating the nonhomogeneous differential 


Table 6 Ellipsoidal shell-edge coefficients due to uniform internal 


pressure 


—Membrane solution— Numerical integration 


deg EV +p ES +p EV+p 
90... 0 ~ 11500 28.932  —12372 
30... 466.45 —285.74 528.96 195 05 


Table 7 Toroidal shell-edge coefficients due to uniform internal pressure 
—Membrane solution— —Numerical integration— 


EV+p 


deg EV +p +p +p 
—90.. 0 — 1368.0 —1705.1 —978.24 
— 49105 — 6500 3 —7914.0 —4613.1 


—30... 


‘In using these formulas ¢ should be considered positive. 


i959 / 581 


DECEMBER 


= 
| 

by 
i, 


Equation (23) on a high-speed computer. The step length used 
was again '/, deg. 

The results obtained by the two methods are given in Tables 6 
and 7. 


Discussion of Results 


1 Edge Influence Coefficients Due to Edge Bending Loads. [e- 
fore comparing Table 2 with Table 4 it should be noted that the 
coefficients at one edge due to a load applied at a distant edge are 
zero in Table 2. This is because it was assumed that there was 
no interaction between the two edges. 

Taking the foregoing into account, it can be seen that, for the 
specific shells investigated, the Langer-type solutions agree very 
well with the results obtained by means of numerical integration. 

2 Edge Coefficients Due to Uniform Internal Pressure. It can 
be seen from Tables 6 and 7 that: 


(a) For ellipsoidal shells, the membrane solution gives an ac- 
ceptable particular integral of the differential equations. The 
rotation at @ = 30 deg and the horizontal displacement at @ = 90 
deg differ only by about 10 per cent. For the other two quan- 
tities, the discrepancy is larger. However, the magnitudes of 
these are smaller than the others. Their effect on the final stress 
distribution remains to be investigated. 

(b) For the toroidal shell of negative curvature, the horizontal 
displacements obtained by numerical integration are only about 
70 per cent of those found by the membrane solution. The dis- 
crepancy ior the edge rotations is much larger, with the numerical 
integration method giving a more uniform distribution over 
the shell. These results are similar to those obtained for 
toroidal shells of positive Gaussian curvature [11]. 


The stress resultants for the ellipsoidal and toroidal shells, ob- 
tained from the numerical integration results and the membrane 
solutions, are given in Figs. 3 and 4. For the ellipsoidal shell, the 
direct stress resultants Ny and N¢ obtained by the two methods 
agree quite closely. This is also the case for Ng in the torus. 
However, the numerical integration results for Ng in the 
torus differ considerably from the membrane results, especially at 
@ = —30 deg. This, in part, explains why the rotation for the 
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Fig.3  Ellipsoidal shell—stress resultants resulting from uniform pressure 
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ellipsoid agrees better with the membrane solution than the 
torus, since the rotation can be written as 
=( — 2 
= (€ — co 
o — 6) 
Comparing the maximum transverse shears Qg and the maxi- 
mum meridional bending moments My due to pressure with their 
corresponding maximum meridional direct stress resultants Ng, 
one finds (using the notation og’ and og* to denote meridional 
bending and direct stresses, respectively ): 


(32) 


Toroid 
0.03 
1.56 


Ellipsoid 


For both types of shell the transverse shears due to pressure 
are quite small. The maximum meridional bending stress in the 
torus is seen to be 50 per cent greater than the corresponding direct 
stress. However, it is only 20 per cent of the maximum cireum- 
ferential direct stress. 


Final Comment 


While the Langer-type solutions have been shown to give 
good results, their application to practical cases is time-consum- 
ing and tedious. If a computer is available, the authors of this 
paper recommend the use of direct methods of integration of the 
equations. This is because it is possible to code a program for 
general shells of revolution which will give both edge and interior 
influence coefficients in a relatively short time. Shells with vary- 
ing wall thickness also can be analyzed readily by similar numeri- 
cal methods. 
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The Drag on Spheres and Cylinders 
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in a Stream of Dust-Laden Air 


A system has been developed for measuring the drag on small spheres and cylinders in 
a stream of dust-laden air. 
of the air plus the kinetic energy of the dust, and to be independent of particle size for 
particles having diameters in the range of 50 to 400u. 
versus Reynolds-number plots are the same for dust-free and dust-laden air provided 
the drag coefficient is calculated using the density of the two-phase system and the Reynolds 
numbers are calculated using the density of air alone. 
little effect on the flow pattern. 


The drag was found to be proportional to the kinetic energy 


The well-known drag-coefficient 


This suggests that the dust has 
The results indicate that an instrument utilizing the 


drag principle to measure dust concentration could be developed. 


as studies have been made of the drag 
exerted on cylinders and spheres by moving air [1, 2],' but no 
previous attempt has been made to determine the effect of intro- 
ducing dust into the air stream. In a number of practical cases, 
dust is present and, in consequence, we have carried out some ex- 
periments to determine its effect. 

In recent years, there has been considerable interest in dust 
streams as fluidized-particle systems for catalysis and for possible 
heat control m nuclear reactors. Previous work [3, 4] would in- 
dicate that a new technique for measuring the mass transfer in 
such systems would be useful. Hence, apart from determining 
the effect of dust on drag, we also have been interested in as- 
sessing the possibility of estimating this quantity utilizing the 
drag principle. 


Experimental 

It has been established [1, 2] that the drag exerted by a moving 
fluid on a sphere or a cylinder placed at right angles to the stream 
direction is given by 


F = '/pV*C,A (1) 


where F is the drag, p is the density of the fluid which is moving at 
velocity V, and A is the cross-sectional area of the sphere or 
cylinder. Cy, is the drag coefficient which is a function of the 
Reynolds number, R. 

Introducing dust into an air stream might have two possible 
effects. In the first place, one would expect that the value of p 
to be used in Equation (1) would be increased from p, the 
density of air, to p* where 


p* = p, + mass of dust per unit volume of stream (2 
In addition, there is some doubt as to the appropriate value of 
C,. Whether it is determined by Reynolds number, calculated 


using the kinematic viscosity of the air alone, or by taking the 


' Numbers in brackets designate References at end of paper. 
Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of Tue AMERICAN Society 
or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 


until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 8, 1958. Paper No. 59—APM-14. 
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dust into account is an important question, which. at this stage. 
is best answered by experiment. 

Fig. 1 is a schematic diagram of the apparatus. The air flow 
originated from a compressor and was controlled at a relative 
humidity of 30 per cent. The dust was fed into the air stream 
continuously by means of an auger system. As Pinkus [4] has 
pointed out, it was necessary to use a venturi orifice at the dust 
entrance. The pipes through which the dust was blown were 
copper tubes (inside diameter, 2.5 cm). 

The dust concentration was varied by controlling the speed of the 
auger. The rate at which dust was being transported through 
the tubes was assessed by inserting a trap between the cyclone sepa- 
rator and the graduated cylinder, Fig. 1. The trap was an 8-cm 
length of */,-in. tube with the bottom end covered by a piece of 
Whatman No. | filter paper. By measuring the rate of fall of the 
level of the dust in the graduated column, the dust concentration 
was easily calculated. 

The dust consisted of sized fractions of glass spheres procured 
from Minnesota Mining and Manufacturing Company. The ap- 
parent density of each of the powders needed to calculate dust 
concentration was determined in each case by weighing known 
volumes of the powders. 

The air velocities used in the present experiments were below 
1000 cm per sec. The dust concentration varied from zero to 5.1 
kg per cu m. In most of the exper'ments, a rotameter was 
placed in the system as illustrated in Fig. 1. Owing to the fact 
that air was sucked into the tubes through the auger bearings by 
the action of the venturi nozzle, the rotameter did not record the 
correct flow rate. This was remedied by a subsidiary calibration 
using a rotameter placed between the sensing unit and the 
cyclone separator. 

The air used to force the dust through the system was humidi- 
fied, as mentioned previously, to avoid electrostatic effects. It 
was found that when these were present two effects were ob- 
servable: (a) The glass beads tended to stick to the sides of the 
tubes; and (b) the pressure drop across a given section of 
the system increased with time. The following data were ob- 
tained in experiments where these effects were not present. 

The sensing unit for measuring the drag exerted on a sphere is 
illustrated in Fig. 2. It consisted of a steel or aluminum ball 
hanging from a quartz or tungsten cantilever fiber. The fiber 
diameters were of the order of 1 to2 mm. The ball was situated 
centrally in the “dust tube.” It was connected to the cantilever 
by another thin fiber. The deflection of the horizontal fiber was 
measured by means of a traveling microscope sighted through a 
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Fig. 3 Illustration of linear relation between dust flow and drag on a 
unit such as illustrated in Fig. 2. Symbols X, A, and + refer to data 
obtained at air velocities of 272, 435, 560, and 700 cm per sec, respec- 
tively. 
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Fig. 2 Sensing unit for measuring drag 
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Fig. 4 Ilustration of linearity between dust ow and drag on a cylinder. 
Symbols X, 0, A, and + refer to data obtained at air velocities of 294, 
435, 560, and 700 cm per sec, respectively. 


smal] plastic window in the side of the copper tube. The unitwas 
calibrated by hanging small pieces of wire of known weight on the 
cantilever directly above the sphere. 

For measuring the drag on cylinders, the horizontal fiber was 
used without the sphere and its connecting fiber. To determine 
the drag on a sphere alone, the drag on the horizontal fiber was 
subtracted from the total drag on a unit such as illustrated in Fig. 
2. By attaching the connecting fiber behind the sphere, inter- 
ference effects were minimized. 

To correct for wall effects, the Ladenburg correction [2, 5] was 
used. Each value of the drag on the sphere was divided by (1 + 
2.4 a/R) where a and R are the sphere radius and tube radius, 


respectively. 


Experimental Results aud Discussion 

Figs. 3 and 4 illustrate the variation in drag with the amount of 
dust passing the sphere or cylinder per unit time at various con- 
stant air velocities. The linearity of these plots indicate that 
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Fig. 5 Illustration of effect of dust-particle size on drag on a unit such 
as illustrated in Fig. 2. Symbols 0, 4, and X refer to data obtained with 
screened fractions having number median diameters of 470, 155, and 


respectively. 


Equation (1) applies, provided that the two-phase density p* is 
used for p. In addition, Fig. 5 indicates that there were no 
particle-size effects in the particle-diameter range of 50 to 400 w. 

The results are correlated in the same manner as previous work 
with dust-free air by plotting log Cp versus log R in Figs. 6 and 7. 
The full line in each case was drawn from previously published 
data [1]. The Reynolds number for each point in these figures 
was calculated from the drag measurements by means of Equa- 
tion (1) and using p* for p. 

The present study has been limited to relatively low Reynolds 
numbers and the results indicate that the presence of dust has 
little effect upon the pattern of flow. At much higher Reynolds 
numbers, particularly in the region of separation where Cp drops 
sharply in dust-free air, this might not be the case. Unfor- 
tunately, the present type of experiment cannot be extended 
easily to study effects in this region. 


Conclusion 


It was found in these experiments that the drag on a fiber could 
only be assessed at dust concentrations below 5 kg per cu m owing 
to the fact that it was not possible io see the end of the fiber at 
higher dust concentrations. Our results show that up to this 
limit the drag phenomenon might be used to assess mass con- 
centration in a moving fluidized-particle system. It is possible 
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Fig. 7 Variation of drag coefficient with Reynolds number for cylinders 


that the applicable range of dust concentration could be ex- 
tended by using some nonvisual method of assessing fiber de- 
flection. 
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Elastic Flexible Cable in 
Plane Motion Under Tension 


of Civil Engineering, The motion and stresses of a non-Hookian elastic flexible cable in plane motion under 

The Johns Hopkins University, tension are described with four simultaneous quasilinear, partial differential equations 
Baltimore, Md. which are totally hyperbolic. The propagation of the longitudinal elastic waves and the 

transverse waves are described by the four characteristics. From the characteristic equa- 

tions, solutions for simple longitudinal waves and simple transverse waves are obtained 

for uniform Hookian cables. The problem of an infinite string moved at one point 

with a constant velocity can be solved. Solutions also have been obtained for the inter- 
action of transverse and longitudinal waves with sharp fronts. 
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1 
General Equations veo 
m 
N DERIVING the following equations, two assump- 
tions are made: The cable is assumed to be perfectly flexible and Let d/ be the length under zero stress of the element which is ds 


of negligible weight such that the motion is governed solely by jn Jength under 7. Then according to the second assumption, 

the tension in the cable. The longitudinal stress in the cable is 

assumed to be a single-valued function of the strain, such that T, =k 


ds — dl 


the tensile force T in the cable can be expressed as dl 


T = k (longitudinal strain) (1) - j 


l 

For a nonuniform non-Hookian cable, k& is a function of s and 7’. oe ko a+ to 
Let the z-y plane be the plane of motion and s-axis be a rest we 

position of the cable under tension 7’) as shown in Fig. 1. The Similarly, 

cable elements are identified with their position s along the s-axis. dL. = dl (k + T) 

During motion, the positions of the elements are x(s, 0) and y(s, 0). k 

Thus the equations of motion: 


1 
(T cos 8), 
m 
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Fig. 1 Velocity and stress of cable 


Nomenclature 


wave speed of longitudinal wave; see Equations (16) tangential velocity of cable element as defined in Equa 


and (24) tion (6) 
¢ = wave speed of transverse wave; see Equations (17) and v = normal velocity of cable element as defined in Equation 
(25) (7) 
F = function of a z, y = rectangular co-ordinates in plane of motion 
f = function of 8 a = variable identifying curves with (di)/(ds) = 1/c 
K = function of cable properties as defined in Equations (18) 8 = variable identifying curves with (dt)/(ds) = —1/e 
and (26) Y = variable identifying curves with (dt)/(ds) = 1/2 
k = elastic coefficient of cable as defined in Equation (1) 6 = variable identifying curves with (dt)/(ds) = —1/¢ 
ko = value of k when T = Ty 6 = angle between cable element and x-axis 
m = mass per unit length of cable under tension 7’ 7 = function of cable properties as defined in Equations (19) 
s = co-ordinate along cable in a rest position under tension and (27) 
ti To @ = function of 
= time ; 
T = tensile force in cable ~ of 
T) = areference value of 7; e.g., initial tension : Subscripts s, t, and 7’ indicate partial derivatives. 
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The angle 9 can then be shown to be 


dx r,ds ko + To 
dL aL ko 
dy _ ude _ To 


sin 9 = = 


cos 4 = 
which, upon differentiation, yield 


ko (‘5 
ky + Te 


Equations (2) to (5) can be reduced to a set of quasilinear equa- 
tions 


Let variables u(s, f) and v(s, t) be defined as 
u = x, cos 9+ y, sin 0 (6) 
v = y, cos — xz; sin 0 (7) 


They are the tangential and normal components of the velocity 
of a cable element. Equations (2) to (5) can be reduced to four 
equations with dependent variables u, v, #, and T: 


T 


m 


vu, + ud, 


ko T 
6, + uO, 


These four equations are totally hyperbolic with four character- 
Four characteristic equations can be obtained:! 


_ aT 


istics. 


dt 
ak 
ilong ds ae 


o along 


o along —(r — u) 


ao 
da 


where 


e(3, T) = (16) 


_k ko + 
mk—kyT ko 


(17) 


T) = my" 


ko 


ko + To 


k 
k+T ko 
k 


‘R. Courant and K. O. Friedrichs, ‘‘Supersonic Flow and Shock 
Waves,” Interscience Publishers, Inc., New York, N. Y., 1948, chap- 
ter 2. 


K(s, T) = + (18) 


k 
Tk 


m 


r(s, T) = +(2 (19) 
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I et each curve of the families defined by (dt)/(ds) = 1/e, —1,/e, 


1/c, and —1/c in the s-t plane be identified with a constant value 
of a, 8, y, and 6, respectively. Then 


u— — 
u— + 
— S(r — = 
vot S(r + = 


In these equations, the integration is performed along a curve of 
constant a, 8, y, and 6, respectively. 


= 2F( 
2f( 8) 


Simple Waves in a Uniform Hookian Cable 


and m are -onstants. The 
-hle and 7 are func- 


For a uniform Hookian cable, k 
values of c and K are therefore constant ° 
tions of the cable tension T' only: 


m 


hy" 
<c 


+(4 k+T 


= +([m(k + 


T 
m k+T) 


7(T) = 


Since c is constant, the lines of constant @ (or F’) and the lines of 
constant 8 (orf) are straight lines in the s-t plane. 

A trivial solution of the problem is that of a constant state with 
constant u, v, 8, and 7, and therefore constant F, f, @, and y. 
The solutions next in simplicity are those of simple waves propa- 
gated along one of the characteristics. Such a wave is described 
by a solution with three of F, f, @, and W being constants. 


1 Longitudinal wave propagated along (dt)/(ds) = 1/e: 

The solution for this wave is obtained with f, , and y being 
constants. From Equations (20) to (23), we have 8 = const, : 
= const, u = f + F(a), and KT = const f — F(a). The lines of 
constant @ are therefore lines of constant u and T. Throughout 
the wave, u and 7 are related by: 


u+ KT = const (28 


2 Longitudinal wave propagated along (dt)/(ds) = —1/c: 
With F, ¢, and y being constants, the solutions are: @ = 

const, v = const, u = const F + f(8), and KT = f(8) — const F. 

The lines of constant 8 are lines of constant u and T. Through- 


out the wave, u and T are related by: 
u — KT = const (29) 


3 Transverse wave with constant strain, propagated along 
(dt)/(ds) = 1/e: 


Let F, f, and W be constants. For any point P in the s-t plane, 
choose four points, one on each of the characteristics through P, 
as shown in Fig. 2. For u, v, 8, and T at P: 


6 
u— KT —- f, vd? = 2F = const 
1 
u+ KT — f, vd# = 2f = const 
<2 
6 
v+ f, + = 2f = const 
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+, 
(20) 
k 
: (21 
7” 7 
(22 
(23) 
ky k — k,T k T 
k+T | 
= 
(28) 
1 
m 
ko k— kT 
0, = 0 (10) 
do 
dt 1 d aT 
— - --, -=0 (13) 
ds c do da da 
as do 


ee 2 Transverse wave with constant strain propagated at (di)/(ds) = 


These equations give u, v, 6, and T as functions of @(y). Let 
points 1 and 2 be located on an arbitrary line of constant y. With 
6, = 6., we have from the first two equations: 


T = const (30) 
and 

du 0 

do 


From the last of the four equations, 


+u = —7(T) = const 


dé 


The two foregoing equations yield the relationship among u, 
v, and @ throughout the wave: 


u= Asin@0+ (31) 
v = — Bsin@ (32) 
where A and B are constants: 
A = u' sin 0’ + cos + 7 sin (33) 
B = u' cos 6’ — v’ sin 8’ + 7 cos 6’ (34) 


The prime indicates values at an arbitrary point in the wave. 


4 Transverse wave with constant strain, propagated along 
dt)/(ds) = —1/2: 

The solution is obtained with F, f, and @ being constants. 
Lines of constant 6 are lines of constant u,v, and @. Throughout 
the wave, 7’ is constant, and u, v, and 6 are related by: 


u=Csin6@+ Deos6+ 7 (35) 
v = C cos — Dsin#@ (36) 
where C and PD are constants: 
C = u' sin 6’ + cos — sin 0’ (37) 
D = u' cos 6’ — v' sin # — 7 cos 0’ (38) 


The prime indicates values at an arbitrary point in the wave. 


Waves With Sharp Fronts 


Several problems are to be studied by using the solutions of 
simple waves: 

Semi-infinite Cable Moved at One End in a Constant State. Let a 
cable, initially parallel to the z-axis under tension 7’), be moved at 
s = L such that 7, and @, at s = L are const. In each of the 
three regions in the s-t plane shown in Fig. 3, four characteristics 
can be drawn from any point to intersect the ¢ = O line where 
u =0,v = 0,0 = 0,and 7 = 7», or thes = L line where 6 = 6, 
and 7 = 7;. It can be shown by using Equations (20) to (23) 
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Fig. 3 Cable moved at one point with constant velocity 


that these three regions are regions of constant state separated by 
two characteristics which are simple waves with e «harp front. 
Since there is no change of v and @ across the lony..udinal wave 
we have, for region (b), v = 0, and @ = 0. Since there is no 
change of 7' across the simple transverse wave, we have 7 = 7) 
for region (6). The value of u in this region is given by Equation 
(29): u— KT, = —KT7>. The values of u; and »,; in region (a) 
can be expressed in terms of 7, 7), and 6, by using Equations 
(35) and (36): 

u, = [K(T,; — To) — cos 0, + 7, 

vy, = —([K(T, — To) — sin 

Since u;, v1, and 6; are constant along s = L, this point must be 
moved at a constant velocity U at a constant angle A with the 
z-axis: 

u, = U cos (A — 
vy, = U sin (A — 6,) 
Thus we have 
U cos (A — 0,) = [K(T, — To) — cos 6, + 7; (39) 
U sin (A — 0) = —[K(7, — To) — 7;] sin 9, 40) 
From these equations, 7’; and 6, can be computed for given U and 
A, and vice versa. For the case with A = 2/2, Equations (39) 
and (40) yield 
sin = 41) 


and 
cos 6, = 1 — K(T,; — To)/n 


Squaring both sides of these equations, adding and simplifying, 
we have 


k+Te Tok + To k + 7; 
Equations (41) and (42) give the relation among §,, 7), and U in 


normal impact. This problem has been studied by Ringleb* 
and Cole, Dougherty, and Huth* with other methods. 


2 F. O. Ringleb, ‘‘Motion and Stress of an Elastic Cable Due to Im- 
pact,”’ JouRNAL or AppLiep Mecuanics, vol. 24, Trans. ASME, vol. 
79, 1957, pp. 417-425. 

3J. D. Cole, C. B. Dougherty, and J. H. Huth, ‘‘Constant-Strain 
Waves in Strings,” Journat or Mecnanics, vol. 20, TRANS. 
ASME, vol. 75, 1953, pp. 519-522. 
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Fig. 4 Transmission and reflection of longitudinal waves with sharp 
front 


Meeting of Two Longitudinal Waves. Two longitudinal waves 
with a sharp fron’ sce shown in Fig. 4(a). The values of 7), w, 
7,, and T; being given, v2 and u; can be computed from Equa- 
tions (29) and (28), respectively. Equation (28) also relates 7, 
and uy to T2 and uw, and Equation (29) relates 7, and u, to 7’; and 
Us, giving 


Uy = + T3) (43) 


(44) 
These two waves are seen to be completely transmitted. 

When a longitudinal wave meets a fixed end where u = 0, we 
have, by comparing Figs. 4(a) and 4() and setting u, = 0 and 
eliminating 7’; in Equations (43) and (44), 


In other words, the stress is completely reflected. 

Meeting of a Longitudinal Wave and a Transverse Wave. A longi- 
tudinal wave and a transverse wave with a sharp front are shown 
to meet in Fig. 5. The initia! conditions in region 1 are given. 
With @ given across the oncoming transverse wave, 42 and v2 can 


Given 8) and 


Ye 
% 


be computed according to Equations (35) and (36). With 7; 
given across the oncoming longitudinal wave, u; can be computed 
according to Equation (28). Of the twelve values of u, v, 0, and 
7 in regions 4, 5, and 6, we have 1 = v2, 0, = 42, vs = vs, and 6; 
= 6; across the transmitted and reflected longitudinal waves. 
Also, across the reflected and transmitted transverse waves, we 
have 7, = T, = 7,. Six additional equations are obtained ac- 
cording to Equations (28), (29), (31), (32), (35), and (36) as 
follows: According to Equation (28), 

Us = Up + T,) = 


C, sin + D, cos + 7, + — Ts) 
According to Equation (29), 
us = — K(T; — Ts) = w — K(T; — 7;) — — Ts) 
According to Equations (31) and (32), 
us = Ay sin + By cos 05 — 
ve = Ag cos — By sin 
where 
Ay = us sin 0, + cos + sin 
= sin 6. + D, cos 6 + 7; + K(T; — sin 
+ [C; cos 6, — D, sin cos + sin 
= + [71 + K(T, — Ts) + 76] sin (47) 
and 
By = us cos — sin + 7. cos 6; 
= D, + [11 + K(T; — 7s) + cos 6, 
Finally, according to Equations (35) and (36), 
ue = Cs sin + Ds cos + 
vs = Cs cos 0, — Ds sin 
where 


Cs = us sin 0; + v5 cos 0; — 75 sin 05 
= [ur K(Ts K(T; Ts) Ts] sin 6, 
+ », cos 6, 


and 


/ 


Given 8, 
Uy = + D,cos®, 


=C cos6, - D)sin6, 


where 
= + vcos®) - sin®, 


= u,cos®, - v,sin0) - 0088, 


Fig. 5 Meeting of longitudinal wave and transverse wave with sharp front 
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Given T, 
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(51) 
|| 
t 
Us “4 
Ve = V oe ¥ 
= @ = ® 
5 3 1 xX = 
%=% 4 
t (6) 
= = = 
Given T, (5) m 
Us = - K(T,-T)) (3) 
Ve =¥ 
3 1 
| (2) 
| a) \ 
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Ds; = us; cos 0; — vs sin 8; — 75 cos 4; > ( k + T; [1 + cos — 6,1 
= [uy — K(T; — 7;) — K(T; — Ts) Ts] cos 6, 


— sin 6, (52) {| Ts ( k + T's )} Ts 
T; 


Noting that Ay, By, Cs, and Ds involve one unknown only, 
namely, 7's (r> being a function of 7's), we have, by equating us T's k T.\1'* T.\? 
and in Equations (45), (46), (49), and (50), two equations for — [1 + cos — T, + T, 7, rf 


the two unknowns 7’, and 05: 


Ag sin 0, + By cos 05 — rT. = Cy sin 06 + Ds cos 06 + Te 


A, cos — By sin 0, = C; cos — D, sin 


27; 
From these two equations, we have {1 — cos (0. + ( {1 + cos (0; — 
1 
= (Aq C;) = (By - Ds) (53) + 2( i) (55) 


(54) 


A, — + (Ba — Ds)? = 41,2? 
(Ac (Be . . from which 7’, can be determined. From Equation (53), we 


Substituting Equations (47), (48), (51), and (52) into Equation have 
(54), and making use of Equation (27), we have Qre sin — = (Ay — Cr) 008 — (Be — Dy) sin 


or 


sin = 6,) 


sin (0, - 4) 


2 T. k 
0.2 om 
+ 1+ ( + i) (56) 


from which 6 can be determined. Solutions for several cases 
with given k/7,, 7./T;, and |@, — 8,| have been obtained accord- 
ing to Equations (55) and (56). The fractions of transmission of 
stress (7's — 7:)/(T; — 7)), and of angle (0, — 0,)/(@. — 9,) are 
shown in Fig. 6. 

A Longitudinal Wave Overtaking « Transverse Wave. A jongitu- 
dinal wave is shown overtaking a transverse wave in Fig. 7. It 
can be shown that the unknowns 7's and 4 are given by: 


k 
2 ( + {1 + cos (0, — 


| ( k T.\ 
Fig. 6 Sample solutions of cases shown in Fig. 5 7; 4 


\se 


6 5 
6 Seo 


Given @ 


T, 
C)sin@,* 
C,cos@,- D) sin, 


2 


(2) 


C)= u, sin@, + cos®, - sind, 


Given 
®) and 


cos®) - sin®, -¢, cos0) 


Fig. 7 Longitudinal wave overtaking transverse wave with sharp front 
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k k T; 
‘ 1 -2( +1) (7 
T, * 
1.0 = 
4 
k 
0.4 \ 1 1 
30° 60° 9° 
1.4 
+ = 
4 | 
4 
% 0.6 ips 
ake 
4 
v,=V 
4 6 6 5 6 , 
&s »4 \ = as 
4s 
\™ / 
(4) (3) Given T, 
(3) 3°") 
a 
\ a) uy =u) K(T,-T)) 
where 


and 


Meeting of Two Transverse Waves. Two transverse waves with 
— [1 + cos (@ — &)] T, ; ~ T, a sharp front are shown to meet in Fig. 9. It can be shown that 
the two unknowns 7’; and @, are given by: 


T, 
T. 
— cos (0, + (2 1) + cos (82 6,) fl + cos (0, = 6) — cos (6. 6,) — cos (65 6,)} 


Tsk 


1 1 i 


sin A = 6.) 
___sin [?: ( + | = (+ 1) (3 + cos — — 2 cos (A. — 8, 
T; 
25 
(58) 
20 
15 
T 
1¢ 
5 
50° 
2.0 
40°F 


| 


1.0 20°F 
10° + 10° 
1 
@,- @, = 30° 
° 30° 60° 90° 0 13° 30° 4s° 60° 15° 90° 
Fig. 8 Sample solutions of cases shown in Fig. 7 Fig. 10 Sample solutions of cases shown in Fig. 9 
u 
5 “6 "4 
Ve =v v,=V 
5 3 \ 6 " 4 2 
6. = 6 8 
ge 5 3 6 4 2 


Given 


3 
Ts = Ty Fig.9 Meeting of two transverse waves with 
= sharp front 
Us = A, +B cos®,.-T, (3) 
¥3 = A) cos®,-B sind, 
Ay = sind, + / 4) "9 s1n@, 
B, = v, sine, + v)cos®, sin0, 
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| | 
| 
| 
| 
} 
t 
dj s 


k 
— 2 cos — + 1) {1 + cos — 6, 
i 


— Cos 9. 9;) — cos (A; on 6;)) +1 + cos (0. 6s) (59) 


and 


2[ + sin (0, — 
(7+ 


E (+ sin (6. — 03) 


+ sin (0, — (60) 


Sample solutions are shown in Fig. 10. In the derivation of 


these two equations, it has been assumed that 7's is positive. In 
cases with (2 — 9,) and (@; — 9,) of opposite signs, 7's may be- 
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come negative. For such cases, these equations are not spe able 

It can be verified that, when u,; = 0, », = 0, and 4, % y” 
and 6, must assume such values that up = 0 and vs = 0. Ab is 
the solution for the reflection of a transverse wave with a sharp 
front at a fixed end. The value of 7's can be computed from 
Equation (59) with #. = @;. From Equation (60), 


. 
sin (0, — 0.) = Ee sin (Q, — 61 


Because of the difference between 7, and 7's, the reflected wave 
(6, — 62) is different from the incident wave (9, — @,). 
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Incremental Stress-Strain Law Applied 
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to Work-Hardening Plastic Materials 


For problems involving work-hardening plastic materials, the incremental stress-strain 
law is considered to be a more rational approach than the conventional total stress-strain 
law. Up to the present the incremental stress-strain law was not subject to widespread 


Mem. ASME use because it ts mathematically inconvenient to handle. In this paper a method is 
developed in which the incremental law is applied to a work-hardening material in 
plane stress corresponding to the yield condition of von Mises. The method is il- 
lustrated by an analysts of the plastic bending of a simply supported work-hardening 
circular plate under uniformly distributed transverse load. The resulting difference- 
differential equations are solved by the NCR 304 digital computer. 


Tae incremental stress-strain law, which states that 
the principal axes of stress deviation coincide with the principal 
axes of the increments of the plastic strains, has been favored from 
the theoretical point of view, and has been verified to a certain 
degree by experiments [1, 2].!_ The ratio of the strain increments 
to the stress deviation is a function of the amount of work-harden- 
ing of the material. For practical problems the incremental stress- 
strain law introduces a relation between the stresses, the stress 
increments, and the strain increments to be used in the compati- 
bility equations. The compatibility equations are then solved 
together with the equilibrium equations. Usually this combina- 
tion of equations is inconvenient to work with and has hampered 
the application of the incremental stress-strain law to problems 
involving work-hardening plastic material. 

To overcome the inconvenience of the incremental stress-strain 
law, and at the same time to retain its sound physical features, 
Prager [3] developed a method in which segmentwise linear yield 
conditions are usea in conjunction with the appropriate flow rules. 
In his method, the linear yield conditions are assigned to the 
various parts of the work-hardening plastic material so that each 
part of the material follows a flow rule corresponding to the yield 
condition. Continuity conditions between the various parts are 
used to determine the transition points of the linear yield condi- 
tions and the velocity fields of the material. Several plate prob- 
lems [3, 4, 5] have been solved by this method. 

In the present paper the work-hardening plastic material is as- 
sumed to follow the yield condition of von Mises. The work- 
hardening process is isotropic so that the Mises’ yield surface ex- 
pands uniformly during the loading process. Incremental flow 
rules are used for each stepwise increase in external load. A 
process incorporating the von Mises’ yield condition and the 
incremental flow rule into workable form is presented. The 
difference-differential equations thus obtained are solved by a 
high-speed digital computer. As is true in the numerical method, 
the desired degree of accuracy of the results can be achieved by 
using sufficiently fine steps in integration; at the same time there 
is no limitation to the type of external loads applied. The 
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method is also adaptable to problems where unloading occurs in 
some parts of the plastic material. 


Yield Condition and Incremental Flow Rule 


In plane stress, the yield condition of von Mises is: 
— + = (1) 


where o, and o; are the principal stresses, o is thejyield stress in 
simple tension. For a rigid-plastic material with work-hardening 
characteristics, no strain is developed in the material until the 
yield condition is reached. After the yield condition has been 
reached, we can rewrite the stress condition in the following form 
replacing 0) by the parameter &; & is called the equivalent stress: 


02) = o;? — 0,02 (2) 


Now that the material is in the work-hardening range, the¥in- 
cremental flow rule applies. In its most general form, the hy- 
pothesis that the equivalent stress depends only on the plastic 
work done leads to the flow rule [2]: 


dé 


(3) 


de; = 
where e; are the plastic strains along the principal axes, a; are 
the components of the stress deviation (the principal stresses 
minus the mean stress); & is defined by the expression: 


3 Va 


and is seen to be identical to the equivalent stress as given in (2) 
for the particular case of plane stress. H’ is the slope of the curve 
of the equivalent stress ¢ versus the equivalent plastic strain". 
é is defined by 


2 
, i= 1,2,3 (5) 


In this paper, H’ is assumed to be a constant in the stress range 
under consideration. Applying equation (3) in the case of plane 
stress, and using equation (2) to eliminate ¢, we obtain the follow- 
ing expressions for the plastic-strain increments: 


(20, — 
of ( do, + of 
Oo; oo; 
4H’ o;? — + 
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de, = 


(6) 


( —% + 


(~ do, + of 
(6) 
4H’ o;? — 0102 + (cont. ) 


A geometrical representation of equations (6) can be given as 
follows: In plane stress, if the co-ordinates of the plastic strains 
coincide with the co-ordinates of the principal stresses, then for a 
certain stress increment, the corresponding incremental strain 
vector is in a direction normal to the stress ellipse as defined by 
equation (2). The length of the incremental strain vector is 
proportional to the projection of the stress increment vector on 
the normal of the stress ellipse, to be modified by a factor 


(on) + (oo) 


Using equation (2), it is seen that this factor is equal to 


2(0,2 — + G2?) 


As can be seen by substitution, and through the end results given 
later, this factor tends to minimize the degree of work-hardening 
in a region where one of the two principal stresses approaches 
zero, and where the two principal stresses have opposite signs. 

While there is some resemblance between the foregoing 
geometrical representation and the kinematic model given by 
Prager [3) for a rigid, work-hardening solid in plane stress, their 
major difference lies in the manner the yield curve is treated. In 
this paper the material is assumed to harden isotropically. The 
yield ellipse expands uniformly in the loading process. In 
Prager’s kinematic model, the yield curve retains its size and 
shape, but translates on the stress co-ordinate plane as the 
stresses change. The latter model has the feature of simulating 
the Bauschinger effect during unloading. On the other hand, the 
general principle of the method presented in this paper can be used 
to simulate Prager’s kinematic models to solve work-hardening 
problems. 

The application of equations (6) to practical problems is il- 
lustrated by an example. 


Example 

Consider a circular plate made of rigid-plastic material. The 
radius of the plate is 2, its half thickness ish. The plate is simply 
supported along the circumference and is under uniformly dis- 
tributed load p per unit area of its horizontal middle surface. 


Let the bending moments along the radial and circumferential 
directions be denoted by M, and M,. The bending moments 
satisfy the equilibrium equation: 


Radial and circumferential moments of a simply supported circular plats of rigid, work-hardening material under uniform transverse load 


dM, 1 
+ — (M, My) = (7) 


where r is the radial axis. 

When the uniform load p reaches a certain value po, a state of 
incipient plastic flow exists. At this state yield conditions are ful- 
filled all over the plate. We are interested in the moment dis- 
tribution in this state and when the load further increases. For 
a rigid-plastic plate, Hopkins and Prager [6] have shown that 
the yield curve for plane stress can be used for the yield curve of 
the bending moments of the plate with appropriate scaling of the 
co-ordinates. Thus the von Mises yield condition can be re- 
written as: 


M,? — M,M, + M,? = Me (8) 


where Mo is the yield moment of the plate and is equal to oh’. 
Equations (7) and (8) can be combined to form: 


dM, 1 1 3 1 
dr [- 2 M, + (we | pr (9%) 


which, together with the boundary condition M, = Oatr = R, 
was used by Hopkins and Wang [7] to obtain the load-carrying 
capacity of the circular plate. To solve equation (9) by a digital 
computer, the Runge-Kutta method of integration [8] is used. 
The load p» corresponding to the incipient plastic flow is found to 
be 6.516366M,/R*. The bending-moment distribution is tabu- 
lated in Table 1 and plotted in Figs. 1-3. The radial moment 
is equal to M, at the center and decreases steadily to zero toward 
the outer circumference of the plate. The moment along the 
circumferential direction increases from My at the center to a 
maximum of 2/;(4/3 M,) in the neighborhood of r = 0.7R. From 
there on the bending moment decreases until it reaches the value 
of M, at the outer circumference. 

With further increase in the uniformly distributed transverse 
load p the plate enters the work-hardening range. For a stepwise 
increase in load Ap, the corresponding changes in bending 
moments are AM, and AM,. The equilibrium condition yields 
the relations: 


1 
I, = : (—AM, + AM,) Apr (10) 
r r 


For a rigid-plastic plate in the work-hardening range, deflec- 
tions w(r) are developed along the originally horizontal middle 
surface. If the radial and circumferential curvatures of the de- 
flected middle surface are denoted by k, and ky, then we have: 


Table 1 
P/ Po r/R = 0 0.2 0.4 0.6 0.8 1.0 
(a) Radial bending moment M, /Mo 
1.00 1.0000 0.9668 0.8624 0.6751 0.3921 0 0000 
1.10 1.2091 1.1576 1.0116 0.7777 0.4462 0.0000 
1.20 1.3971 1. 3343 1. 1562 0.8791 0.5000 0.0000 
1.30 1 5732 1.5019 1.2972 0.9795 0 5535 0 0000 
1.40 1.7417 1.6631 1.4350 1 0792 0 6068 0.0000 
1.50 1.9050 1.8197 1.5703 1.1781 0.6599 0.0000 
(b) Circumferential bending moment M,/Mo 

1.00 1.0000 1.0302 1 0962 1. 1488 1. 1366 1.0000 
1.10 1.2091 1.1998 1 2059 1.2274 1 1973 1.0332 
1.20 1.3971 1.3670 1.3231 1.3092 1.2596 1. 0679 
1.30 1.5732 1.5302 1.4459 1.3938 1.3230 1.1035 
1.40 1.7417 1.6895 1.5723 1.4811 1.3873 1. 1398 
1.9050 1.8456 1.7009 1 1.4524 1.1767 
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Mr 
Mo 
Fig. 1 Radial and circumferential bending-moment distribution of a 


simply supported circular plate of rigid, work-hardening material under 
uniformly distributed transverse load 


6 8 £ 


Fig. 3 Circumferential bending-moment distribution of the rigid, work- 
hardening plate 


dw 


so that 


Now let us consider the plate with the uniformly distributed 
transverse load p, corresponding to an increase in load Ap, the 
middle surface of the plate goes through a deflection change Aw. 
If we assume that the change in deflection does not change the 
radial position of the plate material to any appreciable extent, 
then we have the following equation for the curvature changes 
Ak,, Ak, of the plate: 

(Ak, — Ak,) (13) 

To establish a relation between the changes in bending moments 
and the changes in curvatures of the work-hardening plate, the 
incremental flow rules are used as follows: To represent the 
596 
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lo 
Fig. 2 Radial bending-moment distribution of the rigid, work-hardening 
plate 


moment distribution at any location in the plate, we have, similar 
to equation (2), the equation of a moment ellipse: 


F(M,, M,) = (14) 


where V is equal to &h?. Similar to the strain equations (6), we 
have the curvature equations based on the flow rules: 


oF ( oF oF 
| AM, +—— AM 


4C M,? — MM, + M,? 


oF oF 
—— AM. +— AM 
1 oM _" OM, :) 


4c. + M,? 


Ak, = 


Ak, = 


where C is a constant of the plate and can be interpreted as the 
slope of the curve of the equivalent moment M versus the 
equivalent curvature 


Equations (15) are substituted into the compatibility equation 
(13) using equations (10), (14). After some rearranging we ob- 
tain 


(M2 — 4M, 


dAM 
+ am 


1 
[((4M,? — 4M, M, + 


+ (—M,? + 4M.M, 4M,2AM,) 


iM aM 
AM, 


ar ar 


[ —4M, + 5M,) 
+ [(—2M,? + 5M.M, — 2M,9AM, 
+ — 4M, + 
aM, 


(2M, — M,) 


— (M, 2M, 


— MM, + M,? 
1 
— (2M,? — 5M,M, + Apr 


(16) 
Equations (10) and (16) are solved simultaneously to obtain the 
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°o Mo 
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—— 
1.6 +— 64 
4 | 1.4 
6 | +—4 67 t —— 
| Me 
Mo 
= | | 
8 t d 
16 
1.2 (15) 
+ + + ~4 
6- + 4 4 4 J 
T t 
= 
dk, 1 
(12 
dr r 
| dM 
dr 


moment distribution in the work-hardening range. Before the 
addition of the transverse load Ap, the radial and circumferential! 
moments M,, M, are known. Also known are the slopes of 
the moments with respect to r, dM,/dr, and dM,/dr. With a 
relatively small increase in the load Ap, the bending moment 
changes AM, and AM, are the dependent variables of the simul- 
taneous differential equations (10) and (16). First, we assume 
a certain value for the moment changes AM, = AM, at r = 0. 
Equations (10) and (16) are integrated by the digital computer 
[9] to obtain a set of AM,, AM, values at various positions of r. 
For a simply supported plate it is required that AM, = Oatr = 
R. When the integration process yields a value of AM, atr = R 
which is not equal to zero, the assumed value of AM, at r = 0 is 
adjusted and the integration process is repeated. After several 
repetitions of the process, the boundary condition at r = F is 
satisfied. The final set of AM, and AM, are the solutions of 
equations (10) and (16). The radial and circumferential moments 
in the plate after the addition of load Ap are then M, + AM,, 
M, + AM,. The corresponding slopes of the moments with re- 


spect to r are 


dM, dAM, dM, dAM, 
+ 
dr dr dr dr 


These new values of the bending moments and their slopes are 
used to solve equations (10) and (16) for further increase in the 
transverse load p. In the working example a value of Ap = 
0.05po is used. Integration corresponding to the stepwise in- 
crease in load is carried out ten times so that the load reaches 
1.50 po in the Snal stage. The moment distribution thus obtained 
is given in Table 1 and plotted in Figs. 1-3. 

With each set of solutions of AM,, AM, for equations (10), 
(16), equations (15) can be used to obtain the corresponding in- 
crease in the radial and circumferential curvatures of the plate 
middle surface. The curvature changes for the plate under the 
transverse loads are tabulated in Table 2 and plotted in Fig. 4. 
Based on the second equation of (11), the plate deflection w is 
calculated by integrating rk, with respect tor. The results thus 
obtained are plotted in Fig. 5. 


Conclusion 

The underlying principle of the incremental flow rule for a 
work-hardening material is that the change in plastic strain is 
dependent on both the stress change and the stress distribution at 
the time of the stress change. The plastic strain of the material 
is thus dependent on the loading history of the material. In this 
paper the loading history of a plate is traced by the digital com- 
puter in a stepwise fashion so that the strain (curvature) changes 
for each loading step can be established. 

Equations (10) and (16) can be considered as an exact repre- 
sentation of the flow rule if the load increment Ap approaches zero. 
For practical purposes a finite load increment has to be used. 
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Table 2 Radial end circumferential curvatures of a simply supported circular plate of rigid, work-hardening material under uniform transverse !oad 


P/ Do r/R =0 0.2 04 0.6 08 10 
(a) Radial curvature Ck, /My 
1.10 0.1046 0 0821 0.0396 0 0086 —0 0080 —0 0166 
1 20 0.1986 0.1637 0.0868 0 0216 —0 0150 —0 0339 
1.30 0 2866 0.2435 0.1388 0.0386 —0 0208 —0.0517 
1.40 0.3709 0.3215 0.1937 0 0590 —O0 0256 —0 0699 
1.50 0.4525 0.3978 0.2505 0. 0823 —0 0292 —0 O885 
(b) Circumferential curvature Ck, /Mo 

1.10 0.1046 0.0968 0.0789 0.0601 0 0448 0 0332 
1.20 0.1986 0. 1868 0.1568 0.1217 0. 0914 0 0678 
1.30 0 2866 0.2722 0 2333 0.1840 0 1392 0 1035 
1.40 0 3709 0.3545 0 3085 0 2468 0 1878 0 139s 
150 4525 0.4344 0. 3825 0 3097 0.2370 0 1767 


Wo 


| 
1 | 

| 


Fig. 4 Radial and circumferential curvature distribution of a simply 
supported circular plate of rigid, work-hardening material under uni- 
formly distributed transverse load 


+ 
Cw 


Fig. 5 Deflection curves of the simply supported circular plate of rigid, 
work-hardening material under uniformly distributed load 


The finite load increment gives rise to finite moment and curva- 
ture changes which are determined by the moment distribution 
at the beginning of the load step, while in an exact sense the 
moment distribution shouid be used. In this re- 


“immediate” 
spect, the method described in the paper is an approximat: 


method. To solve equations (10) and (16) on the computer, 21 
equidistant stations are used along the radius of the plate so that 
Ar = 0.05 R. Eight significant figures are used for all the varia- 
bles. For each stepwise integration along the radius r, an itera- 
tion process is used [9]. The process continues in one step until 
an accuracy of six significant figures is reached. 

In Figs. | and 4 the bending-me ment changes and the cor- 
responding curvature changes of the plate are plotted. Marked 
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down on the curves are several radial positions of the plate. If 
we follow the moment and curvature changes for a certain radial 
position, it is apparent that no direct relationship can be deduced 
between the curvature change and the moment distribution 
or between the curvature change and the corresponding moment 
change. 

In Fig. 1 it is seen that the moment increments near the 
simply supported edge (r = FR) of the plate are relatively small in 
magnitude as compared with the center part of the plate, while in 
Fig. 4 the corresponding curvature increments near the simply 
supported edge are not quite as small on a proportion basis. 
This phenomenon indicates a relatively small amount of work- 
hardening in a region where one of the principal stresses ap- 
proaches zero, as was explained earlier in connection with equa- 
tions (6). 
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The Yield Function 


A. unconsolidated Coulomb solid is quite loose and 
evidences no cohesion. As consolidation proceeds, cohesion in- 
creases. The relation is of the type shown in Fig. 1, where c is 
the Coulomb cohesion, @ the angle of internal friction, and o the 
consolidating hydrostatic pressure. The time of consolidation ¢ 
is also important, so that the yield function is of the general form 


G2, 03) = F(a, t). (1) 


01, 2, and o; are assumed positive for pressure and negative for 
tension. For the sake of simplicity of argument, the time of con- 
solidation will be considered constant in the following discus- 
sion. A relation exists also between mass density y and a, Fig. 2. 
Eliminating ¢ between the relations of Figs. 1 and 2, we obtain 
a relation between c cot @ and y of the type shown in Fig. 3. 
These relations can be determined experimentally for any par- 
ticular material. j 

Following Drucker [1],? the pyramid yield surface proposed by 
Shield [2] can be adapted to the solids under study by closing it 
off with a base 


1/0, + G2 + 03) = 


This is shown in Fig. 4 in principal stress space. The abscissa 
2 = is in the o, o2 plane and bisects the angle be- 
tween the 0), o:-axes. The evolution of the yield surface can be 
visualized as follows: In its uncompacted state, the material is 
under zero pressure. In accordance with Fig. 1, c cot @ is also 
zero and the yield surface is a point at the origin O, Fig. 5. As 
pressures are applied the material consolidates, provided that the 
stress vector lies within some cone or pyramid centered at the 
hydrostatic axis with apex at O. Fig. 5 shows the outlines of three 

1 This study was made in the course of the “Flow of Bulk Solids 
Project” in an attempt to provide a basis for the application of the 
theory of plasticity to problems of bulk-solids flow. The project is 
sponsored by: Utah Engineering Experiment Station, University of 
Utah; Engineering Foundation, United Engineering Trustees; Ameri- 
can Iron and Steel Institute; Kaiser Engineers, Division of Henry 
J. Kaiser Company. 

2? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, Atlantic City, N. J., November 29-December 
4, 1959, of THe American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, July 23, 1958. Paper No. 59—A-7. 
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On the Plastic Flow of Coulomb 
Solids Beyond Original Failure 


Principles developed for rigid-plastic solids exhibiting Coulomb's properties are adapted 
to the analysis of flow beyond original failure. A variable yield function is proposed to 
account for the changes of cohesion during flow and equations are evolved for the stress 
field in two dimensions. It is shown that, while in the stress field an effective angle of 
friction larger than the actual angle of friction 1s mandatory for these materials, in the 
velocity field the materials can be assumed incompressible. 


yield surfaces as they develop due to progressively increasing hy- 
drostatic pressure o. 

At any stage of consolidation the solid is rigid (or elastic) for 
states of stress within the yield surface appropriate for the con- 
solidating pressure ¢. Yield can only occur when the stress point 
lies on the yield surface. During the process of consolidation, the 
plastic strain-rate vector € is normal to the base of the pyramid 
which expands in size as the density and consolidating pressure 
increase. For a stress state represented by a point on the side of 
the pyramid, the plastic strain-rate vector is again normal to the 
side and the flow involves expansion which is opposite to con- 
solidation. From Fig. 3, expansion implies reduction in ¢ cot @ 
and the yield surface diminishes in size as the flow progresses. 
Thus the intensity of the stress must fall as expansion occurs (in 
the sense that successive stress points will lie on yield surfaces each 
of which is enclosed by the preceding one). 

At the edge of the base, the plastic strain-rate vector lies within 


c cotd 


o 


Fig. 1 Relation cot = alo + a») 


Y 


Fig. 2 Relation between mass density ) and the consolidating hydro- 
static pressure o 


c 


Y 
Fig. 3 Relation between c cot and mass density 
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Fig. 4 Pyramid yield surface 


Fig. 5 Evolution of the pyramid yield surface 


the directions of the normals to the adjacent surfaces. Depending 
on whether the flow involves expansion or consolidation the stress 
must fall or rise. Only when no change in volume occurs and the 
flow is one of pure shear can flow occur at constant stress. In 
this case the strain-rate vector is parallel to the base of the 
pyramid. The actual direction of the strain-rate vector wi be 
estimated, in the text which follows, for continued flow. 

For two-dimensional problems an open pyramid is represented 
by the Coulomb yield function which is expressed as follows: 


sin @ 


—ccotgd@=0. (2) 
In order to adapt this funetion to deseribe the variable closed 
pyramid, let us assume that the hydrostatic pressure is given by 
a, = + 
and that the function of Fig. 1 ean be approximated by 
ccot @ = alo + ao) (3) 


where a and ¢9 are material constants. The yield frnetion can 


now be written as 
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c cot 


Fig. 6 Yield locus and effective yield locus in the (0, r) co-ordinates 


[‘/o, — oy)? + 
sin 


(4) 


The inequality provides the closing base of the pyramid. This 
yield locus is shown in Fig. 6 in the (a, 7) system of co-ordinates. 
Lines A-E correspond to the sides of the pyramid, the Mohr 
circle through points E to the edge of the base of the pyramid and 
smaller circles (not shown in the figure), with a common center at 
C, to points on the base of the pyramid. 


Velocity-Field Characteristics 


Consider now an element of material under a state of stress 
represented by the point E in Fig. 6 and suppose that during flow 
of the element the plastic strain-rate vector € is inclined at an 
angle @, to the r-axis. We will show that the value of @, is a 
function of the degree of convergence or divergence of flow and of 
the rate of consolidation or expansion of the solid during flow. 
Convergent flow occurs when one of the principal components of 
the strain rate, say €,, in the direction of flow, is positive while the 
lateral principal components of the strain rate are negative. For 
this condition we have from [2] 


= —XA(1 — sin ¢,), 
€é; = —u(l — sing,) (5) 


= (A + + sin ¢,), 


from which 

mh (6) 

Divergent flow takes place when component €, of the plastic strain 
rate is negative and the other two components are positive. We 
then have 


é: = X(1 + sin @,), 
é; = + sin g,) (7 


= —(A + — sin 


from which 
+ & + 


sin = (8) 


Evidently the denominators in (6) and (8) are positive and @, as- 


sumes the sign of €; + € + €; which is positive for expansion and 
negative for consolidation. 
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Let our element of material he dR, R dé, (R + Ro)d6s, Fig. 7. 
The degree of convergence or divergence is expressed by 1/R 
and 1/(R + Ro), the reciprocals of the instantaneous distances 
from the element to the vertices of flow in the planes €, €: and &, 
€;, respectively. The sum of the principal lateral strain rates is 
1 dR 1 dR 


R dt R+R dt 


(9) 


1 2R + Ro dR 
RR+R dt 


For plane strain Ry = ©, for axially symmetric strain Ry = 6. 
Consolidation or expansion involves a change in density 


1 


dt 
(10) 
1 dy dR 
dR dt 


Eliminating the principal strain rates in (6) by means of (9) and 
(10), we obtain for convergent flow 
1 (11) 
sin = — 
“R+R, R dy 


For divergent flow the sign of sin @, should be reversed. 

In the case of flow of bulk solids, the range of likely values of 
@, for convergent flow can be estimated from experimental data 
obtained at the Bulk Solids Flow Laboratory, Utah Engineering 
Experiment Station, University of Utah [3, 4]. Assume that the 
relation of Fig. 2 can be expressed by 


y = a(l + off (12) 
then 
ak 
R dy 8 R de = 
In conformance with experimental data, let us assume 
o do (14) 
R~ dR ‘ 


so that 


ly aR (: 


For o measured in lb per sq ft, 1/@ can be neglected, and 
y dR 
> (16) 
R B 


Equation (11) now transforms into 


B R+ Ro BR+R 


From [4] 8 is estimated at not more than 0.075 and the following 
bounds are found for @,: 


—2° 14’ < $, < 2° 4’ for plane strain and 


—1° 6’ < ¢, < 1° 3’ for axially symmetric strain. 


These angles are so small that they seem to justify the assump- 
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tion of @, = 0 in the calculation of the velocity field. This as- 
sumption would imply that, in so far as the velocity field is con- 
cerned, the solid is incompressible during flow. For two-dimen- 
sional flow the characteristics of the velocity field would then 
form angles +/4 with the principal strain directions and, with the 
assumption of isotropy, also with the directions of principal 
stress. 

It should be noted that, in the case of incipient flow, the problem 
is one of instability, and the foregoing conclusions do not apply. 
In determining incipient flow, equations (6) and (8) with @, = @ 
may apply in regions of the mass of material. The conclusions 
of this section apply only to continued delormations when a value 
of ¢, which is not small would require excessively large changes of 
density. 


Stress-Field Characteristics 


As the angle @, is uniquely determined by normality at all 
points of the yield surface except points FE (and A, but the last is 
outside the considered range of stress), Figs. 5 and 6, it fo'lows 
that during the expansion stage the stresses are continuously at 
one of points E; i.e., at the edge of the base of the pyramid 
Should stresses in a rigid, moving particle approach the yield sur- 
face at some other point F, normality would force @, = @ with 
resulting rapid expansion and reduction of c¢ cot @ in accordance 
with the relation of Fig. 3; this would shrink the pyramid so that 
point FE would join point F. Thus during the expansion stage, 
the stresses are always represented by the Mohr circle through 
points E. 


Placing in (4) 


o.=0 


sind = (1 +a) sing 


10 
C cot 6 = 


we obtain 


‘4 
Ceoté = 0 10 


sin 6 


which is the equation of the effective yield locus shown in Fig. 6 
It should be noted that, during rapid expansions which occur at 
a point F, the strain-rate vector € is normal to the yield locus and 
not normal to the effective yield locus 

The equations of equilibrium for the two-dimensional case are 
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the y-axis being chosen in the upward vertical direction. Equa- 
tions (19), (20) are hyperbolic, and the two characteristic direc- 
tions are inclined at an angle (7/4) — (6/2) to the direction of 
the major pressure (see [5], for example). Calling 


+ ['/lo, — oy)? + 


9 
sin 6 (21) 


it follows from (19) that 


o, = q{1 + sin 6 sin (26 + 5)] — C cot 
o, = qll — sin 6 sin (20 + 6)}) — C cot 6 
Tz, = 7 sin 6 cos (20 + 4) 


(22) 


where @ denotes the angle of inclination of the first characteristic 
line with the z-axis, Fig. 8. The equations of equilibrium (20) can 
now be replaced by the equations 


dq + 2q tan 6d@0 = —vyg(tan 6 dr + dy) (23 
23) 
dq — 2q tan6d@ = ++g(tan ddr — dy) 
along the first and second characteristic, respectively. 


Steady and Pulsating Gravity Flow 


During the steady flow of a solid in a gravitational field the 
rate of work of the external forces is equal to the rate of plastic 
work, When the rate of work of the external forces is less than 
the required rate of plastic work, the solid stops flowing. On 
the other hand, when the supplied energy exceeds the energy dis- 
sipated by steady flow, pulsating flow develops. This is so because 
all energy supplied by the external forces must be dissipated. 
When flow velocities are small and inertia and viscous terms in- 
significant, the only way material can dissipate the excess energy 
is by suecessive over-expansions and over-consolidations. The 
angle @,, defined in the foregoing, oscillates about a value re- 
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Fig. 8 Principal stresses and characteristics of the stress field in two 
dimensions 


quired for steady flow. Pulsating flow is observed quite com- 
monly in the flow of bulk solids through smooth, steep channels. 
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The Free 


I. a previous paper [1]' the authors discussed the 
static bending moments and deflections of a simply supported 
beam grillage subjected to concentrated loads applied at the 
nodes, a solution being found through the calculus of finite dif- 
ferences. Now, in a similar manner, the frequency equations and 
modal shapes of such a grillage are found for various boundary 
conditions. 

Although several studies have been made of static loading of 
grillages, apart from the method of replacing the grillage by an 
equivalent anisotropic plate, the only work on the vibrations of 
such systems seems to be that of Cox and Denke [2], who have 
shown how to cast the problem into matrix form suitable for use 
with a digital computer. 

The system to be considered is made up of two orthogonal sets 
of beams attached at the nodes so that no moments, bending or 
torsional, are transmitted from one set to the other. The mass of 
the beams and associated plating or covering is taken as lumped 
at the nodes, so that there is an equal point load at each node. 
Taking the bending moments and deflections under each load as 
unknowns the equations of continuity and equilibrium taken with 
appropriate boundary conditions furnish the required frequency 
equations. 


1 Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Stanford, Calif., September 9-11, 1959, of THe 
AMERICAN Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to »« Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and wili ve accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Applied Mechanics 
Division, July 25, 1958. Paper No. 59—APMW-12. 


Vibrations of Grillages 


Frequency equations and modal shapes are derived for the transverse vibrations of beam 
grillages consisting of two sets of equally spaced uniform beams, the mass of the beams 
and associated plating being taken as lumped at the nodes. 


The Difference Equations 


Consider now a rectangular grillage of uniform beams. The 
beams in the r-direction are of modulus of elasticity E and second 
moment of area 7, and are spaced at equal distances apart L,. 
These beams are crossed by beams in the s-direction, at right 
angles to them, the cross beams having a second moment of area 
T, and being spaced L, apart. 

The deflection at a point where the beams cross (r, 8) is y,,,, it 
being assumed that the two sets of beams are simply attached to 
each other without any torsional or bending restraints. The bend- 
ing moment in the r-beams at the intersection (r, s) is M,,, and 
the moment in the s-beams is m,,,. Then, if masses are carried 
only at the nodes of the grillage, Clapeyron’s three-moments equa- 
tion [3] may be written for two adjacent spans of a beam in the 
r-direction as 


Similarly, in the s-direction 
+ Amy + m,,, = — + Vere) 


Then, when the grillage is vibrating at a natural circular fre- 
quency w, an equilibrium equation can be written for the shear 
forces and inertia loading at a node (r + 1, 8 + 1), 


— 2M + Mrovs 


L, L, 


— + Metts 


Ww 
= — wy, 


W eing the concentrated load at each node. 

These equations constitute a set of homogeneous linear partial 
difference equations [4] in the unknown deflections and bending 
moments and, using the partial finite-difference “shifting’’ opera- 


Nomenclature 


sets of beams in r and s- 


= nodal point of orthogonal Vr = nodal deflection k = flexural stiffness, 1227/L* 
M,,, = nodal bending moment, in 2\ = (Ww*/gk,) — (k,/k,) 


directions r-beams {cos (pr/R) — 1]*/ 
R,S = total number of r-beams m,,, = nodal bending moment in [cos(pr/R) + 2) 
is (R — 1) and s-beams s-beams AB disposable constants in 
is (S — 1) W = nodal concentrated load PG ane = general solutions of dif- 
Z = in some cases number of s- w = natural circular frequency tac ference equations 
beams is (2Z + 1) P,q = integers o, p = characteristic exponents 
I,, 1, = second moments of area of E,, E, = finite-difference “shifting”’ a, 4 _ characteristic exponents, 
r and s-beams operators, defined by ¢,¥ O12 = a, iB; prs = >, iW 
L,, L, = spacing of beams in s and E,7E,*y,.. = Yrrs.ere u,v = characteristic constants, 


r-directions 
Young’s modulus 
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¢ = finite difference operator, 


m = (cosh a, — 1)/ 
(cosh a, + 2), ete. 
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tors E, and E, defined by E,*y,,, = Yrtz.. and E,*y,,, = Yre+z 
they may be written in steel form as 


1)*M,,, E (E, — 1)%,,, = 9 (1) 


x 


— +e (E, = = 0 (2) 


Since there is no danger of ambiguity, the suffixes r, s will be 
dropped from the symbols for deflections and moments. 
Equations (1) and (2) can then be written as 


6EI, 1)? _ 


n= 


Substituting equations (4) and (5) in equation (3) gives 


Bz 6El, (E, — 1)*€, 
(E, 1)? + GE, E, — 1)? + 6€ 


g 


— 1)? + 6€,f 


A solution for the free vibrations of a grillage simply sup- 
ported on all four sides is readily found by taking a suitable de- 
flected shape for the load points. In this case, with the origin 
(r, 8) = (0, 0) at one corner it is assumed that 


y = A sin (prr/R) sin (qrs/S) (8) 


Here (R — 1) is the number of beams in the s-direction, 
(S — 1) is the number of beams in the r-direction, while p and q 
are integers. 


In substituting this expression for the deflections in equations 
(4) to (6) use is made of the property of the partial E operator that 
for the functions encountered here f(E,)a’b’ = a’b*f(a), so that 
sin (prr/R) sin (qrs/S) 

= sin (qrs/S)9f, exp (iprr/R) 
lexp(tpr/R) — 1}? 
exp (tpr/R) 


= sin (grs/S)9 exp (iprr/R) 


= 2[cos (pr/R) — 1] sin (qws/S) sin (prr/R) 
Thus the bending moments in the r and s-beams are, from 
equations (4) and (5), 
6EI, [cos (pr/R) — 1] 


M = 7 cos (px/R) + 2] 


A sin (prr/R) sin (qrs/S) (9) 


and 
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_ [cos (qn/S) — 1) 1] 
1? 2 [eos (qr/S) + 2] 


The assumed deflected shape thus satisfies the boundary con- 
ditions of zero deflection and zero bending moment along the 
edges, r = O and R, and s = 0 and S, and finally, substitution in 
equation (6) gives the frequency equation 


[cos(pr/R) — 1]? 
—ow=k, 
[cos (pr/R) + 


A sin (pmr/R) sin (qrs/S) (10) 


[eos (qa/S) — 1}? 


11 
* {cos (qr/S8) 2] 


Permissible values of p and q are 1,2,......... (R — 1), and 
(S — 1). If say p = R then sin (pmr/R) is al- 
ways zero, while the values p = (FR + 1), (R + 2), 
repeated the values of w given by p = (R — 1), (R — 2 
Exactly as in the case of the vibration of membranes, equation 
(11) may have multiple roots, in which case the model shape is 
not determined solely by the frequency. For instance, if the gril- 
lage is square and composed of beams of equal stiffnesses and 
equal lengths so that k, = k, and R = S, then the frequencies are 
given by 
Ww? _ [cos (pr/R) — 1}? 
gk, [cos (pr/R) + 2) 
so that interchanging p and q yields the same value of the fre- 


quency. Some discussion of the resulting deflected shapes is 
given by Rayleigh [5]. 


Grillage With Simple Supports at Two Opposite Edges 

Taking a grillage with the r-beams simply supported at the 
ends r = 0 andr = R then the deflected shape may be assumed 
as 


[eos — 
leos (qr/R) + 2) 


y = A sin (pmrr/R) exp (as) (12) 


where, again, A is a disposable constant and a is to be determined. 
Substitution in equation (6) gives, 


[eos (pr/R) — 1}? {cosh — 1]? 
[eos (pr/R) + 2] [eosh + 2) 


and since the first and third terms of this equation are real it fol- 
lows that cosh o must be real, so that o may be real or imaginary, 
but not complex. 

Writing 


(13) 
Q 


Wet _ be {eos (px/R) 1) 
k, [cos (pr/R) + 2 


where J is a positive quantity, then equation (13) becomes 


cosh? ¢ — 2(1 + A) cosh o + (1 — 4A) = 0 


cosh = (1 + A) + (A? + (14) 


This is the characteristic equation giving a total of four roots, 
there being a positive and a negative value of o associated with 
each cosh o. 

Taking the positive sign in equation (14) the corresponding 
value, cosh o;, is always greater than unity and so the correspond- 
ing roots are real, say +a. However, on taking the negative sign, 
difficulties arise and it is necessary to examine the expected range 
of values of A. 

The minimum value of A is zero giving the roots ¢. = 0. The 
maximum value of \ occurs when the grillage is vibrating at its 
highest frequency, in which case each mass will vibrate in anti- 
phase with its neighbors, the frequency reaching a value given 
by 
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= 4(k, + k,) 
At the same time p and R will be commensurate so that 
2A = 4[(k,/k,) + 1] — 


the maximum value of \ thus being 2. 

Values of cosh o2 then lie between +1 and —1 and the cor- 
responding roots must be imaginary, say +78. 

Fig. 1 shows the variation of a and 6 with A and it can be seen 
that, over a large range of values, a@ and B are equal. Thus with 
values of A less than 1, as will be the case for grillages in their 
gravest modes, the frequency equations to be derived can be 
simplified by taking a and 6 as equal. 

The general solution for the deflection under a load point be- 
comes then, 


y = sin (prr/R)(A cosh as + B sinh as 
+ C cos Bs + Dsin Bs) (15) 


From equations (4) and (5) the corresponding bending moments 
are 


y (16) 
2 [cos (pr/R) + 2] 


and 


m = (L,k,/2) sin (prr/R)(u,(A cosh as + B sinh as) 
+ pe (C cos Bs + D sin Bs)} (17) 


where 


cosh a — 1 


cos B 


cos B + 


1 
i = > (18) 


cosh a + 2’ 

These expressions for the deflection and bending moments show 
that the boundary conditions of simple supports are satisfied at 
r = Oand # and so the constants A — D must be chosen to satisfy 
the boundary conditions at the end of the s-beams. 


All Edges Simply Supported 

The simplest example of the use of the foregoing equations is 
again the application to the grillage with all edges simply sup- 
ported. The boundary conditions to be satisfied are that the 
bending moments in the s-beams, and the deflections, are zero at 
s = OandS. 

From equations (15) and (17) ats = 0,0 = A + Cand0 = 
mA + weC and as m ~ uw then A = C = 0. 

Similarly at s = S, 0 = B sinh aS + D sin BS, and 0 = 
iuB sinh aS + pe) sin BS. These equations are satisfied if B = 0 
and sin BS = 0 or B = qw/S. 

The corresponding value of @ is igr/S (i = V —1), and from 
equation (13) the frequencies are given as before, by 

W cos (pr/R) — 1]? 


w? = k, 


{eos (gr/S) — 1}? 
g jeos (pr/R) + 2] 


(19) 


[cos (qr/S) + 2} 


Symmetric and Asymmetric Modes 


When the s-beams are free at the ends, or alternatively clamped, 
it is convenient to study a grillage with an odd number of s- 
beams; the origin of s is then taken at the center and symmetric 
and asymmetric modes may be considered separately. 

(a) Symmetric Modes. [nn 2 symmetric mode the deflections and 
bending moments on either side of the origin of s are equal, or 


Yet = and m,, = m,-1 
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FREQUENCY PARAMETER A 
Fig. 1 Variation of characteristic angles a, 8 from Equation (14) 


Therefore B sinh a + D sin B = 0, and 4B sinh a + wD sin B 
= 0. Then as 


B=De-=0 (20) 


(b) Asymmetric Modes. In an asymmetric mode the center of the 
grillage is a node and the deflection and bending moment at the 
origin are zero, and y,o = 0 and m,» = 0, or A + C = 0 and 
mA + wC = 0. Thus, 


A=C=0 (21) 


Two Opposite Edges Free 


When two opposite edges of the grillage are free, there being an 
odd number of s-beams (2Z + 1), there is no bending moment at 
the edges and from equation (17) 


0O=m,, 
= u(A cosh aZ + B sinh aZ) + uo(C cos BZ + Dsin BZ) (22) 


Also, for equilibrium of the shear forces and inertia force at the 
end of a beam 


(Mrs — 2M,., + + Me et 


I 


or 


[cos (px/R) 1]? Ww wth My et (23) 
[eos (pw/R) + 2] g L 


Now from equation (13), 
(cosh a — 1)? 


{cos (pr R) Ww 
(cosh @ + 2) 


[cos (pr/R) + 2] g 
(cos B 
(cos B + 2) 
Thus noting “4; = (cosh a — 1)/(cosh a + 2), and so on, and 


using equations (15) and (17) for the deflection and bending 
moment, the equilibrium equation (23) becomes after reduction 
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On using equation (16) this becomes S | 

| 

=. 


0 = {Alecosh a(Z + 1) — 2 cosh aZ} 
+ Blsinh a(Z + 1) — 2 sinh aZ}} 
+ p2{Cleos B(Z + 1) — 2 cos BZ] 
+ D{sin B(Z + 1) — 2 sin BZ}} 
In a symmetric mode putting B = D = 0 in equations (22) 
and (24), then, 


(24) 


0 = wA cosh aZ + wC cos BZ 


0 = wA [cosh a(Z + 1) — 2 cosh aZ} 
+ poCleos B(Z + 1) — 2 cos BZ) 
giving the characteristic equation 
cosh a(Z + 1) _ cos BZ + 1) 
cos BZ 


(25) 


cosh aZ 


The corresponding modal shape becomes 


(coh + 3) coh 
(cosh @ — 1) cosh aZ 
(cos B + 2) cos Bs \ 
26 
(eos B — 1) cos BZ (26) 


y = A sin (prr/R) 


In a similar manner, for the asymmetric modes, A = C = 0, 
the characteristic equation is 


sinh a(@ + 1) _ sin BZ + 1) 
: sinh aZ sin BZ (27) 
the deflected shape being 
, }(cosh + 2) sinh as 
a— 1) sinh aZ 
(cos B +2) sin og 


(cos B — 1) sin Bz 


For a grillage with Z greater than 10 say, then in the lower 
modes the values of a and 6 will be approximately equal and also 
sufficiently small to put sinh a ~ sin 8. The characteristic equa- 
tion (25) then reduces to 


tanh aZ + tan aZ = 0 


This will be recognized as being similar to the equation govern- 
ing the vibrations of a uniform continuous beam free at one end 
and sliding at the other end, the roots of the equation being aZ = 
2.365, 5.498, and so on. 

The asymptotic form of the characteristic equation for the 
asymmetric modes is 


tanh aZ — tanaZ = 0 


and has roots aZ = 3.927, 7.069, and so on. 


Two Opposite Edges Clamped 


Again taking a grillage with an odd number of s-beams, clamped 
at edges +(Z +1 ), then since there is no deflection at the edges, 


0= Ure 


= A cosh a(Z + 1) + Bsinh a(Z + 1) 
+ C cos BZ + 1) + Dain BZ + 1) (29) 


The condition for zero slope at the clamped edges is given by 
the static equations of bending as, 


0 = — (y,../L,) + (L,/6EI,) (2m, + m,,,) 
or on substitution from equations (15), (17), and (18), 
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0 = A{—cosh aZ + yu [2 cosh a(Z + 1) + cosh aZ}} 
+ B{—sinh aZ + yw, [2 sinh a(Z + 1) + sinh aZ}} 
+ similar terms in B and pu: 


= [A/(cosh a + 2)][—3 cosh aZ 
+ 2 (cosh a — 1) cosh a(Z + 1)] + [B/(cosh a + 2)] 
[—3 sinh aZ + 2(cosh a — 1) sinh a(Z + 1)] 


+ similar terms in 6 and pe (30) 


In asymmetric mode B = D = 0 so the elimination of A and C 
from equations (29) and (30) gives the characteristic equation 


sinh @ tanh a(Z+ 1) 


(cosh a@ + 2) 


sin B tan B(Z + 1) 
(cos + 2) 
From equation (29) the modal shape is 


cosh as cos Bs 


cosh a(Z +1) cos BIZ + 


y = A sin (prr/R) 


For the asymmetric modes, A = C = 0, and 


sinh a cotha(Z +1) _ sin B cot B(Z + 1) 


(cosh a + 2) 7. (eos B+ 2) (38) 
and 
sinh as sin Bs 
= R) _ _ 
a(Z + 1) sin B(Z + 1) 


The General Case 


The solution for the case of a grillage with any specified bound- 
ary conditions is readily found from the foregoing results. 
Taking a solution of the form, 
y = A exp (pr) exp (as) (35) 
from equation (6) the frequency equation is 
Wow? 


(cosh p — 1)? (cosh — 1)? We? 
” (cosh p + 2) * (cosh a@ + 2) g 


This equation is a quadratic in either cosh p or cosh o and 
following the discussion of the section, “Grillage with Simple 
Supports. . .,”” the values of p may be taken as +¢ and +iy, 
the values of ¢ being +a and +8. 

The expression for the deflections of the nodal points then be- 
comes 


y = (F cosh gr + G sinh gr + H cos yr + J sin yr) 


(A cosh as + B sinh as + C cos Bs + D sin Bs) (36) 


The corresponding expressions for the bending moments in the 
r-beams and s-beams are 


M = (L,k,/2)(n(F cosh or + G sinh ¢r) 


+ m(H cos yr + J sin yr)] 
(A cosh as + B sinh as + C cos Bs + D sin Bs) 


(37) 


and 


m = (L,k,/2)(F cosh gr + G sinh gr + H cos yr + J sin yr) 


[u:(A cosh as + B sinh as) + u2(C cos Bs + D sin Bs)| (38) 
where 
cosh @ — 1 cosh a — 1 


These equations thus allow the results previously derived to be 
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used immediately. For instance, for a grillage with all four edges 
free, the two characteristic equations for the determination of ¢, 
¥ and a, 8 are as the equations given in the section, “Two Oppo- 
site Edges Free,”’ as are also the modal shapes. The expressions 
for the bending moments are as given in the foregoing. 
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— oe lems in piping systems. The method is particularly suited for a complex system in- 
Mem. ASME volving many anchors, closed loops within loops and/or interconnecting branch lines 


Piping Flexibility Analysis 
by Stiffness Matrix 


A method of analysis is formalized for the solution of thermal-expansion stress prob- 


but without intermediate partial constraints. A summary of formulas and procedures 
necessary for practical application is included in the Appendix. Emphasis has been 
placed on the simplicity of the procedures which are well suited for automatic com- 


a analytical methods for calculating ther- 
mal-expansion stresses in high-temperature piping have been 
available in the literature. Although all methods of analysis are 
essentially based on the same fundamental structure theory, 
their adaptability and limitations differ considerably in applica- 
tion. One would find a method of analysis adapts particularly 
well to one type of piping design or configuration but is unsuitable 
to handle another. This paper attempts to formalize a method 
of analysis which proves to be distinctly advantageous in the 
solution of a complex piping system involving many anchors, 
closed loops within loops, and/or interconnecting branch lines. 
The analysis makes use of the stiffness matrix which is defined as 
the inverse of the matrix of influence coefficients. The result of 
the analysis is particularly well suited for digital-computer ap- 
plication. It should be pointed out, however, that the ad- 
vantages of the method will be nullified quickly in the case of a 
piping system involving a great number of partial constraints at 
intermediate points. 

An analytical method in piping flexibility analysis, as dis- 
tinguished from the graphical, semigraphical, or numerical 
methods, will lead eventually to the solution of a set of simul- 
taneous algebraic equations. In general, these equations may be 
written in the following form: 


= [D] 


in which [A] represents the matrix of influence coefficients! or 
shape coefficients.2. These coefficients denote deflections and 
rotations due to unit forces and moments and are functions of 
the geometrical configuration of the piping system. [Ff] repre- 
sents the unknown redundant forces and moments to be solved 
and [D] is the known displacement from thermal expansion. 
The fact that all known methods of piping flexibility analysis 
are concerned with the solution of the redundant [F'] is indeed 
not surprising since the problem is basically a statically in- 
determinate structure. From elementary structure theory, the 
number of equations of elasticity required to specify a statically 


1 J. E. Brock, ‘A Matrix Method for Flexibility Analysis of Piping 
Systems,"’ JouRNAL or Appitiep Mecuanics, vol. 19, Trans. ASME, 
vol. 74, 1952, pp. 501-516. 

* “Design of Piping Systems,"’” The M. W. Kellogg Company, 
New York, N. Y., first edition, 1941; second edition, 1956. 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N. Y., June 18-20, 1959, of THe American Society 
or MecHaNicat ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, August 4, 1958. Paper No. 59—APM-24. 
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putation in digital computers. 


indeterminate structure corresponds exactly to the degree of 
redundancy of the system. In practice, however, the number of 
equations required to solve a particular piping system differs with 
the various methods of analysis and, essentially, it depends on 
the manner in which the influence coefficients [A] are obtained 
and manipulated. For example, the number of equations may be 
reduced to half by the method of elastic center as exemplified by 
its application to two-anchor problems,’ and to three-anchor 
problems.‘ In this method the influence coefficients and there- 
fore the redundant forces are obtained with reference to the elastic 
center of the system. This method of approach has its definite 
merits in “hand’’ computations of relatively simple piping sys- 
tems. However, the extra labor required in determining the 
elastic center for a complex system will not justify its use, par- 
ticularly in the case of digital computation. It is also possible to 
“cut” down the size of a complex piping system, by means of a 
series of matrix-inversion processes, eventually to a two-anchor 
problem if desired. This approach is essentially mathematical in 
nature since the number of algebraic equations in the expression 
[A][F] = [D] and therefore the amount of arithmetic operations 
involved basically remains unchanged. 

For a piping system involving many anchors, interconnecting 
branches or closed’ loops within loops, there is not only the prob- 
lem of the size of the equations, which often imposes a limitation 
on practical application even in the case of digital computation, 
but also the problem of how the equations may be set up readily 
for solution. The present paper formulates a method of analysis 
by which these difficulties may be overcome. It should be pointed 
out that the idea of using a stiffness matrix for structural analysis 
is not new. Notably in recent years, it has been applied to air- 
frame analysis in the aircraft industry. In so far as the author 
is aware, the present method is based on a different approach. 
This paper also makes use of Brock's matrices of linear trans- 
formation.'! A tabulation of generalized formulas for the com- 
putation of influence coefficients is included in the Appendix. 
This would be helpful for those who are interested in the practical 
solution of a problem. 


Theory 


We introduce the following matrix notations: 


= {F,F,F,M,M,M,} be a6 X 1 column matrix giving 
the 3 component forces and 3 component mo- 
ments with reference to a co-ordinate system 
(xyz). (For brevity, called 6 forces.) 


38. W. Spielvogel, “Piping Stress Calculations Simplified,” 
McGraw-Hill Book Company, Inc., New York, N. Y., 1943. 

4‘ B. Lochak, “Simplified Method of Analysis of Reactions De- 
veloped by Expansion in a Three-Anchor Piping System,’ Trans. 
ASME, vol. 66, 1944, pp. 311-318. 
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= {6,6,5,6.,%,} be a6 X 1 column matrix giving the 
3 component deflections and 3 component rota- 
tions (called 6 deflections). 

[4] = [C,;] be a 6 X 6 matrix of influence coefficients. 

(For brevity, called flexibility matrix.) For ex- 

ample, the elements in the first row of the matrix 


6) denote the 6 deflections due 
to a unit F,. 
0 (4, #3) — Ye) 
[bpg] = | — 0 — 


be a 3 X 3 matrix of co-ordinates of points P- 
(LpY¥p2,) and Q(xgygzg) referring to the same co- 
ordinate system (xyz). 


[Bpg] = [ 7 be a 6 X 6 matrix in which J is a unit 
[bpg] J 
matrix and 0 is a null matrix, both of order 3. 
[S|] = [A]~* be the inverse of the flexibility matrix [A]. 
(For brevity, called stiffness matrix.) 


| 


vel 


— 

pg] = H,(AT) 

0 

0 

be a 6 X 1 column matrix of thermal expansion 

between points P and Q. Hp is the mean co- 

efficient of thermal expansion in. per in. deg F. AT 

is the difference of maximum and minimum 
operating temperatures (deg F). 


We denote the operation of transposition by a tilde (~) over the 
matrix; e.g., [Bpg] is a transposed matrix of [Bp]. 

Consider the free-body diagram of a flexible element in space, 
Fig. 1. This element represents a pipeline between two branch 
points and consists of a number of pipe pieces (straight lengths 
and bends). [A,] is the flexibility matrix of the element referred 
to point O, the origin of a chosen co-ordinate system (ryz). The 
pipe pieces may be arbitrarily oriented (skew) with respect to 
the co-ordinate axes. Formulas and procedures for obtaining 
(A;] are given in the Appendix. It may be noted that the deter- 
mination of [A;] is an entirely separate and independent prob- 
lem. It may be determined by experiment, if desired. The main 
text of this paper is concerned with the method of analysis or, 
more specifically, how the necessary equations may be set up 
readily for solution. 

The forces and deflections at the two ends of the element may 
be transferred to a common point by the following equations: 


[Fo] = [Bol (Fs) 
= 
[D2] = 
= 


(1) 


in which the superscript denotes the origin of the co-ordinate sys- 
tem as the common point selected. This method of linear trans- 
formation in matrix notation as applied to elastic structures has 
been treated most rigorously and elegantly by Brock." 

The equation of elasticity describing the flexible element, Fig. 1, 
may be written in two alternative forms: 


= [De] — — (2) 


or 


= — (De) — (Nx) (3) 
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Fig. 1 A flexible element in space 


j l-----n 
Fig.2  n-pipe branches joining to a common branch point 


Note that the premultiplication of the thermal expansion 
matrix [\} by the transformation matrix [B} leaves [N ] unaltered 
as is readily verified. From equations (2) and (3), it follows 


[Fo] = —[F;*] (4) 


Equation (4) is essentially a statement of the condition of static 
equilibrium. However, it formalizes a procedure in which only 
one force matrix when transferred to a common point may be 
used to represent the forces at the two ends (or any internal 
points) of the elastic element. The difference in signs depends 
on the interpretation of the nature of the forces; i.e., internal or 
external. It can be taken care of easily as we shall see later. 

Now consider n elastic elements (pipe branches) joining to a 
common branch point t, Fig. 2. From equations (2) and (4), 
we may write 


[Fo] = = — — (Ne) (5) 


in which [S,] is the stiffness matrix. Since the flexibility matrix 
of a piping element can be obtained easily by analytical means, 
it is most convenient to determine the stiffness matrix from the 
flexibility matrix by the process of matrix inversion. 

The condition of statie equilibrium at branch point 7 gives 


n 
[F,°] = 0 (6) 
or, from equation (5), 
n 


Equation (7) serves as a basic equation from which equations 
necessary for the solution of a complete piping system may be set 
up conveniently. It is seen that, for a complex piping system in- 
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volving many branch lines but relatively few branch points, the 
solution of the deflections at the branch points provides a most 
convenient approach as compared with the solution of redundant 


forces. 


Application 


The application of the foregoing theory is best illustrated by 
an example. Fig. 3 shows a complex piping system having 5 
anchors, 13 branch lines, 4 closed loops, and only 5 branch 
points. 

Let [M,] be a 6 X 1 column matrix, the elements of which are 
known components of anchor extraneous movement at anchor A ;. 
We transfer [M,] to the origin of the co-ordinate system; i.e., 
(M,°] = [By][M,). A total of thirteen matrix equations of elas- 
ticity similar to equations (2) or (3) may be written for the 
thirteen branches in Fig. 3 

= (D.°] — [Mo] — [Neaol | 
[F2"] = [D,°] [D,°] [Nao] 
| | | | 
| | 
| | | | 
| | | | 


= — — [Naa] 


The equation of static equilibrium at branch point a, for ex- 
ample, is 


[Fi°] + [F2°] + [Fs°] + [Fv] = 0 (9) 


Substitution of equation (8) in equation (9) gives 


[Mo] — [Neao]} + [S2]{ (D.°] — — [Nas] 
+ — [D2] — = 0 (10) 


Similar equations may be written for other branch points. 
The complete system of equations for the solution of the un- 
knowns [D,°| .... [D,°] is given in Table 1. It may be noted 
that the signs of the forces in equations of equilibrium should be 
taken into account. For example, when [F,°] is used in the equa- 
tion of equilibrium for branch point a, a negative [F2°] should be 
used in the equation of equilibrium for branch point 6, equation 
(4). 

An examination of the system of equations in Table 1 indicates 
two formal simplicities: 

1 The matrix of coefficients is a symmetrical matrix. As in 
the case of other known methods of piping flexibility analysis in 
which the redundant forces are to be solved, the mathematical 
advantage of symmetry is retained. 

2 The coefficients and the constant terms follow a simple and 
definite pattern such that a formal procedure can be established 
to set up the equations (Table 1) directly from the sketch of 
piping configuration, Fig. 3. For any given problem, the process 


Table 1 System of equations for solution of problem in Fig. 3. 
Di 
S + -S: 
+ Sy 


—S, Sy + Sr 


+ Sio + Su 
S 


—S; —S, 
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Fig. 3 Example of a complex 5-anchor problem. Anchor A, is selected 
as the origin of the co-ordinate system 


of writing down the equations of elasticity and equilibrium such 
as involved in equations (8), (9), and (10) is not necessary. The 
practical value of this simplicity is obvious. It not only repre- 
sents a saving in time of analysis but also provides a simple and 
straightforward procedure well suited for digital computation. 
Take, for example, the first matrix equation in Table 1. This 
equation actually describes the condition of static equilibrium at 
branch point a, Fig. 3. The coefficient associated with [D,°) in 
this equation is the sum of the stiffness matrices of branches 
1, 2, 3, and 4 which are all the branches joining to point a. The 
coefficient associated with [D,°] is a negative stiffness matrix of 
branch 2 which connects points b and a. This formal pattern 
prevails throughout the entire system of equations and permits 
automatic computation in digital computers by means of a simple 
coding scheme. 

The system of equations may be solved by any standard method. 
In fact, it may be reduced eventually to six linear algebraic equa- 
tions by partitioning the matrices and by a series of matrix- 
inversion processes. This is, of course, a pure mathematical pro- 
cedure and is not concerned with the method of analysis. Once 
the unknown deflections at the branch points are solved, the 
“branch” forces [F,°] are readily obtained in accordance with 
equation (5). The actual forces (and therefore stresses) at any 
point k& in the branch i may be obtained by the formula of linear 
transformations, 


= 


For the case of a piping system involving partial constraints 
(spring or rigid hangers, and so on), the application of the present 
method is complicated by the introduction of redundant con- 
straint forces. Two possible approaches may be considered: (a) 
The point of constraint attachment to the piping may be con- 


All symbols D, S, M, and N are matrix quantities as defined in text 
Dé Constants 
Si(Mo + Naa,) + SiN ab + SsNae + 


S2Noa + SsNoa + Ss(Mi° + Noa,) + So v0 
— Sto SiNea + SiNea + SiN ee + Su(M? + Neaz) 


—Se SN a + ae + SiN ac + + Naa ) 
+ + Naa.) 


+ Se 
+ Sp+ Si 


SsNeo + + + SioNec 
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| + Ss —S; 
+ Ss + S» 
+S: + Si 
| +Si3 


sidered as a branch point with six-component unknown deflec- 
tions. One additional equation is required to specify the known 
displacement in the direction of the constraint. In this ap- 
proach, a total of seven algebraic equations is required for one 
constraint at a point. The formal simplicity of the entire system 
of equations is retained which permits a simple coding scheme for 
automatic digital computation. However, the size of the equa- 
tions will be increased quickly for a piping system involving a 
great number of partial constraints at intermediate points. (b) It 
is possible to eliminate the six-component unknown deflections 
at the constraint point in terms of the redundant constraint force 
by matrix manipulation. The resulting system of equations, in- 
volving the solution of deflections in the “regular” branch 
points and the redundant constraint forces, would require a rather 
complex coding scheme for a generalized computer program. 

An advanced pipe-stress program which was developed by the 
author’s company has been in operation in an IBM 704 digital 
computer for over ayear. The program was based on the method 
of Brock! with essential modifications. Brock’s approach of 
solving all the redundant forces both at anchors and at constraints 
is particularly well suited for problems involving a great number 
of partial constraints. A fruitful extension of the present method 
to this tvpe of problems will depend on the success of the second 
approach as mentioned in the preceding paragraph. It is hoped 
that a simplified logical scheme may be developed in the near 
future. In this event, the special situation of a piping system 
involving many loops and many partial constraints may be 
handled in a routine and generalized manner. 


APPENDIX 


As mentioned in the text of the paper, the determination of 
influence coefficients is an entirely independent and separate 
problem. They may be obtained by experiment or by analytical 
means. For a practical piping system consisting of straight 
lengths (tangents) and circular bends, the influence coefficients 
are obtained readily by the application of Castigliano’s theorem. 
The flexibility matrix [A;] of a branch 7 is the sum of the flexibility 
matrices of each individual pipe piece (tangents or bends) in the 
branch. Let us denote the latter by [A,]. It may be noted 
that one of the factors which contribute to the formal simplicity 
achieved in the setup of the equations is the fact that [A,] of all 
the branches were defined as the flexibility matrices referred to an 
arbitrarily chosen common co-ordinate system® and transferred 
to the origin of that system. Therefore [A,] should follow the 
same definition. A summary of formulas and procedure for the 
computation of [A,] is given in the following. 

(1) Flexibility Matrix for Skew Tangents. (a) For a tangent 
oriented arbitrarily in space, the nonvanishing elements of the 
6 X 6 flexibility matrix [Cy] with reference to the mid-point of 
the tangent, are: 


5 Hereafter called “common” co-ordinate system. 


y 
f 
@ 
fe) i 


Fig. 4 The elementary case of a bend lying in the x-y co-ordinate plane 
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= (1 — afi + (2.6 — 
Cy = Cun = — 

Cy = Cy = — 

= (1 — ay*)f; + (2.6 — 2.1as*)fs 
Cn = Ca = — 2. 

Cu = (1 — + (2.6 — 2.105%); | 
Cu = (1 + 
Ce = Cu = 
Coe = Co = 
Cou = (1 + 
Ce = Ce = 
Co = (1 + mas*)fe 


(11) 


where 
fi = L*/12EI 
= L/El 
= 
E = modulus of elasticity 
I = flexural moment of inertia 
= Poisson's ratio 
L = length of tangent 
r = mean radius of (nominal) pipe cross section 
(a), @2, @3) = direction cosines of tangent with reference to 


common co-ordinate system (xyz) 


Those terms in equation (11) involving f; represent the effect 
of normal force and shears. Since this is a minor effect in most 
piping systems consisting of long and slender elements, the 
Poisson ratio of 0.3 and a shear-distribution factor of 2 were as- 
sumed. Note that the latter depends on the shape of the cross 
section and equals 2 for thin-walled cylinders. For solid cylinder, 
its value is unity. 

(b) The desired flexibility matrix [A,|, which is referred to the 
origin O, may be obtained by the following formula of linear 
transformation: 


[A,] = [Bl (12) 
in which the B-matrix is a function of the co-ordinates of the mid- 
point of the tangent (see the definition of the B-matrix in the 
text). 

(il) Flexibility Matrix for Elementary Case of a Bend. The most 
elementary case of a bend is the one which lies in the co-ordi- 
nate plane (x — y) as shown in Fig. 4. The nonvanishing ele- 
ments of the 6 X 6 flexibility matrix [C;,;], with reference to the 
center of the circle described by the pipe center line, are: 

Cu = — sin 2W)fe + (1.55p + 0.525 sin 2W)fr 
Ce = Cn = —k(1 — cos + 0.525 — cos 
Cr = Ca = k(1 — cos 

= + sin 2W)fe + (1.55 — 0.525 siv 
Cx = Ce = —k(sin 

Cu = 4(1 + + 2.69f; (13) 
Cu = Ca = —(1 + w)(l — cos Pfs 

Cs = Css = a + (sin V)fs 

Cu = (20. + w+ — (1 + w — &) sin 
Cs = Cu = —(1 + — cos 

Cs = (21+ hy + (1+ w — &) sin 
= 4kWfi 
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where 
= R/AEI 
fs = R*/EI 
fo = R*/AEI 
h = 
R = radius of bend 
y¥ = bend subtended angle 
k = flexibility factor for in-plane and out-of-plane bending (see 
ASA B31.1 Code for Pressure Piping, 1955) 


Other symbols remain the same as those used in equation 
(11). 

The terms involving f; represent the effect of normal force and 
shears. The same assumptions concerning the Poisson ratio 
and the shear-distribution factor were used as in the case of skew 
tangents. The formulas in equation (13) are applicable only to 
bends as specified in Fig. 4. However, for bends (say, lying in 
the y — z plane) corresponding formulas are readily obtainable 
by the rule of cyclic permutation in (zyz) co-ordinates. Also, 
if neither of the two end points of the bend lies in the co-ordinate 
axes, equation (13) can be modified easily to take care of this 
situation. These would appear to be most expedient in the case 
of hand computation. However, in the case of automatic 
computation in digital computers, this type of approach is no 
longer necessary. A generalized scheme is possible to compute, 
directly from the formulas in equation (13), the influence co- 
efficients of a bend oriented arbitrarily in space. A bend lying in 
plane parallel to any one of the co-ordinate planes is now nothing 
but a special case of a skew bend. 

(i) Determination of Flexibility Matrix of a Skew Bend. The 
influence coefficients at the bend center point of a skew bend may 
be obtained by the following scheme: 


1 Select a co-ordinate system, say (224222), such that both 22 
and y-axes lie in the plane of the bend with the z.-axis passing 
through the “initial” point 7 in exactly the same manner as 
shown in Fig. 4. The z-axis will be perpendicular to the plane 
of the bend and is so chosen that (z2ye2z2) forms a right-handed 
co-ordinate system. (The original common co-ordinate system 
is also assumed as a right-handed one.) The influence coefficients 
of the skew bend referring to system (x2t222) may now be obtained 
from the formulas in equation (13). 

2 Apply the process of linear transformation to transform 


® To account correctly for the orientation of the system, the end of 
a bend first encountered in tracing through the pipe system in the 
direction away from the origin of the common co-ordinate system 
(such as anchor Ao in Fig. 3) is called the initial point. The other 
end is the “final” point. 
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these influence coefficients from the (z2y222) system to the original 
(xyz) system. 

By means of vector analysis, equations suitable for routine 
computation may be set up to represent the necessary procedures 
involved in the foregoing scheme. For notation purpose, we de- 
note the original (zryz) system as the I-system (x,m2). ‘We 
further introduce the following notations: 

Let (ajaea3) and (bjbeb3) be the direction cosines, with reference 
to system (xyi2z:), of the bend radii at the initial and the final 
points, respectively. 

[Ku] be a 3 X 3 matrix relating the two co-ordinate systems 
(x1y21) and (22422). Its elements are the direction cosines of 
(Xeez2)-axes with respect to the (2:y:21)-axes. By simple analyses, 
[Kz] can be expressed in terms of (a,a2@3), (b:b2b;), and the bend 
subtended angle 


[Ka] 
a sin sin a; sin 
= inv — a, cos (be — a2 cos (bs — a; cos 
sin 
— (dsb, — aybs) (ayb2 — 

ee Kn 0 | bea6 X 6 matrix in which 0is 3 X 3 null 

Kz» _} matrix. 

By process of linear transformation,' we have 

(Ci] = (Za) (Lar) (14) 


in which 
{C,] = flexibility matrix for the skew bend at bend center 
point referring to system (x,y:21) 
[C2] = flexibility matrix referring to system (22y2z2) as com- 
puted by the formulas given in equation (13) 


Note that the only required data to obtain the matrices [La] 
and [Lx] are: The co-ordinates of the bend center, the initial 
and the final points with respect to the originally chosen co- 
ordinate system (zyz) and the bend subtended angle y. For 
reason of proper orientation, the angle ¥ should be less than 180 
deg. In practice, bends of angle greater than 180 deg may be 
treated as two or more bends. 

Finally, the desired [A,] matrix of a skew bend is obtained by 
the same type of transformation as in equation (12) 


[A,] = 


where the B-matrix is a function of the co-ordinates of the bend 
center point. 
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A Photoelastic Approach to 
Transient Stress Problems 
Employing Low-Modulus Materials 


The objective of the program discussed in this paper was to develop a method, using 
photoelasticity and low-modulus materials, for studying dynamic stress distributions. 
Early in the program a number of low-modulus materials were studied and Hysol 8705 
(a urethane-rubber compound) was selected as the most promising. A complete study 
of its mechanical and optical properties was made under static and dynamic load.ngs. 
It was established that Poisson's ratio v is independent of rate of loading, the stress 
fringe value fz is independent of rate of loading for strain rates greater than 8 in/in/ 
sec, and both the modulus of elasticity E and the strain fringe value f, were dependent 
on the rate of loading. The specific energy loss for the material was about 10 per cent 
for the stress ranges associated with photoelastic determinations. Experimental ob- 
servations of photoelastic fringe patterns in a rectangular strut subjected to axial impact 
were made to illustrate the potential of the method. Three different end condi- 
tions were imposed on the unloaded end of the strut: (a) A free end normal to the axis; 
(b) a fixed end normal to the axis; and (c) a free end inclined 45 deg to the 
axis. For the cases where the ends were normal to the axis it was found that the fringes 
followed the same law of reflection as the law for stresses given by elementary wave 


theory. 


I. RECENT years a large number of investigators 
have applied photoelastic methods to the transient-stress problem. 
As a consequence, many different experimental approaches have 
been developed. Most of the investigators have employed con- 
ventional two-dimensional photoelastic materials such as Colum- 
bia Resin CR-39 or Castolite; however, the means of recording 
the fringe patterns have varied appreciably, at least four different 
recording systems having been used. 

Christie [1],* Sutton [2], and Feder and others [3] have em- 
ployed very high-speed full-field cameras operating at more than 
200,000 frames per sec. Streak cameras which provide a con- 
tinuous record of the fringe pattern along a line on the model 
have been employed by Tuzi and Nisida [4], Frocht and Flynn 
{5], and Betser and Frocht [6]. Single photographs of the fringe 
patterns recorded with ordinary cameras and a flash-type light 
source (about 2 microsec duration) have been obtained by Senior 
and Wells [7], and more recently by Goldsmith and Norris [8]. 
Clark [9] and Marshall [10] have used a photomultiplier in con- 
junction with a dynamic polariscope to record fringe-order 
changes electronically. 


1 Sponsored by the Mechanics Division, Air Force Office of Scien- 
tific Research ARDC, Washington, D. C., under Contract No. AF18- 
(603)-144, File No. 17500-721. 

? Presently, Assistant Professor, Department of Mechanics and 
Materials, Cornell University, Ithaca, N. Y. 
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ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 28, 1958. Paper No. 59—A-10. 
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A second approach to the problem is to use low-modulus photo- 
elastic materials (E < 800 psi) in place of the more rigid materials. 
This method has been investigated by Perkins [11] and Durelli 
and Riley [12]. In low-modulus materials the velocity of propaga- 
tion of the stress wave is decreased (by an order of magnitude) 
over the velocity of propagation in conventional photoelastic 
materials, and it is possible to record clearly the dynamic fringe 
patterns using a Fastax camera operating at about 13,000 frames 
per sec. 

This paper describes a further investigation of this low-modu- 
lus-material approach. A simple dynamic polariscope is de- 
scribed. A comprehensive study of the behavior of certain photo- 
elastic materials under varying rates of loading is presented, and 
some results from experiments on struts subjected to axial impact 
are shown. 

Throughout the investigation, the photoelastic method is em- 
ployed in such a way as to provide a whole field representation 
of the stresses, since it is believed that the primary advantage of 
photoelasticity over strain gages is the whole field potentialities of 
the former. Also, emphasis has been placed primarily on the de- 
velopment of the experimental methods, and the applications to 
specific problems are presented primarily as illustrations of these 
methods. 


Photoelastic Equipment 


A diffused-light polariscope was used throughout the investiga- 
tion. Groups of flash bulbs (Sylvania Type 2A or GE Type 31) 
were used as the light source and provided light of sufficient in- 
tensity and duration to record the fringe patterns on Tri-X film 
in an 8-mm Fastax camera operating at 14,000 frames per sec. 
Wratten 77A and Corning 4303 filters were used with the Tri-X 
film which was developed in DK-50 developer. 


Low-Modulus Model Materials 


Preliminary studies with Keystone gelatine, Interchemical 


pecemBer 1959 / 613 


> 


| 

| 

| 

| 

| 

be 

| 

af 

| 
4a 4 
he 

ik 

| 

: 


Company’s flexible Polyester 401, a modified epoxy resin, Mobay 
Chemical Company’s Vulkollan, and Houghton Laboratories 
urethane-rubber compounds indicated that the urethane-rubber 


LIGHT SOURCE 
ONFFUSER PLATE 


compounds were the most satisfactory of all of these low-modulus sounce | 

materials. A compound known commercially as Hysol 8705 was 
selected for a more comprehensive study. Before interpreting boy neocmtaeanheiin 

the dynamic photoelastic fringe patterns, information regard- oy yop Ver ra Pees 

ing the dynamic stress-strain curves, modulus of elasticity Pois- 

son’s ratio vy, and the material fringe value in terms of stress and naples 

strain f, and f,, respectively, had to be established. Fastax 


In order to determine the stress-strain curves of the low-modu- 
lus materials under different rates of loading, an adaptation of 
the method employed by Volterra and Barton [13] was used. This 
method consists of loading a small specimen in dynamic com- 
pression between two pendulums and measuring the acceleration 
of one of the pendulums during impact. If the specimen can be 
considered to be loaded in uniaxial compression, the acceleration 
record provides sufficient information to give both the stress and 
the strain in the specimen as a function of time. The method 
used in this investigation differed from the original method in 
only a few respects. Specimen contractions as a function of time 


were recorded in three different ways; namely, (a) by means of a TRIGGER 

linear differential transformer mounted between the pendulums, Oa eee j LINEAR OF FERENTIAL 
TRANSFORMER CORE 


(b) by a double integration of the accelerometer data, and (c) by 
measurements from the Fastax motion pictures of the impacted 
specimen. In addition, photoelastic fringe patterns produced in 


the specimen during impact were recorded by a Fastax camera oadnin 

operating at about 13,000 frames per sec. The mechanical loading — FE ate 
system, electronic equipment, polariscope, Fastax camera, and TRACE 
camera control unit are shown schematically in Fig. 1. Although ee see a 


some difficulty was encountered in establishing the exact time of 
impact on the linear differential transformer record, the three de- 
terminations of specimen contraction (double integration of the 
acceleration, linear differential transformer, and film measure- 
ments) were in good agreement. 

The stress and strain in the specimen at any time were deter- 


FasTax 
CAMERA 
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DIFFERENTIAL 
TRANSFORMER PROBE 
PIN 

= 


STATHAM A-5a-25-350 


SCHAEVITZ TYPE 
032-St 


ELLIS Ba-i2 
PREAMPLIFIER 


OSCILLOSCOPE 
EQUIPMENT FOR STRESS-STRAIN DETERMINATIONS 


Fig. 1 Schematic diagrams showing equipment employed in determin- 
ing d properties of low-modulus photoelastic materials 


photoelastic determinations are made at a relatively low stress 


rf mined trem the following relationships: level, these results indicate that the modulus of elasticity can be 
i Ma([L, — _ considered constant over the stress range encountered in the 
F in aoe (1) photoelasti . A plot of the initial modulus of elastici 
ry Vo photoelastic tests plot of the initial modulus elasticity as 
a a function of strain rate is shown in Fig. 3. 
i litte a (2) Although not shown in Fig. 2, the determination of the stress- 
=) strain curve was continued to zero load and the entire hysteresis 
4 loop was established at each of the loading rates. The area en- 
y closed in this loop is proportional to the energy loss in the speci- 


where a(t), €(t), and 6(t) are the axial stress, axial strain, and con- 
traction, respectively, at any time t; M and a are the mass aid 
acceleration of the impacted pendulum; and Ly) and Vo are the 
initial length and volume of the specimen. 

The stress-strain curves for Hysol 8705 at a number of different 
strain rates are shown in Fig. 2. Examination shows that the 
curves are essentially linear over their initial portions. Since the 


Table 1 Properties of Hysol 8705 as a function of strain rate 


men due to internal friction and gives a measure of the viscoelastic 
character of the material. The energy loss per unit volume AW 
at each strain rate is givenin Table 1. It is evident that AW in- 
creased as the loading rate increased; however, with the double- 
pendulum loading system the maximum stress applied to the 
specimen also increases with the loading rate. Since one of the most 


Stress AW Je X 107%, fe, AWs, We, 
Strain rate, amplitude, AW a E, in/in-in. _psi-in. in-lb in-Ib awe 
in/in/sec psi in-lb/in? X10 psi fringe fringe per cu in. per cu in. W 
4.4 14.9 0.02 5.86 0.236 0.83 550 1.28 0.50 0.03 0.36 0.08 
8.5 28.7 0.08 3.27 0.182 0.97 595 1.24 0.52 0.03 0.34 0.09 
16.8 56.1 0.57 1.07 0.242 1.81 660 1.18 0.52 0.03 0.30 0.10 
25.5 85.9 0.96 1.51 0.142 1.31 700 1.12 0.52 0.03 0.29 0.10 
34.1 116.9 1.40 0.87 0.095 1.03 730 1.07 0.52 0.03 0.27 0.11 
42.6 143.4 2.32 0.79 0.095 1.13 750 1.01 0.52 0.03 0.27 0.11 
51.2 171.3 7.18 1.43 0.187 2.44 770 0.95 0.52 0.03 0.26 0.12 
63.6 214.0 10.50 1.07 0.157 2.30 805 0.88 0.52 0.03 0.25 0.12 
A 


Average value = ay 


* Based on a stress amplitude of 20 psi. For curves of E versus strain rate see Fig. 3. For curves of fo and fe versus strain rate 
see Fig. 5. For dynamic stress-strain curves see Figs. 2(a) and (b). 
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Fig. 2 Dynamic stress-strain curves for Hysol 8705 


important variables affecting internal friction in solids is the 
stress amplitude, this factor must be taken into consideration 
before drawing any conclusions regarding AW. Some disagree- 
ment exists between investigators regarding the power law govern- 
ing this stress dependency. Robertson and Yorgiadis [14] found 
that AW is nearly independent of the frequency and is propor- 
tional to a power of the stress amplitude which they estimated to 
be the third power. Kimball and Lovell [15] found that AW 
varied as the second power of the stress amplitude. 

In Table 1, ratios (AW)/o*, where ¢ is the stress amplitude, 
have been computed for n = 2, 2.5,and3. Although some scatter 
in the data exists, it is apparent that the value of n = 2.5 fits the 
Robertson and Yorgiadis power law more closely than either 
n = 2orn = 3. Since photoelastic studies are made at stress 
levels which seldom exceed 20 psi, the evaluation of AW was 
made using the relationship 


AW = Co* 


where C is the average value AW /e** taken from Table 1, and ¢ 
is the stress amplitude taken as 20 psi. 

The average energy loss AW based on a stress amplitude of 
20 psi is then 0.03 in-lb/in.* The total energy W was computed 
from the well-known relationship: 

W =1/2 
Results for W and AW/W based on the stress amplitude of 20 
psi are listed in Table 1. Undoubtedly, internal friction produces 
energy losses in the material; however, it can be concluded from 
the foregoing that if the stress range is limited to a value lower 
than 20 psi then the specific loss is only about 8 to 12 per cent 
for the loading rates considered here. In a photoelastic model 0.5 
in. thick, 20 psi will produce ten fringes; hence it is practical to 
limit the stress to this level. The 8 to 12 per cent specific loss 
represents energy which will be removed from the stress waves as 

they propagate through the material. 

The fringe order as a function of the time after impact was ob- 
tained by counting the fringes as they formed in the specimen 
during the impact period. The specimens were photographed in 
a field of circularly polarized light, and a typical example of the 
records obtained is given in Fig. 4. It is noted that the 0.5-fringe 
order requires about 4 frames to propagate across the specimen. 
The fringe order at the central section of the specimen increased 
as the stress wave propagated back and forth across the specimen. 
By starting at frame 4 in Fig. 4 and observing the build-up in the 
fringe order as a function of time it was possible to establish that 
the fringe order varied linearly with time. It was also possible to 
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Fig. 3 Initial modulus of elasticity of Hysol 
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hromatic fringe pattern produced in a Hysol 8705 specimen at a strain rate of 16.8 in/in/sec. Photographs were 


taken with a Fastax camera operating at 13,440 frames per sec. 


establish the slope of the fringe order versus time curve, which is 
used in later calculations. 

Except for very low impact velocities, the fringe patterns were 
discernible only over the initial portion of the impact period; for 
this reason the acceleration determinations were repeated and 
emphasis was placed on obtaining oscilloscope records of the ac- 
celeration-time trace over only the initial portion of the impact 
period. In this manner it was possible to employ a higher ampli- 
cation of signal and obtain greater accuracy. Examination of the 
records indicated that the acceleration and hence stress varied 
linearly as a function of time over the interval of time considered. 

The material fringe values in terms of stress and strain were 
obtained by employing the following relations: 


(4) 


where f, and f, are the material fringe values in terms of maximum 
shear stress and strain, respectively, h is the model thickness, 
is the mass of the impacted pendulum, da/dt and dn/dt are the 
slopes of the acceleration and fringe order versus time curves, v 
is Poisson’s ratio (0.46), and EF is the modulus of elasticity 
evaluated at the rate of loading used in each determination. 

In equation (3) the term 6,/Vo has been neglected since it is 
very small when compared to 1. This is true only for the rela- 
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tively low values of stress where the fringe-order and acceleration 
curves are linear functions of time. 

The use of the rates da/dt and dn/dt in Equation (3) eliminates 
any error which would result from a slight mismatch in the initial 
time for the two sets of data. The static value of Poisson’s ratio 
was used in the calculation; however, later work [16] with a dy- 
namic application of the grid method established the fact that 
the static and dynamic values of Poisson’s ratio are the same. 

By employing Equations (3) and (4) it was possible to deter- 
mine the values of f, and f, as a function of strain rate as shown 
in Fig. 5. All of the values shown in Fig. 5 were obtained using 
the methods just described except for the last two points cor- 
responding to a strain rate of 65 in/in/sec. These values were 
obtained by employing the grid method in conjunction with pho- 
toelasticity on the problem of a simple strut subjected to axial 
impact. This method is the subject of another paper [16]; 
however, it can be stated here that the grid method was em- 
ployed successfully to determine dynamic values of f,, f,, and 
Poisson’s ratio. It will be noted from Fig. 5 that the results ob- 
tained using the grid method are consistent. with the results 
obtained using the double-pendulum method. 


Dynamic Fringe Patterns 

A simple strut subjected to axial impact was selected to il- 
lustrate the application of the methods discussed. A strut 0.36 by 
1.25 by 7.5 in. was machined from a sheet of Hysol 8705 and 
loaded axially by impacting one of its ends with a 216-gram flat- 
bottom weight traveling at a velocity of about 63in. persec. The 
contact was effected over the entire upper surface of the strut. 
Owing to frictional constraint at the interface of the weight and 
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the strut, the stress distribution was not uniform at the impacted 
end. Three different boundary conditions were imposed on the 
other end of the strut; namely, (a) free end normal to the axis of 
the strut, (b) fixed end normal to the axis of the strut, and (c) free 
end inclined 45 deg to the axis of the strut. High-speed motion 
pictures were taken with a Fastax camera operating at about 
13,000 frames per sec to record the photoelastic fringe patterns 
formed during impact. The photoelastic fringe patterns obtained 
for two of the end conditions are shown in Figs. 6 and 7. 

The Free-End Strut. An examination of the 68 photographs 
shown in Fig. 6 indicates that the fringes produced by the impact 
propagated down the strut, reflected from the free end, and 
then propagated back up the strut. As the fringes propagated down 
the strut, the maximum fringe order increased during the interval 
between photographs | and 10, then the maximum fringe order 
began to decrease. This decrease in fringe order continued as the 
fringes propagated down the strut until the reflection phenomenon 
occurred and prevented its direct observation. Also, as the 
fringes propagated down the strut, the slope of the wave front 
became less sharp and the spacing between the fringes increased. 
Finally, certain fringes exhibited curvature, indicating a nonuni- 
form distribution of stress across sections of the strut. 

The positions of the fringes were determined at a number of dif- 
ferent frames during the impact period, Fig. 8. At position 2/D 
= (0.7 the maximum fringe order was 6.75; however, by the time 
the wave propagated to the position z/D = 4 the maximum 
fringe order decreased two orders to 4.75. The degree of disper- 
sion is indicated by the form of the curve which gives maximum 
fringe order as a function of position in Fig. 8. This dispersion 
presumably results from the combined influence of two factors: 
(a) Elastic dispersion due to Poisson’s effect; and (b) attenuation 
due to the viscoelastic behavior of the material. 

From the data prescute? in Fig. 6 it was possible to compute 
the velocity of fringe propagation. It was found that each fringe 
propagates down the strut with a constant velocity. As the 
fringes approach the free end, their velocities decrease, going to 
zero for a short time, then the fringes assume a negative velocity 
and propagate up the strut. 

Although a fringe of a given order propagates down the strut 
at a constant velocity, the fringes of other orders travel with 
different velocities. This fact is illustrated in Table 2 where the 
fringe velocities are shown as a function of fringe orders. 

The difference in the fringe velocities presumably can be at- 
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Material fringe values in terms of stress and strain as a function of strain rate for Hysol 8705 


ar 


Table 2 Fringe velocities down the strut 
Fringe velocity, 
Fringe order ips 
0. 3420 


tributed to the dispersion effects which change the shape of the 
wave front as it propagates down the bar. 

It can be shown from elementary wave theory that when a 
stress wave strikes a free surface at normal incidence, it reflects 
opposite in sign and begins to cancel the remaining portion of the 
pulse. To determine whether the fringes follow this same re- 
flection law the following analysis was conducted: The loca- 
tions of the fringes corresponding to frame 26 were established 
together with the iine of maximum fringe order by reference 
to Fig. 8. The line of maximum fringe order was extrapolated 
beyend the free boundary of the strut as if the boundary did not 
exist. Next, the positions of the fringes for frames 30 to 58 were 
constructed using the velocities of each fringe order and neglecting 
the existence of the free boundary. These curves, showing fringe 
order versus position beyond the free boundary, were reflected 
by reversing their sign and position. These reflected fringes were 
then subtracted from the fringes still existing at each position 
along the strut, and a resultant fringe order equivalent to this 
difference was obtained. The subtraction process was repeated 
along the strut for a number of different frames. A comparison 
between the constructed fringes and the actual fringes obtained 
after reflection is given in Fig. 9. This figure shows close agree- 
ment between the two curves even with the large amount of ex- 
trapolation necessary in the graphical construction process. This 
indicates that the reflection of a fringe very nearly follows the 
reflection law for stress pulses obtained from the elementary 
theory. 

The Fixed-End and Oblique-End Strut. Similar observations 
can be made with the fixed-end strut except for the differences 
in the reflection due to the fixed-end condition. Again it can be 
shown that the fringes follow the same law of refiection as the 
stresses. 

With the oblique-end strut the law of reflection is much more 


complex since the impinging dilatational wave produces both a 
. 
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Fig. 6 Dynamic fringe patterns associated with propagation of stress wave in a strut of Hysol 8705 
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Fig.7 Dynamic fringe patterns associated with propagation of a stress wave in a strut of Hysol 8705. (Free end at oblique incidence, Fastax 


camera at 13,440 frames/sec.) 
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Fig.8 Fringe order as a function of position with frame number as a parameter. (1 frame = 


76.5 microsec) 
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reflection from free end 


reflected dilatational and distortional wave. This reflection can 
be observed readily by noting the fringe patterns shown in Fig. 7. 
The fringe propagation down the strut, as expected, is not in- 
fluenced by the presence of the oblique boundary until the 1/2- 
order fringe reaches the boundary as shown in frame 24. At this 
time the 1/2-order fringe begins to rotate about the left-hand 
corner of the oblique boundary. Fig. 10 shows enlargements of 
some of the frames from Fig. 7. 

The fringes of higher order also rotate until at frame 37 they 
are all nearly parallel to the oblique boundary. The fringe order 
at the oblique free end in frame 34 warrants a remark. The very 
tip shows a fringe order less than 1/2, probably zero, but at no 
other portion of the entire free boundary is the fringe order zero, 
In fact, at the center portion the fringe order is about 1, in- 
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Fig. 9 Comparison of actual positions of fringes with constructed positions of fringes after 


dicating that a stress parallel to the free boundary is present. 

The 1/2-order fringe begins to take a complicated shape after 
frame 43, and in frame 60 the 1/2-order fringes are parallel to the 
longitudinal axis of the strut. The 1/2-order fringe propagates 
back up the strut three different times in the frames shown 
here. 
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Fig. 10 Enlargements of various frames from Fig. 7 showing the order of fringes 
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Rupture Characteristics of 
Safety Diaphragms 


Instability (maximum pressure) criteria for materials obeying a parabolic stress-strain 
law are investigated. Two special solutions are formulated, accompanied by the in- 
stability condition obtained from the author's approximate theory. Bursting pressure 


Chicago, I. is most accurately predicted by the approximate theory. In turn, the polar deflection 
and strain at instability are more closely predicted by special solution II. It is shown 
that neither the ‘‘pureness”’ nor the annealed condition of a metal gives adequate as- 
surance of reliability in frangible disk service. The way to insure this requirement is to 
confirm experimentally that, in the uniaxial test, fracture will not occur before the 
logarithmic strain exceeds roughly (0.36 + 0.73 m), or that in a bulge test the applied 


* CHEMICAL, power, and transportation industries 
frequently employ equipment which operates at high pressures 
and elevated temperatures. To protect the safety of operating 
personnel and minimize potential damage, proper means must be 
provided to safeguard against distress resulting from malfune- 
tioning of the equipment.  ‘™ pressure vessels this is usually af- 
forded by supplying the 1 with frangible diaphragms. At- 
tention will be restricted here to the ‘‘bulge-type”’ safety disks; the 
“shear-type’’ disk has been the subject of less intensive study 
[10],! due to its poorer service performance. 

In the design of safety diaphragms it is necessary to predict 
the pressure at which a frangible membrane will burst. The 
experimental approach [1, 3, 4, 5) provides information only on 
the actual size and material of disk used; predictions for dif- 
ferent conditions are of dubious value. Theories, on the other 
hand, were either too approximate [2, 6, 7] or required extremely 
lengthy calculations [11] to provide an answer. 

For a simple and reliable formulation of the maximum pressure, 
it will be assumed that the true stress-logarithmic strain charac- 
teristics of materials in uniaxiai tension can be represented by the 
relationship 
o = (1) 


1 Numbers in brackets designate References at end of paper. 

Presented at the West Coast Conference of the Applied 
Mechanics Division, Stanford, Calif., September 9-11, 1959, of THe 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, July 30, 1958. Paper No. 59—APMW-3. 


hydrostatic pressure passes through a maximum prior to bursting. 


«, LOGARITHMIC STRAIN 
Fig. 1 Stress-strain curve for annealed copper 


The degree of approximation of Equation (1) for annealed 
copper is shown in Fig. 1. With this assumption two approaches 
are open for an investigation of instability. In one type of solu- 
tion a stipulation is made regarding the deflected shape, regard- 
less of whether this satisfies the boundary conditions or strain- 
displacement laws. These are called “special solutions.” The 
other approach is to base the instability investigation on some 
known solution [12]. 


Special Solution | 


Special solution I is based upon the stipulations that under 
lateral pressure the plate (a) deforms into a spherical cap; (6) 
thins down uniformly at all points. These assumptions, implying 
that stresses and strains will be constant throughout the bulge 
at any pressure level, are too crude to lead to satisfactory results 


Nomenclature 


Subscripts r, 6, z represent quantitie. 


a radius of diaphragm, in. vertical deflection, in. 

h = initial thickness of diaphragm, in. w = w/a = dimensionless vertical de- acting in the meridional, circumferen- 
= thickness of deformed diaphragm, fection . tial, and normal directions, respectively. 
in. m = strain-hardening exponent : 

o = true stress, psi A = hardness factor, psi The subscript 0 denotes entities at the 
€ = logarithmic strain R = radial radius of curvature, in. pole; asterisks designate variables 
P = hydrostatic pressure, psi r = radial distance from pole, in. at instability. Primes indicate differ- 

p = Pa/h = relative pressure, psi p = 1/a = dimensionless radial distance entiation with respect to p. 
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Fig. 3 Instability deflection as function of strain-hardening exponent 
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Special Solution tl 


Assume now that the distortion of the plate under lateral pres- 
sure is subject to the following conditions: 

(a) The shape of the bulge is again a spherica! cap. 

(b) During deformation the particles travel along paths which 
are ares of a set of coaxial circles. The center of each circle 
is located by the intersection of the base plane with the tangent 
to the deformed profile, as shown in Fig. 2. 

It has been shown [9] that these conditions will again lead to a 
state of balanced biaxiality throughout the diaphragm. How- 
ever, in this case stress as well as strain will vary from a minimum 
at the clamping edge to a maximum at the crown. 

The following relationships can now be written: 

From geometry of the spherical cap 


R/a = (1 + wo) 


From static equilibrium 
_ 
R/a 
The thickness variation through the bulge will be given by [9] 
h/ho = (1 + wo*)* (4) 


Accepting the Hencky-Mises stress-strain laws of plasticity, for 
balanced biaxial tension, Equation (1) becomes 


o, = 09 = o = A(—e,)™ (5) 
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 EXPERMENTAL RESULTS 


o2 0.3 a4 Os 


m, STRAM-HAROENING EXPONENT 
Fig. 4 Instability strain as function of strain-harden'ng exponent 


02 as 
m, STRAM-HARDENING EXPONENT 


Fig. 5 Instability pressure as function of strain-hardening exponent 


By definition ¢, = log (h/h), so that from Equation (4) 
—€,|mo = 2 log (1 + wy?) (6) 


With this result, polar in-plane strain, polar stress and pressure 
become (noting that €¢- = ¢ = —€,/2 at the pole) 


€,|~0 = € = log (1 + a) 
= = 2"A [log (1 + wo?) 


[log (1 + wo?) |"wWo 
(1 + wnt)? 


p/A = 


A pressure maximum (instability) will occur when dp/dw) = 0. 
This condition is satisfied, according to Equation (9), at 


(10) 


1 
—— | log [1 *)? 
| + (wo*)*] 


- 


Equation (10) can be solved inversely for wo* in terms of m. 
One can then successively obtain €)* (in-plane polar strain at in- 
stability) and p*/A (dimensionless instability pressure) as func- 
tions of m from Equations (7) and (9). The resulting curves are 
plotted in Figs. 3, 4, and 5. 

Equations (10) and (7) can be expanded in infinite-series form 
to 


m= 


4 >on 


n=1 
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(wo*) 2” 


€) 
n=1 
Omitting now all terms past the first in the series expansions 
leads to the approximate relationships for the significant quanti- 
ties at instability: 
= [2(1 + 2m)/11]'/* (11) 
€* = 2(1 + 2m)/11 (12) 


The maximum error involved in Equation (11) is 9.2 per cent 
(on the low side). 

Equation (12) is identical with the result obtained by Hill [9]. 
Although this result corresponds to a severe curtailment of two 
infinite series, a favorable mutual cancellation of errors makes the 
approximate instability strain very accurate. Within the limits 
considered in this work (0 < m < 0.5), Equation (12) deviates 
not more than 0.6 per cent (on the low side) from the exact re- 
sults of special solution IT. 


Instability Condition Based on Approximate Theory 

The salient results of the approximate theory were given in a 
previous paper [12]. From Equation (22) of this reference it can 
be shown that 


w’ = 0 
= —(2 — O.61lim + 0.1312m)a» 
+ (1 + 0.4444m — 0.4992m*)a»* 
+ (3.722 — 1.400m + 5.035m*)w& (13) 


The dimensionless radial radius of curvature is given by 
R/a = —[1 + (14) 


and, by substitution of Equations (13), the polar radius of curva- 
ture can be given, to this approximation, as 


Ro/a = (0.5 + 0.1528m + 0.0139m?) /wo 
+ (0.25 + 0.2639 m — 0.0897m?)wo 


+ (1.056 + 0.3299 m + 0.8399m?*)wo? (15) 


Stress-strain 


——properties——. —-Diaphragm-—— 
Strain- dimensions 


Hardness Hardening 


factor, exponent Radius, thickness pressure, 
Ref. no. Authors Material A, 10* psi m a, in. } 


[5] Sachs, Aluminum 
Espey, 24-T, 100.0 0.168 3.2 
Kasik clad 
Annealed 
[6] Brown, copper 60.0 0.352 3.2 
Sachs Hard-rolled 
copper 60.0 0.066 3.3 
Aluminum 
758-0, 54.5 0.145 3.2 
bare 


Annealed 

Brown, 
(81 ‘Thompson low-carbon 100.0 0.301 3.2 
Annealed 
stainless 190.0 0.415 3.2 
steel 


Annealed 65.5 0.375 5.75 0.0209 205 


copper 


Table 1 Data from comparison of theories and experiments 


In this case, the expression governing instability becomes 


dix din | Re/a dum 


(16) 

Expressions for o and & were given in Equations (30) and 
(31) of reference [12], while Ro/a is expressed by Equation (15). 
Performing now the indicated operations and inserting the re- 
sults into Equation (16) leads to 


(19.94 + 1.76m — 12.68m*)(wo*)* 
+ (5 — 2.917m — 2.664m?)(a,*)? — (1 + 2m) = 0 (17) 


Then, from Equation (17), the polar deflection at instability 
will be given by 
wo* = [(104.8 + 137.4m — 54.78m* — 85.92m* + 7.097m*)'/* 
—5 + 2.917m + 2.664m?]'/*(39.82 + 3.52m — 25.36m*)~'/2 
(18) 


This equation enables one to evaluate w)* for various values of 
n.; the relationship is almost linear over 0 < m < 0.5, as plotted 
in Fig. 3. Inserting the resulting values of w)* into Equations 
(31) and (21) of reference [12], one can obtain the instability 
strain and instability pressure as shown graphically in Figs. 4 and 


5, respectively. 


Comparison of Theories With Experiments 


In carrying out this comparison, attention was restricted to 
bulge tests on materials whose uniaxial stress-strain properties 
were reported or could be secured readily. Furthermore, the 
listing was confined to disks which passed through insiability 
prior to bursting. The test data are assembled in Table 1 as well 
as in Figs. 3 to 5. 

The experimental values for deflection and strain at instability 
are closest to the results of special solution II. The predictions of 
the approximate theory for instability deflection are consistently 
low. The reason for this lies in the fact that the approximate 
theory [11] underestimates deflections near the maximum pres- 


sure. 


Significant quantities at instability— 
Relative Pjmen- Dimen- 
pressure, sionless sionless In-plane 


Initial Actual relative volar polar 
A pressure, defiection, strain, 

h, in. =P*, psi 10° psi =p*/A wo* 

0.040 1200 96.0 0.960 

0.040 740 59.2 0.987 ~0.30 

0.040 750 60.0 1.000 28 

0.041 680 53.1 0.974 ~0. 51 


0.041 1160 90.5 0.905 69 ~0.34 


0.036 2050 182.5 0.961 ~0.70 ~%.31 


55.8 0.853 ~). 59 ~0.31 


5-7 pet 
rolled 65.5 0.303 5.75 0.1313 1289 56.4 0.861 54 


copper 
* Attainment of instability not stated. 
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The reasons for the good agreement of special solution II with 
experiments, in so far as strains and deflections at instability are 
concerned, are found in the fact that this approach postulates 
only that the bulge be deformed into a spherical cap and that the 
particles travel along prescribed paths. Beyond these conditions 
(and allowing for the correctness of the parabolic stress-strain 
curve), the derivation for the instability condition can be re- 
garded as being exact. Investigators repeatedly report [6, 8] that 
near instability the bulge does assume a shape closely resembling 
a spherical cap. 

The second assumption, dealing with particle travel, is also in 
reasonable accord with the true physical behavior. However, one 
may mention that neither is it easy to determine accurately the 
instability strain or deflection (due to the flatness of the strain- 
pressure or deflection-pressure curve at their respective maxima), 
nor are these quantities important from the viewpoint of design. 

The significant design quantity, and one that can be ascertained 
reliably in the bulge test, is the bursting pressure. This quantity 
is a function of stress, strain, and polar radius of curvature; there- 
fore the assumptions of the special solutions do not insure its 
close prediction. As Fig. 5 shows, the results of special solution 
II are consistently low for the instability pressure, while the ap- 
proximate theory is in good agreement with the experimental 
points. 

Instability deflections and strains are functions of the strain- 
hardening exponent m only, according to all three theories de- 
scribed. The instability pressure, however, is a linear function of 
‘hardness factor’’ A, and is hardly influenced by the magnitude 
of m. As seen in Fig. 5, the instability pressure can be repre- 
sented over the range 0 < m < 0.5 likely to be encountered in 
metals by the rough approximation: 


p* =A (19) 


The relative insensitivity of the bursting pressure to varia- 
tions of m is confirmed by test results. Over the experimental 
range of 0.066 < m < 0.415, the pressure at instability remained 
within 0.853 < p*/A < 1.0. 


Conclusions and Design Considerations 


The following conclusions can be drawn on the basis of evidence 
assembled in Figs. 3 to 5. 

If large deflection prior to bursting is desired, safety diaphragms 
should be constructed of materials with high values of m. On 
the other hand, if a high bursting pressure is to be attained, a 
material with a high A-value should be chosen regardless of its 
strain-hardening exponent. 

Concerning the correct selection of materials, it has been 
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recommended [3, 4] that, for consistent and reliable performance, 
only “pure” metals in the annealed condition should be em- 
ployed for the manufacture of safety diaphragms. This reasoning 
appears to be in error, 

The fact is that the reproducibility of bursting pressures de- 
pends only on the ability of the metal to stretch until the bulge 
passes through instability. This requires that in the uniaxial 
test the logarithmic strain at failure should exceed (4 + 8m)- 
/1l; in the bulge test the recorded pressure should pass 
through a maximum prior to bursting. Many pure metals, 
specifically certain grades of aluminum alloys, do not possess this 
ability. 

A further word of caution is in order. Regardless of the strain- 
ing capacity of materials, premature fractures are greatly en- 
hanced if the material is very thin (say, h < 0.020 in.). Therefore, 
if reliability of safety diaphragms is to be insured, this should 
not be obtained at the expense of material thicxness, but rather 
by increasing the diameter of the disk. 
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Ditceiens problems of the bending of thin isotropic 
triangular plates have been solved in closed form. &. Timo- 
shenko? solved the right triangular plate bent by moments on the 
edge. S. Woinowsky, A. Nadai, and B, G. Galerkin® solved the 
equilateral plate and right isosceles triangular plate simply sup- 
ported on all sides and subject to arbitrary transverse loads. It is 
the purpose of this paper to treat additional problems of an isos- 
celes right triangular plate subject to a transverse load, and dif- 
ferent boundary conditions. 


Problem 

Deflections and moments of the shaded area of the plate in Fig. 
1 are sought, using the assumptions of thin-plate theory. The 
equation to be solved is 
ort O* D 


Fig. 1 Isosceles right triangular plate 


(0,0) 
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Bending of isosceles Right 
Triangular Plates 


Two methods are presented for the solutions of problems of an isosceles right triangular 
plate bent by arbitrary transverse loads. 
diagonal load on a square plate. The other uses an antisymmetric load on a square 
plate. A numerical solution is given for the case of clamped hypotenuse and simply 
supported legs. A table is given indicating how to solve fifteen of the possible eighteen 
problems in which an edge is free, clamped, or supported. 


One method makes use of a concentrated 


subject to boundary conditions of a free, clamped or simply sup- 
ported edge, where 
w(z, y) = deflection of plate at co-ordinates (x, y) 
= force per unit area normal to plate 
= modulus of rigidity 
v = Poisson's ratio 


moment in direction n in Fig. 1 
moment in direction ¢ in Fig. 1 
length of a leg of triangle 


Solution 


The solutions can be obtained from those of a square plate as 
given by Fletcher and Thorne.‘ 
If the load on a square plate is chosen so that 


¥) = 2) (2) 


and if the boundary conditions have a similar symmetry then 


u(z,y) = —w(y, 2) (3) 


It follows that 


(4) 


= w,,(z, = w,(z,z) = 0 


where the subscripts indicate partial derivatives. These are the 
conditions for a simply supported edge along the diagonal. 
If the load on a square plate is chosen so that 


g(x,y) = —g(a — y, a — 2) 


and if the boundary conditions have a similar symmetry then we 
have the condition of a simply supported edge along the diagonal 


zr+y=a. 
If the load 9(z, y) is chosen symmetrically so that 


q(x, y) = gly, (5) 


and if the boundary conditions are symmetric, then the slope 
along the diagonal is zero. If one superimposes a concentrated 
load P(x) along the diagonal, the slope is still zero. P(x) can be 
chosen so that the deflection, w(z, z), along the diagonal is also 
zero. These are the two conditions for a clamped edge. Com- 
binations of clamped and supported edges are indicated in Fig. 2. 
The three problems that cannot be solved by these two methods 
are those which have both a free leg and a free hypotenuse. 

In Fig. 2, S represents a simply supported edge; C represents a 
clamped edge; F represents a free edge; + represents a load sym- 


4H. J. Fletcher and C. J. Thorne, “Bending of Thin Rectangular 
Plates,” Proceedings of the Second U. 8. National Congress of Ap- 
plied Mechanics, ASME, 1954, p. 389. 
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metrical about a diagonal; — indicates a load antisymmetrical 
about a diagonal; 0 indicates zero load. Heavy diagonals indi- 
cate concentrated loads. 

In problems 3 and 9, g(z, y) and a concentrated load at the free 
corner must be in equilibrium. In problems 1 to 6, g(z, y) is 
chosen ‘so that 


(6) 


In problems 7 to 12, g(z, y) is chosen so that 


OSztSySa (7) 


In problem 13, g(z, y) is chosen antisymmetric to both 
diagonals. Problem 7 also can be treated this way. In problem 
14, q(x, y) is chosen symmetric to both diagonals. In problem 15, 
q(z, y) is symmetric with respect to one diagonal and antisym- 
metric with respect to the other diagonal. In problems 7 to 12 and 
15, a concentrated load is superimposed along the diagonal. In 
problem 14, a concentrated load is superimposed along both 
diagonals. In problems 7, 13, 14, 15, the co-ordinate system is 
rotated 45 deg. 


Clamped Diagonal—Supported Legs 


As an illustration of both methods let us consider problem 7, 
which is that of an isosceles right triangular plate clamped on the 
hypotenuse and simply supported on the legs. The solution for 
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F +r 


the square plate clamped on all edges, given by Fletcher 
Thorne in dimensionless units is 


y) = wz, y) + w.(z, y) 


where 


x2 wo 


w,(z, y) = > Imn 8,8, 


m=l1n=1 
and 


y) = = Amn(Nlm — Me,)8,8, 


m=l1n=1 
8, = sin 
8, = sin 


= (m? + 


1 1 
1 
Inn = f a(x, y)s,8, 


and e,, is the set of coefficients given by 


w,(0,y) = 2 D> (9) 


m=1 
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w,,(0, y) is not known, but e,, can be found by using the condi- 
tions for a clamped edge. This gives rise to the infinite set of 
equations: 


(s + — 1) + >= MX 


4nS? 
1 
MA mn =0 n = 1, 3, mars > (10) 
m=1 
where 
€xm = 0, 8 = sinh nz, ¢ = cosh nr } 


In particular, if q(x, y) is a constant load q in Problem 1 of Fig. 2, 
then 


mr 
2 9 in — oon — 
(m +n emn sin sin ) 


(11) 
if both m and n are odd and m # n; q,,, = O otherwise. w,(z, y) 
is the same as the deflection of a simply supported isosceles right 


triangular plate. Numerical values are given in Table 1. 
A corner load at (0, a) is given by 


R = 0.02679 ga? (12) 


The values of e,, are given in Table 2. 
Values of the deflection and moments on the perpendicular bi- 
sector of the hypotenuse in Fig. 1 are given in Table 3. 


Diagonal Load 


The second method superimposes a constant load g, on a 
diagonal load P(z). The deflections and moments of a simply 
supported plate under a constant load are given in Table 4. 

The deflection of a plate due to a diagonal load P(x) is 


1 
w,(a,y¥) = > Ana — (13) 


where a,, are the coefficients 


1 
a = Jy P(x) cos m 


If P(x) is symmetric about the center of the diagonal, w(z, y) can 
be summed to 


@ 
ay 


{cos #l(z + y){sinh lr cosh + — y) + ml cosh lr 
cosh Im(1 + x — y) — wi(1 + x2 — y) sinh I sinh I(1 + 
z-y)l 
— cos — x)(sinh lr cosh — x — y) + ml cosh Ir 
cosh lm(1 — x — y) — wll — — y) 
sinh — — y)}} (14) 


Table 1 Defiections and moments of right triangular plate simply supported on all edges under constant load q 


wz,(ga?/D) M,(ga*) M (qa*) 


—0.013395 


yk 


z/a y/a w(ga*/D) w:2(ga*/D) 
0.00 1.00 0 0 

0.05 0.95 0.000046 —0.00189 
0.10 0.90 0.000167 —0.00514 
0.15 0.85 0.000327 —0.00864 
0.20 0.80 0.000486 —0.01175 
0.25 0.75 0.000607 —0.01385 
0.30 0.70 0.000658 —0.01478 
0.35 0.65 0.000619 —0.01404 
0.40 0.60 0.000486 —0.01152 
0.55 0.000269 

0 


0.013395 


—0.019135 

—0.017284 —0.009645 0.014553 

—0.013109 —0.002491 0.015862 

—0 008478 0.005296 0.017165 

—0.003827 0.012601 0.017960 
0.000192 0.018126 0.017875 
0.003394 0.021595 0.016844 


0.005216 


0.021900 


0.014598 


0.005500 0.018824 0.011123 
0.003868 0.011702 0.006287 
0 0 0 


Table 4 Simply supported plate (square) 


W2,(Z,a — 
2/D 


— z) 
Table 2 Values of e,,, (units of q/D) z/a qa*/D qa M,(qa*) M (qa*) 
om 0.00 0 —0.0464 —0.0323 0.0323 
3 ~0 0014623 0.10 —0.0065 —0.0390 —0 0188 0.0358 
9 —0 0000213 0.25 —0.0226 —0.0191 0.0161 0.0428 
0.30 —0.0274 ~0 0128 0 0267 0.0446 
0.35 —0.0314 —0.0075 0.0356 0.0460 
1s —9. 0.40 —0.0344 ~0 0034 0 0423 0.0471 
0.45 —0.0362 —0.0009 0.0465 0.0477 
0.50 f 0479 0.0479 


z/a w(x,a — z)(ga*/D) Wan(z, a — z)(ga*/D) 
0 0 0.0142 
0.05 0.0000336 0.0107 
0.10 0.0001186 0.0041 
0.15 0.0002240 —0.0026 
0.20 0.0003167 —0.0084 
0.25 0 .0003686 —0.0119 
0.30 0.0003622 —0.0126 
0.35 0.0002943 —0.0094 
0.40 0 .0001080 —0.0018 
0.45 0.0000604 0.0114 
0.50 0 0.0316 
Journal of Applied Mechanics 


Table 3 Isosceles right triangular plate clamped along diagonal and supported on edges 


we(ga?/D) M,(qa*) M <qa*) 
—0.0142 —0.00991 0.00991 
—0.0142 —0.00644 0.01098 
—0.0133 —0.00013 0.01204 
—0.0121 0.00625 0.01293 
—0.0106 0.01156 0.01315 
—0.0088 0.01450 0.01234 
—0.0067 0.01465 0.01047 
—0.0045 0.01082 0.00731 
—0.0023 0.00255 0.00291 
—0.0007 —0.01120 —0.00273 
0 —0.03156 —0. 00947 
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Table 5 Values of a, 


supported on edges, (concentrated diagonal load 
M,(qa*) 
0.00991 
01070 
01204 
01294 
01313 
.01236 
01045 
00732 
00291 
.00270 
00945 


0. 01459 
0.01085 
0.00255 
—0.01119 
—0.03151 


The first term represents the deflection of a simply supported 
plate due to a constant diagonal load a. If we superimpose the 
deflection of a simply supported plate given by 
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16 g 
Wi(z, y) = 


ln=1 
odd 


and impose the condition that 


w,(z,z) + w,(z, 2) = 0 


we obtain the infinite set of equations given by 


0 = > — — 


m=l1n=1 


where 6,."° = 0 ifm #n 


(17) 
This can be reduced to a single series. The solution for the un- 
known coefficient a,, is given in Table 5. 
The deflections and moments are given in Table 6. They com- 
pare well with those in Table 3. 
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0 —1.097 i 
1 0.434 
2 0.034 
3 0.016 
4 0.009 
5 0.005 
din +1 = 0 (16) 
6." = 1 
i 


A. J. DURELLI 


Professor 

Iinois Institute of Technology; 
Supervisor, Stress Analysis Section, 
Mechanical Engineering Research 
Department, 

Armour Research Foundation, 
Chicago, lil. 


J. W. DALLY' 


Senior Research Engineer, 
Mechanical Engineering Research 
Department 

Armour Research Foundation, 
lilinois Institute of Technology. 
Assoc. Mem. ASME 


W. F. RILEY 


Research Engineer, 

Mechanical Engineering Research 
Department, 

Armour Research Foundation, 
Iilinois Institute of Technology. 


- GRID METHOD of experimental stress analysis is 
perhaps the simplest and oldest of the experimental methods used 
in determining stresses. However, to the authors’ knowledge, no 
attempt has been made previously to employ the grid method in a 
dynamic stress analysis. It is the purpose of this paper to intro- 
duce the dynamic grid method and to show its application to two 
example problems. 

A publication by two of the authors? presents recent develop- 
ments in the static application of the grid method. The static 
application consists essentially of the following: 

(a) A network of lines (rubber threads) is embedded in the 
model material. 

(b) A no-load photograph is taken of the model to record the 
undeformed state of the grid. 

(c) A photograph is taken under load to record the deformed 
state of the grid. 

(d) The grid-line positions are measured on both load and no- 
load photographs (to within +0.0003 in.). 

(e) Differences are made between the two sets of measurements 
to obtain the displacement fields. 

(f) The displacement fields are differentiated to obtain the 
strain fields. 

(g) The strain fields are converted to stress fields by using 
Hooke’s law and suitable values for the elastic constants FE (modu- 
lus of elasticity) and v (Poisson’s ratio). 

The dynamic grid method differs from the static grid method 
only in steps (c) and (g). In the dynamic case a photograph is 


1 At present, Assistant Professor, Department of Mechanics and 
Materials, Cornell University, Ithaca, N. Y. 

2 A.J. Durelli and W. F. Riley, ‘‘Developments in the Grid Method 
of Experimental Stress Analysis,"’ Proceedings of The Society for 
Experimental Stress Analysis, vol. 14, no. 2, 1957, pp. 91-100. 

Presented at the West Coast Conference of the Applied Me- 
chanics Division, Stanford, Calif., September 9-11, 1959, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, August 6, 1958. Paper No. 59—APMW-1. 
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Developments in the Application of 
the Grid Method to Dynamic Problems 


The objective of the research reported in this paper was to develop the grid method further 

for use in dynamic-stress studies. A rubber-thread grid network in a low-modulus 
model material (a urethane rubber known as Hysol 8705) was used in conjunction with 
a microflash light source to record grid distortions and photoelastic fringe patterns in a 
model subjected to dynamic-loading conditions. By considering a strut subjected to 
axial impact it was possible to establish that the static and dynamic values of Poisson's 
ratio were identical, and the strain-fringe value of the material varied with strain rate. 
In addition, stresses in the axial and transverse directions were determined along the 
center line of the strut. 
a circular disk subjected to diametrical impact and both principal stresses were de- 
termined along a vertical diameter at one instant during impact. 


Finally, the methods established were applied to the problem of 


taken over a very short interval of time, i.e., short exposure time, 
and at a number of different times after the application of the time- 
dependent load. Also, the variations in the elastic constants E 
and » with the rate of load application must be taken into con- 
sideration in converting the strain field to the stress field. 

In this investigation a low-modulus model material was em- 
ployed, since the use of a low-modulus model material has two 
advantages: (a) The stresses propagate in the material relatively 
slowly (about 300 fps); hence the exposure times which were of 
the order of 2 microsee were for all practical purposes instan- 
taneous. (b) The material exhibits relatively large displace- 
ments under small loads which is advantageous, since a strain 
level of at least 1 per cent over a 0.25-in. base is necessary for 
accurate displacement determinations. 

The grid method and the photoelastic method were used to- 
gether in this investigation with data from one method supple- 
menting data from the other. However, if desired it is possible to 
employ the grid method as an independent method. The in- 
vestigation described herein covers the following four phases: 
(a) Experimental procedure; (6) material properties; (c) applica- 
tion of the method to the determination of the stress distribution 
in a strut subjected to axial impact; -j application of the 
method to the determination of the stress distribution in a circular 
disk subjected to diametrical compression. 


Experimental Procedure 


To use the grid method, a network of rubber threads is strung 
upon 4 frame and the model material, which is transparent, is cast 
about these threads to produce an embedded grid. The rubber 
threads which are about 0.004 in, diam when stretched provide 
clear, well-defined lines on photographs which can be measured 
accurately. The spacing of the grid depends upon the particular 
application and can vary up to about 64 per in. In this investiga- 
tion Hysol 8705, a castable urethane rubber compound, was used 
as a model material. This material was selected because an earlier 
investigation? showed that it exhibited desirable photoelastic 


3J. W. Dally, W. F. Riley, and A. J. Durelli, “A Photoelastic 
Approach to Transient Stress Problems Employing Low-Modulus 
Materials,” this issue of the JourNAL, pp. 613-620. 
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properties, had a relatively low modulus, and exhibited a rela- 
tively low specific energy loss for the stress ranges under con- 
sideration. Also, a great deal of information regarding its ma- 
terial properties under dynamic loading conditions had been 
established. 

In the first attempts to employ the grid method dynamically, 
the photographs of the grid before and after loading were taken 
with an 8-mm Fastax camera operating at about 13,000 frames 
per sec. Measurements on the film indicated that consistent 
results were not obtainable even when large numbers of measure- 
ments and statistical methods were employed. The largest source 
of error in this evaluation was the poor definition of the grid line 
under the high magnification of the film (X35) which was neces- 
sary to make the measurements. A fine-grain, film-and-developer 
combination was used but the resolution of the negative was not 
sufficient. 

In order to avoid these high magnifications, a system for re- 
cording a much larger image was developed. This system utilized 
a flash-type light source and an ordinary still camera. The 
light source employed is commercially known as the ‘Microflash”’ 
and is produced by General Radio Company. The Micro- 
flash produces a brilliant blue flash of light which is somewhat 
less than 2 microsec in duration. This exposure time was short 
enough in comparison to the velocity of wave propagation to 
stop the motion of the stress wave effectively; i.e., the stress 
wave moves approximately 0.007 in. during the exposure time. 
The image of the model was recorded on a 4 X 5-in. film. This 
method of photography is limited to a single flash; however, a 
number of single photographs obtained from reproducible load- 
ings can be time-sequenced to provide information over the entire 
event. Kodak’s Royal-X Pan was the only film suitable for use 
with the microflash light source, and in general it was slightly 
underexposed. This conclusion is based on the use of a Cooke 
Apochromatic Process Lens (30-in. focal length) operated at a 
maximum aperture of f:16. If a lens with a shorter focal length 
and a larger aperture had been employed more light would have 
been available and better exposures would have been obtained. 

Since both photoelastic fringe patterns and grid deformations 
were recorded together in this investigation, it was necessary to 
pass the microflash light through the elements of the polariscope 
and a Wratten 77A filter. These elements reduced the amount 
of light considerably and required the use of the fastest film availa- 
ble. If the grid method had been employed independently, the 
optical elements could have been removed from the assembly and 
a slower finer-grain film could have been employed. 

The image recorded in the manner described was magnified 20 
times and the positions of the grid lines were measured using an 
optical comparator. In most cases the positions of the grid lines 
could be measured to within + 0.0003 in. Measurements were 
repeated three times and the results were averaged in order to re- 
duce measuring errors. Standards placed in the field with the 
model were measured to establish the scale of the photograph 
and to check for film shrinkage and magnification errors between 
the two films being compared. The limiting factor in the ac- 
curacy of the measurements was the grain size of the negative. 


Material Properties 


In order to employ the grid and photoelastic methods the prop- 
erties of the model materials had to be determined under various 
loading rates. A number of these determinations had been made 
previously by the authors* by employing Volterra’s and Barton’s* 
double-pendulum method of loading to establish modulus of elas- 
ticity 2, stress fringe value f,, and strain fringe value f, as a func- 


4E. G. Volterra and C. 8S. Barton, ‘‘An Impact Testing Machine 
for Plastics and Rubber-Like Materials,” Proceedings of The Society 
for Experimental Stress Analysts, vol. 16, no. 1, 1958, pp. 157-166. 
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STRAIN RATE, (IN/IN/SEC) 


Fig. 1 Initial modulus of elasticity for Hysol 8705 as a function of strain 
tate 
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WUE, 


Fig.2 Material fringe valves in terms of stress and strain for Hysol 8705 
as a function of strain rate 


MOOBLUS OF ELASTICITY, E (PSI) 


10 12 3 4 
STRAIN FRINGE VALUE, x 10” 


Fig. 3 Initial modulus of elasticity as a function of strain fringe valve 


of 


tion of strain rate. The results of this previous work are shown 
in Figs. 1 to3. It is important to note in Figs. 2 and 3 that the 
solid curves were established using the method of Barton and 
Volterra mentioned; however, the dashed curves were estab- 
lished using the grid on a strut subjected to axial impact. This 
problem will be considered in the next section. 


Material Properties Determined From a Strut Subjected to 
Axial Impact 

A simple strut 0.385 in. thick, 1.25 in. wide, and 7.375 in. long 
was machined from a sheet of Hysol 8705 with a '/s-in-square 
embedded grid. The strut was loaded dynamically by dropping 
a 216-g weight through a distance of 16 in. on its end. Photo- 
graphs of the resulting grid deformations and photoelastic fringe 
patterns were recorded using the microflash light source. Four 
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Fig. 4 Microflash photographs taken before 
impact and 3 times during impact, illus- 
trating combined grid and photoelastic ap- 
proach to dynamic-stress problem 


photographs were taken, one before impact and three others at 
various times after impact, Fig. 4. It was necessary to repeat 
the load to obtain the three different photographs after impact. H 
The positions of the grid lines on the photographs corresponding ¥ 


to times & and ¢,; were measured along five vertical lines and a few (e) 

horizontal lines. The differences between the readings were com- 

puted and the values of the displacement along the lines sym- 

metrical! in respect to the center line were averaged. The dis- 

placement u, along the three vertical lines A, B, and C is shown POSITION, » WNCHES) 

in Fig. 5(a). It is noted that the three curves are not identical, 00s 

contrary to results indicated by elementary theory. Since the aos }— 
aos 
ave 


differences are too large to be attributed to experimental error, ? 
they show the inadequacies of the elementary theory. , 
The displacement-versus-position curve of Fig. 5(a) were dif- (b) i 
ferentiated graphically to obtain the axial strain €, as shown in aecea Z 
Fig. 5(b). An examination of this figure indicates that the 
strain is uniform across the width of the strut only at a position -z 
2.4 in. from the fixed reference line. At approximately this loca- POSITION, » liNCHES) 
tion transverse displacement measurements were made, Fig. 5(c). 
Although some scatter of the points occurs, it is evident that a 5 
straight line fits most of the points closely. The state of stress 
6 


---4 


here is therefore uniaxial. The slope of the line gives a value for (c) 
€, of 0.00978. Reference to Fig 5(6) shows an average value 
for €, of —0.0216 at position z = 2.32. The dynamic value of ° 


Poisson’s ratio is therefore given by: ° 02 ae ae as rr) 
POSITION, UNCHES) 


(1) Fig. 5 Axial displacement u,, axial strain «,, and tr se displ 
= 0.00978/0.0216 = 0.45 ment uv, as a function of position 


The value for vy obtained under static loading conditions was 
0.46. The difference between the static and dynamic values of »v 2 r 
is very small and probably can be attributed to experimental } i | 
error rather than to the rate of loading. 

The positions of the fringes shown in Fig. 4 corresponding to a 
time ¢, approximately 850 microsec after impact are plotted in ‘“ 
Fig. 6. The fringe order is not uniform over the cross section of 4 
the strut; however, at the afore-mentioned position (2.32 in. +—— 
from the fixed reference line) the fringe order is nearly constant. ? 

By using an average fringe order n of 6.9 and the values previously a” 
used for €, and ¢, at this position, it is possible to compute the ; sbeee Xx 
model and material strain fringe values F, and f,, respectively, in 2 my, = [Eee 
the following manner: 47 


\ 


as 10 is 30 3s 40 


— _ _€ — _ 0.0216 + 0.00978 (2) POSITION, 
» se 13.8 Fig. 6 Position of fringes along vertical lines A,B, and Cin strut subjected 
= 2.275 & 10~* in/in/fringe to axial impact 
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Since the model thickness h was 0.385 in., the material fringe 
value f, is 


Sf. = FA = 0.875 X 10~* in/in-in/fringe (3) 


The material fringe value in terms of stress f, can be obtained 
from f, by use of the following relationship: 


E 
Se (4) 


To employ Equation (4) it is necessary to determine the strain 
rate at which the value of f, wag established because the value of 
E used in this expression is a function of the strain rate. In order 
to determine the strain rate the following method was employed. 
Substituting Equations (1) and (3) into Equation (2) gives 


(5) 


Differentiating Equation (5) with respect to time gives an ex- 
pression for the strain rate: 


— = (6) 
dt 1+vh dt 


The strain rate (de)/(dt) depends therefore upon the fringe rate 
(dn)/(dt) at the point and the time at which the determination of 
te was made. 

To determine the quantity (dn) /(dt) at the position z = 2.32 in., 
an experiment was conducted using the Fastax camera to record 
the propagation of the fringe pattern in a similar strut. The load- 
ing was identical to that used in the grid experiments. From the 
film record of the fringe motion a graph of fringe order versus time 
at the particular position was constructed as is illus rated in Fig. 
7. The slope of this curve at the position z = 2.32 where the 
6.9 fringe order occurs provides a value of (dn)/(dt) = 20,850 
fringes per sec. Substitution of this value of (dn)/(dt) together 
with previously listed values of v, h, and f, into Equation (6) 
gives a value of 65 in/in/see for (de)/(dt). To obtain E fo use 
in Equation (4) reference is made to Fig. 1 which shows that E 
is about 810 psi for this strain rate. 

Substituting this value of E into Equation (4) gave a value of 
0.49 psi-in/fringe for fz. This value when plotted in Fig. 2 


° J 4 c e 
FRAME NUMBER (1 FRAME 64.5 MICROSECONDS) 


Fig. 7 Fringe order as a function of time at position x = 2.32 in. on strut 
subjected to axial impact. Fastax camera operating at 11,820 frames 
per sec. 
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showed that the change in f, with strain rate was negligible for 
strain rates larger than about 8 in/in/sec. From a strain rate 
of zero to a strain rate of 8 in/in/sec the value of f, increases from 
0.45 to about 0.52 psi-in/fringe (about 15 per cent). This in- 
crease is somewhat larger than the experimental error which may 
have accumulated in the determinations of f,, and is substan- 
tiated by seven different determinations of f, in the neighborhood 
of 0.50. 


State of Stress in Strut 


It has been shown that for Hysol 8705, v is totally independent 
of strain rate, f, is essentially independent of strain rate if de/dt > 
8 in/in/sec, and both E and f, are dependent upon strain rate. 
These facts must be kept in mind, in the following development 
where a method for separating the stresses in a strut subjected 
to axial impact is established. 

Assume that the outermost vertical grid line A in the strut is 
close enough to the free boundary so that the stresses and strains 
along this line are identical to the boundary stresses and 
strains. Then, the following relations hold: 


= 90 


(7) 


o, = 2nF, 


where n is measured along line A. 
The values obtained for o, are given in Fig. 8. The axial strain 
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Fig. 8 Compressive axial stress as a function of position along line A 
approximately 850 microsec after impact 


COMPRESSIVE AXIAL STRESS, o, (PS!) 


os 20 25 3.0 35 40 


POSITION, « (INCHES) 


Fig.9 Axial and transverse stresses o, and o, as a function of position 
along center line of strut approximately 850 microsec after impact 
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Fig. 10 Complete set of photoelastic fringe patterns produced by dropping a 216-g weight from height of 3 in. on a 3-in-diam disk of Hysol 8705. 
Photographs were taken with a Fastax camera operating at 6720 frames per sac. 


€, along this line has been established previously, Fig. 5(b). Since 
the stress is uniaxial along this line the transverse strain €, is 
given by Equation (1). 

Attention was then turned to the center line of the strut where 
€, had previously been determined, Fig. 5(b). The transverse 
strain €, was computed from the strain optic law Equations (2) 
and (3) as indicated in the following: 


» 
(8) 
where €, and n were determined along the center line, and f, was 
determined along the free boundary from Equation (5). 

Using a value of f, from the boundary implies that the strain 
rate was uniform across a section of the strut. This assumption 
is justified because slight changes in strain rate which probably 
occur produce very small changes in f,. 

The transverse stress o, was computed using Hooke's law 

E 
a, par le, + ve,] (9) 
where €, was obtained by direct grid measurements, €, was com- 
puted from Equation (8), and 2 was assumed to be uniform across 
the strut and was determined at the free boundary from f, and 
the results of Fig. 3. 

The use of EF as described, again assumes that the influence 
of strain-rate changes across the section on the value of E will be 
small. For instance, if the strain rate varies from 20 to 30 in/in 
sec, E will vary from 680 to 720 psi, a change of only 6 per cent. 

It would have been possible to solve this problem without 
making assumptions regarding the uniformity of F and f, across 
a section of the strut if a series of strain determinations were made 
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at different times after impact. From these determinations it 
would have been possible to compute the strain rate by finite dif- 
ferences. The work involved in this approach would have been 
prohibitively long for the slight increases in accuracy which 
would be gained from the more exact approach, 

The axial stress ¢, was computed by using the stress optic law 


2nfe 


h 


o,= 0 10) 


Both o, and a, are shown as a function of position in Fig. 9. It 
is clear from an examination of this figure that « uniaxial state of 
stress does not exist at each point along the center line of the 
strut. Between positions z equal | and 1.5 the transverse stress 
a, was negative. This negative stress is believed to be due to the 
transverse inertia effects produced by dynamic loading of the 
strut. Between positions z equal 1.5 and 2.4 the transverse 
stress is negligible and essentially a uniaxial state of stress exists 
in this region. (It is here that the determination of v and f, was 
made.) From position z equal 2.4 to 3.8 the behavior of a, is 
difficult to explain. Perhaps the large values of a, noted were 
due to the influence of shearing tractions at the interface between 
the model and the impacting weight. This traction would result 
from the frictional constraint at the interface due to the trans- 
verse displacement produced by the impact. 

Although the grid method as applied in this ease permitted the 
accurate determination of the axial strain €,, it could give only 
average values of the transverse strain €,. In order to obtain €, 
at each point, Equation (8) was used. If the grid network had 
been finer and if the transverse strain had been somewhat larger 
in magnitude, the grid measurements would have been sufficiently 
accurate to indicate the changes in €, across the section of the 
strut, 
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Fig. 11 Microfiash photographs of Hysol 8705 circular disk before load- 
ing and at 1635 microsec after impact 


Application of the Grid Method to Problem of Stress 
Distribution in a Circular Disk Subjected to 
Diametrical Impact 


Experimental Procedure. A circular disk 3 in. diam was machined 
from a 0.385-in-thick sheet of Hysol 8705 which had an embedded 
grid with '/,-in. spacing. The disk was subjected to diametrical 
impact by dropping a 216-g weight a height of 3 in. on the model. 
A complete record of the resulting fringe pattern was obtained 
with a 16-mm Fastax camera as is illustrated in Fig. 10. In ad- 
dition, the loading was repeated and a number of microflash 
photographs were taken at various intervals during the initial 
period when the fringe pattern propagated across the disk. Two 
of these photographs are shown in Fig. 11. 

Analysis. Grid measurements were made along the vertical 
diameter and along nine horizontal grid lines passing through the 
vertical diameter. Displacement curves were plotted from these 
grid measurements and graphically differentiated to obtain the 
strain €, and ¢€, along the vertical diameter. These results 
are shown in Fig. 12(a). The position of the fringes along the 
vertical diameter were measured and recorded in Fig. 12(b). 

From the values of the fringe order and strains it was possible 
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Fig. 12 Strains stresses and fringe order as a function 
of position along vertical diameter of disk 1635 microsec after impact 


to determine f, at each point along the vertical diameter by em- 
ploying Equations (2) and (3). The value of Z at each point was 
then taken from the curve in Fig. 3 where £ is plotted as a func- 
tion of f,. The values of EZ, v, €,, and €, were then substituted 
into Equation (9) to obtain results for o, and o, given in Fig. 
12(c). If necessary, it would be possible to duplicate each of the 
90 Fastax photographs shown in Fig. 10 with a microflash photo- 
graph and determine stresses and strains as a function of time as 
well as position. 

In order to shorten the time required for the strain determina- 
tions to a reasonable limit, an attempt should be made to apply 
the Moire method® to the dynamic problem. This method differs 
from the grid method in that the field of the model is covered with 
thin closely spaced lines (several hundred lines per inch) and when 
the model is deformed fringes are produced related directly to the 
displacement field. This eliminates the time-consuming opera- 
tion of measuring each grid line before and after application of 
the load. 
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—_— which involve the lateral deflections of 
beams can be analyzed successfully by using electrical circuits as 
analogies. Thus, in recent years, various electrical beam analo- 
gies have been devised and have been widely used in the static 
and dynamic analysis of airframes, missiles, and ships. These 
analogies arise from a similarity in form between the equations 
which describe the behavior of elastic structures and the equa- 
tions which relate currents and voltages in electrical networks. 

In the present paper, an electrical analogy that can be used in 
the analysis of classical elastic stability problems is obtained by 
modifying conventional electrical beam analogies [1, 2, 3]' to 
allow inclusion of axial load effects. The resulting electrical cir- 
cuit, composed of inductors, capacitors, transformers, and cur- 
tent generators, is then used to obtain buckling loads for several 
rypes of elastic structures including columns, frames, and rectan- 
gular plates. It is believed that the techniques described in this 
paper can be readily extended to obtain solutions to many other 
elastic stability problems. 


Derivation of the General Electrical Analogy 

Many problems in the classical theory of elastic stability 
satisfy differential equations which have the following general 
form: 

(Aw”)” — [(a — bN,)w')’ + (ec — dN, = q (1) 
where w is a lateral displacement, g is a lateral load, N, is an axial 
load, and the coefficients A, a, b, c, and d are normally positive. 
Equation (1) is a linear, inhomogeneous differential equation of 
fourth order, for which an electrical circuit analogy is desired. 
It is convenient to write this fourth-order differential equation as 
four first-order differential equations and then to devise an elec- 
trical circuit which will approximately satisfy each of the four 
first-order differential equations. One way to accomplish this is 
to define slopes and moments as follows: 


dw 
(2a) 
dx 


1 Numbers in brackets designate References at end of paper. 
Presented at the West Coast Conference of the Applied Me- 
chanics Division, Stanford, Calif., September 9-11, 1959, of THe 
AMERICAN SocieTy orf MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date wiil be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, August 15, 1958. Paper No. 59-—-APMW-20. 


The Solution of Elastic Stability Problems 
With the Electric Analog Computer 


An application of electric analog computing methods to the analysis of elastic stability 
problems is described. 


The four first-order differential equations, (2a), 


An electrical circuit is first devised which satisfies a general 


differential equation that is frequently encountered in the literature of elastic stability. 
This circuit, composed of inducters, capacitors, transformers, and current generators, 
is then used to obtain solutions for several classical column, framework, and plate- 
stability problems. 


16 
M = Aw’ = = A‘ (2b) 
dz 
If one further defines the “shear’’ as 
V = —[M’ — (a — bN,)6) ¢ (2c) 


then Equations (1) and (2c) combine to give the fourth required 
first-order equation 
dV 
dz 


= (c — dN,)w — q (2d) 


2b), (2e), and 
(2d), which can be recombined readily to give Equation (1), are 
replaced by a set of four finite-difference equations. It is con- 
venient to use the technique used in [1] and to define quantities 
at equally spaced intervals as shown in Fig. 1(a@). Thus, angular 
rotations and shears are defined at half-integer points, while 
lateral deflections and moments are defined at integer points. 
The four finite-difference equations can then be written in central 
difference form as 


Wy 


6,414 = (Sa) 
Az 
— On~1/, 
M,=A([- (3b) 
Min — M, 

V DN, )O n+: ( ) (3c) 


An electrical circuit which satisfies the four first-order finite- 
difference differential equations (3a), (3b), (3c), and (3d), is 
shown in Fig. 1(b). The current-voltage relationships involved 
in this circuit can be summarized as follows: 


(da 


(4h) 


im — 


= ( 
joLs 


1 
(iv,,,,,)(Az) = [- + jo; } — — ttn) 


ivy, ~ + juts) Eun — tn 


Thus Equation (4a) merely expresses the voltage relationship 


(4d) 
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existing across the primary and secondary windings of an ideal 
transformer. FE.quation (4b) expresses the voltage-current rela- 
tionship existing across an inductive-circuit element. Equations 
(4c) and (4d) are statements of Kirchhoff’s current law for cur- 
rents into nodes Eg, ,,,, and Eup, respectively. If voltages and 
currents are identified in the electrical circuit with deflections and 
forces in the mechanical system as follows: 


— My 
Ar 


(5d) 


Equations (5a) through (5d) are identical to Equations (3a) 
through (34) if electrical inductors and capacitors are chosen as 
follows: 
bN,Azr 


= w? 


dN, Az 


Details of the Electrical Analogy 


Having obtained an electrical circuit which is analogous to a 
simple structural element, one can connect several such circuits 
together to form an analogy for a complete structure. However, 
before using the electrical circuit to solve any specific problem, it 
is important to point out a few of the techniques which are com- 
monly used in connection with the direct analog computer and 
their relationships to the physical systems analyzed: 

1 Ltumping. In order to represent a continuous elastic system 
as an electrical circuit, it is necessary to lump the continuous elas- 
tic properties of the structure into discrete units. Thus, for ex- 
ample, the magnitude of the electrical circuit element Ls of Fig. 
1(b) is made equal to Az/A. The inductor L; is therefore used 
to represent, as a single entity, the bending flexibility of a finite 
segment of beam. 

2 Symmetry. If a structure is symmetrical, advantage can be 
taken of its symmetry properties in order to minimize the number 
of computer elements required to represent the structure. Sym- 
metry conditions are replaced by boundary conditions for one half 
of the structure in the plane of symmetry. 

3 Boundary Conditions. The three principal boundary condi- 
tions which arise in solving the buckling problems that follow 
are: 


(a) The structure is hinged (the deflection w and the bending 
moment .V/ are zero at the boundary). 

(b) The structure is clamped (the deflection w and the slope @ 
are zero at the boundary). 

(c) The structure is free (the shear V and the bending moment 
M are zero at the boundary).? 

In the electrical analogy, to set a co-ordinate such as 6; or w; to 
zero, the point which corresponds to that 6; or w; is grounded; to 
set a shear V; or moment M; to zero, the element which cor- 
responds to that specific V; or M; is open-circuited. 

The boundary conditions which apply at a plane of symmetry 
will be discussed as the need arises. 

4 Eigenvalues. As is well known, the determination of a 
buckling or crippling load is an eigenvalue problem. There are 
several critical loads Nz, which give nontrivial solutions of Equa- 


2? These conditions are not correct for the free edge of a buckled 
plate, as is explained later in this paper. 


net 


+ 


an 


0 = DEFINITION POINT LATERAL DEFLECTION AND BENDING MOMENT 
© » DEFINITION POINT ANGULAR DEFLECTION AND SHEAR 


(a) BEAM SEGMENT 


Fig: 1 Finite-difference beam onalogy 


(b) ELECTRICAL ANALOG 
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tion (1) with g = 0 and which satisfy the specified boundary con- 
ditions. However, in general, only the first critical buckling, or 
crippling, load is of interest since at this load the physical struc- 
ture fails. Since the analogous electrical circuit has been shown 
to satisfy the same differential equation as its mechanical counter- 
part, the electrical circuit will have resonant frequencies that 
correspond to the eigenvalues of the elastic system. To obtain the 
buckling loads for a given structure with the aid of the electrical 
analogy introduced in this paper, the analogous electrical circuit 
is driven with a variable-frequency voltage source, attached to the 
circuit at a point where the expected amplitude of motion is large. 
As the frequency of this driving voltage is varied, frequencies will 
be found at which the current inserted into the circuit by the 
voltage source is zero. With the electrical frequencies and ap- 
propriate capacitor values (C; or C2.) known, the critical load is 
obtained from the following relationship: 
wl, wl, 


N,=—# 6) 
* 

Higher eigenvalues as well as the lowest, or critical, eigenvalue 
can be obtained in this way. 


Specific Applications of the Electrical Analogy 


1 Buckling of a Column With Hinged Ends. In all cases considered 
in this paper, the weight of the column will be considered negligi- 
ble in comparison with the load it supports. In addition, the 
column will be assumed to be of homogeneous material, of uniform 
cross section, and subjected to axial loads only. Under these as- 
sumptions, the differential equation of the column deflection is 


d dw 
+ N, — = const 


simply 
dz 


or 
Elw")” + (N,w')’ = 0 


This equation is identical to Equation (1) with 


A = El 


a=c=d=q=0 
b=] 


A column under axial load can therefore be represented by an 
electrical analog of the specific form shown in Fig. 2(b). Only 
half of an 11-cell column representation has been used in the 
analogy since the column will buckle first in a manner which is 
symmetric about a plane drawn perpendicular to the z-axis at 
x = 1/2. The boundary conditions at the plane of symmetry are 
simply that the slope @ is zero and that the shear V is zero. Since 
the column is hinged at each end, the point in the electrical circuit 
corresponding in the w-deflection at « = 0 is grounded, and the 
inductor corresponding to the bending flexibility of the segment 
closest to the hinge is open-circuited. Note that the transformers 
are superfluous in this circuit since no current can flow in them; 
ie., the primaries of the transformers are open-circuited at z = 
1/2. To verify the electrical circuit the critical load N, was 
calculated from the following equation, assuming EJ = 15 X 10° 
and! = 110in.: 

om 
N, (critical) = 


The critical load obtained from the computer by varying the fre- 
quency of the exciting force was found from Equation (6) to be 


N, (critical) = 1.21 X 10‘ lb 


2 Buckling of a Column With Clamped Ends. This problem is 
identical with that involving a hinged column except for different 
boundary conditions at the ends. Thus, in the electrical analogy, 
Fig. 2(b), the point in the electrical circuit corresponding to @ at 
x = 0 is grounded. The critical load was calculated from the 
following equation, assuming EJ = 15 X 10° andl = 110 in.: 


N, (critical) = = 4.89 X 10 Ib 


The critical load obtained from the computer by varying the 


frequency of the exciting force was calculated from Equation (6) 


a) HINGED COLUMN 


PLANE OF SYMMETRY 
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Fig. 2 Circuit used to represent hinged column 
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N, (critical) = 4.82 * 10* lb 


3 Buckling of a Simple Frame. The analysis of a three-member 
frame structure was next performed. In Fig. 3(a), a sketch has 
been drawn showing the first buckling shape assumed by the 
three-member frame under the action of compressive forces ap- 
plied to a hinged member AB and a clamped member CD which 
are elastically coupled by means of a third member BC. The dif- 
ferential equation which describes the bending of AB or CD is 
identical with that used under items 1 and 2 and, therefore, the 
circuit representation of each column, Fig. 3(b), is the same as 
that previously used, Fig. 2(b). Note that the transformers are 
not superfluous in this circuit since a closed path exists in which 
the currents, corresponding to shear in the vertical members, can 
flow. 

Elastic coupling between the two upright columns is provided 
by a simple beam which is not subjected to axial load. The elec- 
trical analogy for this beam is derived in references [3] and [4]. 
Since in small-deflection theory the lateral deflection of the hori- 
zontal member at the end of the two uprights must be zero, the 
primary of one of the transformers representing the cross member 
BC is grounded at both ends. This means that in Fig. 3(b) the 
transformer shown in dashed lines need not appear. 

Several variations were made in this problem, the results of 
which are listed in Table 1. For all cases the members labeled 
AB and CD in Fig. 3(a) were considered to have identical physical 
properties although allowed different boundary conditions. The 
effects of variations in the bending stiffness of the coupling mem- 
ber, BC, were studied and the results are presented graphically in 
Fig. 4. It is interesting to note that the effectiveness of the 
transverse member increases rapidly for small EJ. The deflection 
shape shown in Fig. 3(a@) was obtained from the computer and 
corresponds to the case where all three members have equal stiff- 
ness. 

4 Buckling of a Beam on an Elastic Foundation. The next prob- 
lem considered was the buckling of a uniform beam with hinged 
ends, supported along its entire length by a uniform elastic 
foundation, Fig. 5(a). The differential equation governing the 
deflection of this beam is 


(a) SIMPLE FRAME 


(EIw")” + (N,w')' + Bw = 0 


where Sw is the magnitude of the reaction of the foundation per 
unit length. This differential equation is identical to Equation 
(1) with 

A = El 

a=d=q=0 

b=1 

c=8 


By reason of symmetry only half of an 11-cell beam representa- 
tion, Fig. 5(b), has been used to study the buckling loads of the 


Table 1 Buckling loads for three-member frame. 
l = 5O in. 
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Fig. 3 Circuit used to represent three-member frame 
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system. The buckling of a uniform beam resting upon an elastic 
foundation under the action of a compressive load has been fully 
discussed elsewhere,* where it is shown that the buckling load is 
dependent upon a reduced length L instead of the actual length / 
of the beam. In terms of this reduced length L, 


L? 


N, (critical) = 


Table 2 shows a comparison between the buckling loads ob- 
tained from the electrical circuit and the theoretical results 
obtained from Equation (7) for several values of £. 

For problems in which the beam is laterally loaded, the de- 
flections and internal forces below the buckling limit are obtained 
by using the circuit shown in Fig. 5(c). Thus lateral loads are 
inserted as currents into the circuit at the w-nodes, while capaci- 
tors placed in the slope circuit are defined as 

C= (8) 
where N, is now merely the value of the axial load and need not 
be an eigenvalue. 

A small number of representative analog-computer results for 
the bending of a beam on an elastic foundation under lateral loads 
alone are shown in Table 3. Also presented are some analog- 
computer results for the bending of a beam subjected to both 
lateral and compressional loads with 8 equal to zero. Thus, the 
electrical circuit used to obtain buckling loads can be adapted 
quite readily to obtain the deflections and internal forces existing 
in an elastic structure swbjected to compressional as well as 
lateral loads. The physical constants assumed for each system 
were EI = 15 X 10° psi, g = 10 lb per in., 1 = 110 in., and N, 
(where applicable) = 6000 lb. 

5 Buckling of a Flat Plate. The next problem considered was 
that of a uniformly compressed rectangular plate, simply sup- 
ported along two opposite sides perpendicular to the direction of 
compression, but having various edge conditions along the other 
two sides, Fig. 6. The differential equation that describes the 
deflection of this uniform plate is 

dxtdy? D dz? 


If it is assumed that, under the action of cempressive forces N, 
the plate buckles into m sinusoidal half-waves and that the fourth- 


* Reference [5], p. 108. 


order differential equation is satisfied by a solution of the form 


w = f(y) sin “a (10) 


f(y) is a function of y alone, the following differential equation is 
obtained for determining f(y): 


. 


p? dy? L p* 


This differential equation is of the same form as Equation (1) 
with 
= D 
= 2m%r*D/p? 
q=0 
= 
= 


It is therefore possible to find the buckling loads of such a rectan- 
gular plate by using the general electrical analogy derived in this 
paper. If one considers the specific case where both sides y = 0 
and y = kare built in, then the first buckling mode is symmetrical 
about y = k/2. Critical loads were obtained with these boundary 
conditions for several ratios of p/k assuming D = 333.3 in-lb, 
v = 0.25, and p = 28in. The circuit used to represent the plate 
is shown in Fig. 6(b). The critical loads obtained from the com- 
puter have been plotted against the ratio of p/k in Fig. 7, for the 
case where m = 1; i.e., for the case where the plate buckles into 
only one half-wave. As the value of p increases (for a given k), 
the critical load decreases, reaches a minimum, and then increases. 
At p/k = 1.0, the critical load for m = 1 is larger than the critical 
load for m = 2 and for this ratio of p/k the plate will, therefore, 
not buckle into one half-wave but into two half-waves. 

6 Buckling of a Simple Angle. The last problem that was in- 
vestigated is an extension of the previous one. In the case of a 
simple angle, the free longitudinal edges of the angle buckle while 
the side AB, Fig. 8, remains straight. The edge conditions along 
AB are that the deflection is zero (in all directions) and that the 
bending moment is continuous. The circuit used to represent the 
angle is therefore quite similar to that used to simulate a single 
rectangular plate. The representation chosen was a finite-dif- 
ference circuit having a maximum of 6 cells per side. The elec- 
trical circuit shown in Fig. 8 illustrates the electrical representa- 
tion for the case in which the width of one side of the angle was 
double the width of the other side. It was assumed that D = 


Table 3 Results of computer analysis of beoms subjected to lateral and compressional loading 
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Fig. 7 Critical load versus ratio of p/k for rectangular plate with two 
clamped edges and two simply supported edges 


576 in-lb, vy = 0.25, and k = 6in. The side labeled k’ in Fig. 8 
was allowed to vary from zero to 6 in. for each of two ratios of 
p/k. Results of this study aie shown in Fig. 9 as a plot of buck- 
ling load N, versus the length of side k’. 

As has been noted previously, the boundary conditions at the 
free edge of a plate are not as simple as the boundary conditions 
at the free end of a column. The boundary conditions which ap- 
ply at a free edge can be written as follows:* 


Sw 
and + (2 pv) = 0 (13) 


4 See for example, reference [5], p. 338. 
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If the assumed solution for w, Equation (10), and the definition 
of “shear” from Equation (2c) are substituted into these dif- 
ferential equations, the following matrix relationship is ob- 
tained: 


2 
M = 


p* 

(14 

Dym*r? 


0 w 


y=k y=k 


Thus the “bending moment” at the free edge of the plate is not 
zero as in the case of a free-ended column, but is a function of the 
lateral deflection of the free edge. Likewise, the “shear” at 
the free edge of the plate is not zero but, instead, is a function of 
the angular rotation at the free edge. Since, in the finite-differ- 
ence beam analogy, the angular and lateral deflections are not 
defined at the same point, it was necessary to terminate each side 
of the angle with one cell of the beam analogy derived in [3] in 
order to obtain the angular rotation @ and the lateral deflection w 
existing at the edge. 

With both @ and w defined at y = k it was possible to derive an 
electrical network satisfying the given boundary conditions. 
Thus in the simple electrical circuit shown in Fig. 10: 


| | —(Yu + | | E, | (15) 
te —(Yn + Yi) 

But this is of the same form as Equation (14) provided (VY), + Yi) 

and (Yx + Yi) are both equal to zero. If the impedance ele- 

ments are chosen as follows: 

= Yu Yn Dvm*r* 
jw jo prot 


p? 


fa = jo¥ ns ~ 


then the diagonal terms in the electrical matrix, Equation (15), 
are zero and the identification is complete. 
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Fig. 9 Critical load versus length of side k’ for simple angle 


Throughout the analysis, the angle between the two edges was 
represented as rigid for a distance of one half a cell along each 
side, 


Conclusion 

An electrical analogy has been obtained for a general type of 
differential equation that describes the lateral motion of axially 
loaded beams and edge-loaded plates. This analogy has been used 
to obtain classical buckling solutions for several types of struc- 
tures. It should be emphasized that the relatively simple prob- 
lems actually solved in this paper are merely examples of the 
types of problems which can be solved by the electrical analogy 
method. Thus, for example, no fundamental changes are neces- 
sary in the electrical circuit used to represent the three-member 
frame if the vertical columns are continuously loaded or if they do 
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Fig. 8 Circuit used to represent 
simple angle 


Fig. 10 Electrical circuit used to simulate boundary conditions at free 
edge of rectangular plate 


not possess uniform stiffness. The only changes required are in 
the values of the circuit elements. The number of structural 
elements that can be considered simultaneously is only limited by 
the number of electrical elements in the analog computer that is 
available. 
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Symmetric Vortex Separation on 
Circular Cylinders and Cones 


The symmetric vortex separation that is observed on the leeward side of slender bodies of 
revolution at high angle of attack in the subsonic to moderately supersonic-velocity range 


is analyzed by means of the “‘lumped-vorticity’’ approximation suggested by Edwards 


and Hill. 


The equivalent unsteady two-dimensional problem of indicial motion of a 


cylinder in an incompressible fluid with symmetric vortex wake is also considered. 
Body vortex position and normal force per unit length are presented for a cylinder and 
a slender cone at high angle of attack and compared with available experimental in- 


formation. 


Two-Dimensional Unsteady 
Wake Development Behind a Cylinder 


= a circular cylinder is suddenly accelerated from 
rest to a speed V in a fluid (Mach number small compared to 
unity), it is observed that the initial flow field is closely irrota- 
tional, but very soon after starting, the boundary layer separates 
at the rearward stagnation point and two separation points propa- 
gate symmetrically away from this point around the sides of the 
cylinder. When these boundary-layer separation points reach a 
certain angular distance from the rearward point, two regions of 
vorticity break away from the boundary layer and move down- 
stream, beginning the formation of a wake, Fig. 1. Excellent 
pictures of this process were taken by Rubach and are reproduced 


SHEETS 


Fig. 1 Symmetric vortex separaticn 
on a circular cylinder shortly after 
beginning of cylinder motion 
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in [1].! This description applies for Reynolds number, Re = 
Ud/v, greater than about 5. At lower Re no wake is formed as 
the flow is governed primarily by viscous forces (Stokes’ flow). 
Further development of the wake depends on Re; for 10 < R < 
100 an antisymmetry builds up quickly and regular eddy shedding 
(von Karman vortex street) begins. For Re > 10, the alternate 
eddy shedding begins but is quickly superseded by a completely 
turbulent flow in the wake. This paper is concerned only with 
the initial symmetric wake development. 


Three- Dimensional Steady Flow Past Slender 
Bodies of Revolution at High Angle of Attack 


Symmetric vortex separation is also observed on the leeward 
side of slender bodies of revolution at high angle of attack in the 
subsonic to moderately supersonic range, Fig. 2. If we imagine a 
fixed plane in the fluid, perpendicular to the axis of the body, Fig. 
2, then as the body pierces this plane its trace moves laterally in 
this plane with velocity U sin @ and time is related to distance xz 
along the body by ¢ = x2/(l’ cos @); if we approximate the fluid 
flow in this plane as two-dimensional, then the picture is almost 
identical to the one we have just been considering if we replace V 
by U sina. The main difference is the “expanding circle’ as the 


PLANE FIKEL 
IN FLUIL 


LEESIDE 

VORTEX SHEETS 
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Fig. 2 Symmetric vortex separation on a siender body of revolution at 
high angle of attack 
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nose pierces the fixed plane. In many instances vortex separa- 
tion occurs behind the nose-cylindrical body juncture, hence the 
previous model is applicable. 


Lumped Vorticity Approximation of Early Phase of 
Wake Formation 


In terms of the two-dimensional unsteady problem, the regions 
of vorticity that separate from the boundary layer and move 
downstream are quite thin, justifying a description of them as 
vortex sheets. Furthermore these sheets roll up, concentrating 
most of the vorticity toward the downstream end of the sheet. 
If we approximate the sheet by a single concentrated line vortex 
at the center of gravity of the vorticity but maintain, conceptu- 
ally, a connecting sheet of vanishingly small vorticity to the body, 
we can formulate a relation for motion of this vortex that gives no 
net force on the vortex and its connecting sheet (Appendix A): 


+ — fo) T7™ ad 
where 
¢: = complex co-ordinate = y; + iz, of vortex 


¢> = complex co-ordinate of point on body where sheet is 
being “fed” 
IT = circulation of vortex 
W, = v, + iw; = complex velocity vector at ¢, leaving out in- 
finite rotational velocity induced by vortex .-itself 
indicates time differentiation = )/dt 


Note that if [ = 0, this relation indicates that the vortex 
moves with the local fluid velocity. Also, even though the net 
force on the vortex and connecting sheet is zero, a moment acts 
on the combination, Fig. 3, an inherent inaccuracy in this type 
of approximation. Another objection is that this model of the 
phenomenon implies a discontinuous drop in pressure on the 
body going across the “feeding point” of amount Ap = p]’. It 
is true, however, that the high suction on the rear end of the 
cylinder accounts for most of the drag experienced by the ev linder. 

Another relationship is needed to determine completely the 
motion of the two symmetrically disposed “lumped” vortexes in 
the wake, and it is related to the choice of location for the feeding 
points { = {yand¢ = —{». For the cases considered previously 
(e.g., references [2, 3]) this additional relationship is a Kutta con- 
dition at the sharp edge where the sheet is fed; it simply states 


C=y+iz 


\ 


: 


Fig. 3 Simplified theoretical model of symmetric vortex separatien on a 
circular cylinder 
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Fig.4 Contours of constant vortex strength for feeding points at 0) = 4 
deg and 140 deg 


that the fluid velocity at the edge is finite. In the present prob- 
lem the condition used is that: 


The feeding points are stagnation points; that is, the 
fluid velocity relative to the cylinder vanishes at these 
points. (2) 


This still leaves open the choice of where these points are to be 
located. Observation indicates they are located about 50 deg 
from the rear point (@ = 40 deg) when the boundary layer is 
turbulent, and somewhat farther away when the boundary layer 
is laminar (4) < 40 deg). 

Fig. 4 shows a downstream quadrant of the flow field with lines 
of constant vortex strength determined by condition (2) [see 
Equation (6)] for the case & = 40 deg. It also shows the ‘“‘Féppl 
curve”’ which is the locus of points where a vortex pair can be at 
rest with respect to a cylinder in a steady flow (see, for example, 
Reference [5}). The points on the Féppl curve for # = 30 and 40 
deg are shown. These may be regarded as equilibrium points for 
the vortexes, but they are unstable to an antisymmetric disturb- 
ance [1]. 


Computation of Yortex Motion 

The fluid motion is governed by Laplace’s equation, hence we 
use the complex variable £ = y + iz where the y and z-axes are 
body axes with origin at the center of the cylinder, Fig. 3, and 
a complex conjugate velocity vector v — iw = dF /df, where F is 
the complex velocity potential. F is made up of the potentials 
due to (a) the free-stream flow, (b) a doublet at the origin to 
simulate the cylinder, (c) the two vortexes in the wake, and (d) the 
“reflection” of the two vortexes in the cylinder 


a’ 
a? iT 6 
é, 
The velocity is thus: 
v — iw a’ 
1 1 1 1 
del —— + —— - —— - 


Transactions of the ASME 


* 
A 
| | 
| 
| 
= 
! 
So 
| 
a 
$1 $i 


where X = ['/(27aV). The velocity at vortex 1, which we 
earlier called W;, is thus given by: 


8 1 
W, =», — iw = —iV] 1+ — + dAaf — 
i+ a 
1 
1 
» tte 
$i 


Also, to obtain the relation that satisfies condition (2) and that is 
plotted in Fig. 4, we put v — iw = Oat ¢ = {> = ae™ into (4) 
and, after some algebra, we find: 


HG + + $0 6) 
(ih = + $1) 


which is always real and positive. 
Equation (1) can be written as 


and, with equations (5) and (6), represents a rather involved 
nonlinear first-order ordinary differential equation for the com- 
plex co-ordinate of vortex 1, {,(t). This was integrated numeri- 
cally, by finite-difference approximation, on an IBM 704 for the 
case 0 = 40 deg with time increments equal to (1/20)(a/V). 
Fig. 5 shows the result of this calculation (every 20th computation 
point plotted) as the solid curve. (Note As = VAt = distance 
traveled laterally by the cylinder in time At, so As/a is the 
number of cylinder radii traveled in time At.) 

It can be seen that the symmetric vortexes begin to move very 
slowly downstream relative to the cylinder, accelerate to a 
maximum velocity, then decelerate as they approach the Féppl 
curve. However, instead of heading for the equilibrium points on 
the Féppl curve that correspond to 6) = 40 deg, the vortexes went 


0.2 06 0.8 2 
y/o 


Fig. 5 Theoretical vortex trajectory for a cylinder (0) = 40 deg) and 
vortex location on a cone as a function of angle of attack (® = 56 deg) 
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outside these points and curved back toward them; in so doing 
T’ became negative; i.e., circulation was “fed back” into the body 
boundary layer. This seems unlikely and hence we discard the 
computation for times after I’ went through zero, Possibly, what 
really happens here is that the feeding sheet is cut and a new 
vortex sheet starts out from the feeding point while the old vor- 
tex, now of constant strength, drifts further downstream, starting 
a von Karman vortex street. 

A difficulty arises in starting the problem because the feeding 
points, which are also the starting points of the vortexes, are un- 
stable equilibrium points for the vortexes in the mathematical 
problem (see later text), Furthermore, the vortexes can start 
out from these feeding points in only one preferred direction: 
namely, 30 deg to the downstream tangent to cylinder. Thus, 
to start the problem, the vortexes were placed on this preferred 
line a short distance from the feeding point (5 per cent of cyl- 
inder radius). 


Feeding Points as Unstable Equilibrium Points 

Splitting Equation (7) into its real and imaginary parts we can 
write it, for fixed [>, as two simultaneous first-order nonlinear cif- 
ferential equations of the form: 


= f(y, 2) 
4 = 


where y; = y(t) and 2 = 2:(t). The points where y; and 2, vanish 
are called equilibrium points. For a given value of {> there are 
two such points for these equations: (a) the feeding point, and (6) 
the Fépp! point. To investigate the stability of an equilibrium 
point, f and g must be expanded in Taylor series about this point 
to see if a small motion away from it will cause the vortex to con- 
tinue moving away (unstable) or will cause it to returr. toward the 
point (stable) [6]. This is done for the feeding point {) = ae iO in 
Appendix B, and it is found that this point is unstable for 0) > 0. 
Furthermore, it is shown in Appendix B that the feeding point is 
a “saddle point” in th xt only one integral curve passes through it; 
this integral curve starts out of the feeding point at an angle of 30 
deg to the downstream tangent to the cylinder. 


Drag Force on Cylinder 
A drag force is predicted by this calculation because of the lack 
of fore-and-aft symmetry. The total impulse imparted to a unit 
length of the cylinder can be deduced from the instantaneous 
position of the wake vortexes (see Appendix C): 
2 a? 
) 
1 


I = ipT (« 


“ri 


The instantaneous drag force is the time derivative of the im- 
pulse. This is often expressed in terms of an instantaneous cross- 


flow drag coefficient Cp, defined as 


D 


Cp, = 
pl 2(2a 
) 


where D = drag force per unit length of cylinder. This relation is 
plotted for the case 4 = 40 deg in Fig. 6. Note that Cp, first 
increases, then reaches a maximum, then decreases as the vortexes 
approach the Féppl curve. 


Normal Force on an Inclined Cylinder With Vortex Separation 


Normal force per unit length dN/dz on the three-dimensional 
inclined cylinder is the same as the crossflow drag per unit length 
on the two-dimensional cylinder. Total normal force up to a 
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certain axial station x on the body is proportional to the total 
impulse / in the two-dimensional unsteady problem, since 


dN 


and in the analogy ¢ = 2/(U cos a@) so 


* dN 
v= f dz = IU cosa 


0 dz 


If we define normal force coefficient as 


then 


where 


2ral’ sin 


Normal Force on a Slender Cone With Vortex Separation 
Here the flow field is assumed conical; i.e., velocity components 
and pressure are assumed constant on rays through the cone apex. 
At each axial station then the crossflow picture is the same, only 
increased in scale, Fig. 7. The crossflow velocity field is slightly 
different from that of the cylinder since a “source’’ term must be 
added to the velocity of Equation (4) to represent the expanding 
circle; namely, +44/f. Replacing t by z/U cos @ and V by 
U sin @ in Equation (4) we also take advantage of the conical na- 
ture of the flow by putting 
df = = tan 6 
dx a dz a 


where 6 = semiapex angle of the cone. It follows that the cireu- 
lation strength of the separated vortexes must increase linearly 
with 2; hence: 

1 dX 1 tan 6 


Making these additions and substitutions in Equation (7) it be- 
comes a complex algebraic equation for the location of the vortexes 
({; and —¢) with a parameter 8 = tan a@/tan 6 (Appendix D). 
This equation has been solved for the case @ = 56 deg and the 
results are shown as the left-hand curve in Fig. 5 and the cor- 
responding normal foree is shown in Fig. 7. 

One interesting feature of this analysis is that vortex separation 
does not occur until 8 = 1.5 ese %. Moore in [7] has shown that 
laminar boundary-layer separation on a cone does not occur until 
B = 0.8 and he speculates that turbulent boundary-layer separa- 
tion is delaved until even higher values of @. 


Comparison With Experiment 


Observations and measurements of this phenomenon are given 
in [4] and [8] through [13]. In particular [13] shows measure- 
ments of vortex trajectories and lift per unit length on slender in- 
clined ogive-cvlinder bodies summarized from several sources. 
It was on the basis of these observations that we chose 6) = 40 deg 
as the feeding point. Fig. 6 shows the experimental data of 
Schwabe [8]. The time origin of the theoretical curve (which is 


646 / DECEMBER 1959 


2.5 T - T - 


“ SCHWABE (EXPERIMENTAL) 


+— 


| 
PRESENT THEORY 


vat 


Q 


Crossflow drag on a cylinder as a functon of time 


| 


EXPERIMENT - JORGENSEN 
T (REF 13) 7 t ASYMPTOTE 


T 
| 
| 
° ' 2 3 4 5 € 

fona 
tans 


Fig. 7 Normal force on a cone with vortex separation as a function of 
angle of attack 


not predicted by the theory) has been shifted to fit the experi- 
mental data for small time. For VAt/a > 5 the theory shows a 
drop-off in crossflow drag whereas Schwabe’s experiments do 
not. However, other experiments do show a drop-off in Cp, to 
about 1.2 for laminar flow and 0.35 for turbulent flow [11]. 

Jorgensen [14] gives data on lift, drag, and vortex position for 
a circular cone with 6 = 7.8 deg at Mach number 1.97 up to 21 deg 
angle of attack. These data are plotted on Fig. 7 and show a 
reasonable agreement with the theory if 4 is put equal to 56 deg. 
With this value of 4 the position of the vortexes also checks well 
with Jorgensen’s observations. The theory predicts the ap- 
pearance of vortexes when a@ = 13.9 deg and the experiments 
show them appearing between 10 and 15 deg. 


Acknowledgments 

The author is indebted to a paper of J. A. F. Hill [4] for much 
preliminary work on this problem and to, Harold Soule and 
Barbara Casa of the Raytheon Missile Systems Division for their 
interest and computational assistance. 


References 


1 8. Goldstein, editor, ‘Modern Developments in Fluid Dy- 
namics,’’ Oxford University Press, London, England, 1938, pp. 39-41, 
62-65, plates 7 and 8. 

2 R. H. Edwards, “Leading Edge Separation From Delta 
Wings,”’ Journal of the Aeronautical Sciences, vol. 21, 1954, p. 134. 

3 N. Rott, “Diffraction of a Weak Shock With Vortex Genera- 
tion,”’ Journal of Fluid Mechanics, vol. 1, 1956, pp. 111-128. 

4 J. A. F. Hill, ‘A Non-Linear Theory of the Lift on Slender 
Bodies of Revolution,’’ NavOrd Report 5338, Proceedings U. §. 
Navy Symposium on Aeroballistics, 1954. 

5 L. M. Milne-Thompson, ‘“‘Theoretical Hydrodynamics,"’ The 


Transactions of the ASME 


| | | | 
| | 
2 sin*a Gx 
1.0 
4 
| 
N 
1 Fig. 
— pU*ra?* 
Cw 
zsin2a e 
r 
NO VORTICES VORTICES 
z 
y 
| =. | 
| 
| 
‘ 


Macmillan Company, New York, N. Y., second edition, 1950, pp. 


331-333. 
6 T. von Karman and M. A. Biot, ‘‘Mathematical Methods in 


Engineering,’"’ McGraw-Hill Book Company, Inc., New York, N. Y., 


1940, pp. 150-158. 
7 F. K. Moore, ““Laminar Boundary Layer on a Cone in Super- 
sonic Flow at Large Angle of Attack,’” NACA Technical Report 1132, 


1953. 

8 M. Schwabe, “Pressure Distribution in Non-Uniform Two 
Dimensional Flow,’"’ NACA TM 1039, 1943. 

9 H.R. Kelley, “*The Estimation of Normal Force, Drag, and 
Pitching Moment Coefficients for Blunt-Based Bodies of Revolution 
at Large Angles of Attack,"’ Journal of the Aeronautical Sciences, vol. 
21, 1954, pp. 549-555. 

10 F. E. Gowen and E. W. Perkins, ‘“‘A Study of the Effects of 
Body Shape on the Vortex Wakes of Inclined Bodies at a Mach 
Number of Two,’’ NACA Research Memo, A53117, 1953. 

11 R. L. Maltby and D. H. Peckham, ‘‘Low Speed Flow Studies 
on the Vortex Patterns Above Inclined Slender Bodies Using a New 
Smoke Technique,’ Royal Aircraft Establishment Technical Note 
No. Aero. 2482, 1956. 

12 E. W. Perkins and L. H. Jorgensen, ‘*‘Comparison of Experi- 
ments and Theoretical Normal Force Distributions (Including Reyn- 
olds Number Effects) on an Ogive-Cylinder Body at M = 1.98,” 
NACA TN 3716, 1956. 

13. J. N. Nielsen and G. E. Kaatari, ‘‘The Effects of Vortex and 
Shock-Expansion Fields on Pitch and Yaw Instabilities of Supersonic 
Airplanes,"’ Institute of The Aeronautical Sciences Preprint No. 743, 


1957. 
14. L. H. Jorgensen, “Elliptic Cones Alone and With Wings at 


Supersonic Speeds,"” NACA TN 4045, 1957. 


APPENDIX A 


Approximating a Vortex Sheet of Growing 
Strength by a Single Concentrated Vortex’ 

In Fig. 3, consider the vortex sheet on the right which we ap- 
proximate by the concentrated vortex of circulation T at ¢, and 
a connecting sheet of vanishingly small circulation connecting ¢, 
to the feeding point [) on the body. Mathematically, there is a 
branch line between (,; and ¢[) and the velocity potential @ is 
discontinuous across this branch line, the discontinuity in @ being 
I, the circulation of the vortex. There is therefore a discon- 
tinuity in pressure across this branch line (alias vortex sheet) of 
amount p]’, the total (complex vector) force acting on this vortex 
sheet is therefore ipl (o, — ¢). The force acting on the con- 
centrated vortex is —ipI'(W, — §) where W, is the local fluid- 
velocity vector at the vortex and é is the velocity vector of the 
vortex. Thus to make the net force on the concentrated vortex 
and its feeding vortex sheet vanish we must have 


— fo) — ipl (Wi — = 0 (8) 


or, rearranging, we obtain Equation (1) in the text. 


APPENDIX B 
Feeding Points as Unstable Saddle Points 


Let — fo = ape'’® and = ae™ and consider p< 1. From 
Equation (6) we find that: 


\ = pcos see (@ — as (9) 
Hence the second term on the left side of Equation (7) becomes: 
p 
(1 — 0) — = 
A p (10) 
= as 


since we assume p@ is of second order as p -> 0. Thus Equation 
(7) for p< _1 becomes: 
(11) 


2 After references [2] and [3}. 
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Expanding W, in a power series in p for fixed, but as yet un- 


known @, we find: 


Wi = Ww(d) + pWuld) + (12) 
= ie™® cos — sec*(@ — 60) | (13) 


and we have nondimensionalized W,; by U’ sin a. Since we wish 
to have W, vanish as p — 0, it follows that Wo(@) must be zero, 
which implies that: 


as (14) 


This establishes the direction the vortex takes as it leaves the 
feeding point; namely, 30 deg from the downstream tangent to 
the cylinder. 

To investigate stability of the feeding point we let 


+a, 


where a< 1, and expand Wo in a Taylor series in @ and evalu- 


ate Wi, ata = .: 


Wo = —(4V73 a+..... 


(15) 
Wi, = 2e? E € a) cos (* + a) | 


Substituting (15) into (12) and in turn into (11) yields: 


= —(4 V3 ie 


+ [sn a) +7 cos + a) | (16) 


where 
a d 
() = { ) 
U sina dt 
Now multiply (16) by e~*'® and then split it into real and 


imaginary parts; 


p’ = —(3 cos A)a + p sin ( - T (17) 

0 = cos + p cos ( 3 + w) (18) 


Equation (18) gives a linear relation between @ and p which, 
when substituted into (17), gives: 


p’ =psn&+...... (19) 
Thus the point {> is an unstable saddle point for 0 < 0 < 4/2, and 


the integral curve through [> is given by: 


cos ( 3 + a) 
(20) 


+ & 4 4, 
APPENDIX 
Impulse and Force per Unit Length on Cylinder 


The impulse of a pair of vortexes of equal and opposite strength 
I’, which are a (complex) distance Af apart, is: 


ipl (At) 
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an 


| 
| 
| ie 
| 

4 
15) 9 

= 2 ot 
| 


Since, in our problem, we have arranged to have no net force on 
the vortex and connecting sheet, the total impulse acting on the 
cylinder is the sum of the impulses of the two vortex pairs, one at 
and — the other at and Since at the beginning 
I’ = 0, the total impulse is then: 
I (5 ) (21) 
1 
The drag force per unit length acting on the cylinder is the time 
rate of change of the impulse 


(22) 


APPENDIX D 
Normal Force on a Slender Cone at High Angle of Attack 


Making the substitutions and additions mentioned in the text, 
Equation (7) becomes: 


(23) 
a a a a U sin @ 


where W, is the same as Equation (5) and the A that occurs in W, 
is the same as in Equation (6). Now let: 


10; 


= ane 


(24) 
oo = 


and separate (23) into its real and imaginary parts. After some 


manipulation this gives: 


1 1 
3 sin (0, — A) = (: + *) cos 


+ cos? A 


J 
2r, + 1) + 2 sin? 
1 1 \? 
i\. (1 - tan 4, 
= (: sin A, ons 4 (26) 


These last three relations determine the location of the right-hand 
vortex (r;, 6) as a function of the parameter 8 = tan a/tan 6. 
They were solved by assuming a value of r;, then varying @, until 
both (25) and (26) gave the same values of 1/8. 

When the vortexes are very close to the feeding points we can 
linearize Equation (23) by letting 


aud expanding both sides up to linear terms in p and a as in the 


second section of Appendix B): 


pei? \1 + = —(4 V3 ie cos Ala 


+ 2pe'? [sin (= - a) + i cos + | (28) 


and, upon multiplying through by e~"® and splitting into real and 
imaginary parts, we obtain: 


3 1 
3 + (6 cos a = 


For consistency the determinant of these equations must vanish, 
vielding the eigenvalue: 


3 
= — ese 6, (30 
2 ese 
and the equation of the vortex path as 
1 3 
a=2(¥ tan 6) p+. (31) 


The normal force on the cone is made up of two parts, the usual 
linear theory (slender-body) value, plus the nonlinear contribu- 


tion due to the vortexes: 
l « 
— } cos 8, (32) 


- 


where This relation is plotted in Fig. 7 for 0 = 56 deg. 
(v y ( y 
h = —— 4+ ain? + cos? ——— 27 
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temperature field. 


Ss problem of an isotropic thick-walled tube em- 
bedded in an elastic medium of the Winkler type, under internal 
pressure and a uniform temperature increase has been studied by 
B. G. Galerkin.* In a recent paper, the Galerkin problem has 
been generalized to an orthotropic cylinder subjected to any axi- 
symmetric temperature field? The present note is confined to 
a further generalization of the Galerkin problem, in connection 
with the anisotropic bodies, using the results of a previous paper 
by the author.‘ In this paper a thermal steady-state polar sym- 
metrical temperature field in a thick-walled transversely iso- 
tropic vessel has been studied. Thus the present paper deals 
with the Galerkin problem for such a two-layer anisotropic vessel. 
It seems that the problem considered may be of practical interest 

1 This research was supported in whole by the United States Air 
Force under Contract No. AF 49 (638)-377, monitored by the AF 
Office of Scientific Research. 

? B. G. Galerkin, ‘State of Stress in a Circular Tube Surrounded by 
an Elastic Medium"’ (in Russian), Sobr. Soch., vol. 1, 1952. 

3 J. Nowinski, “Thermoelastic States in a Thick-Walled Ortho- 
tropic Cylinder Surrounded by an Elastic Medium,"’ Bulletin de 
l’ Academie Polonaise des Sciences, vol. 5, 1957. 

4J. Nowinski, ‘Thermal Stresses in a Thick-Walled Spherical 
Vessel of Transversely Isotropic Material,”” Arch. Appl. Mech., 
Warsaw, vol. 7, 1955 

Presented at the Summer Conference of the Applied Mechanics 
Division, Troy, N, Y., June 18-20, 1959, of THe AMERICAN Socrery 

MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, September 16, 1958. Paper No. 59—APM-27. 


Note on a Thermoelastic Problem for a 
Transversely Isotropic Hollow Sphere 
Embedded in an Elastic Medium 


This note concerns a hollow sphere composed of two different transversely isotropic 
layers and subjected to an internal pressure and a steady-state, spherically symmetrical 
The sphere is surrounded by an elastic medium treated as a Winkler 
material or transversely tsotropic medium, respectively. 


in some instances, such as that of a reinforced-concrete container, 
with a special inner coating, surrounded by a rocky ground and 
subjected to an internal pressure and a temperature field. 


General Equations 

Let us consider a thick-walled hollow sphere of transversely iso- 
tropic material the center of the sphere coinciding both with the 
center of the spherical anisotropy and the origin of a polar co- 
ordinate system p, 6, ¢, in which @ and ¢ represent the angles of 
longitude and latitude, respectively. The sphere is composed of 
two different transversely isotropic concentric layers; an inner 
layer a’ < p < a,andan outer layera < p <a’. In what fol- 
lows, the quantities connected with the inner layer will be de- 
noted by a prime. The sphere is embedded in an elastic medium, 
for the time being, of the Winkler type, and subjected to an in- 
ternal pressure p and a spherically symmetrical steady-state tem- 
perature field 7 = 7(p). 

Denote by u the radial displacement and by E! and E the 
Young’s moduli in the radial directions and in the directions per- 
pendicular to the radii, respectively. The Poisson coefficients 
will be denoted by v! and », the first quantity representing the 
lateral contractions (in the planes tangent to the concentric 
spheres of isotropy) provoked by a radial elongation, and the 
second quantity the lateral contractions, in the same planes, pro- 
voked by the elongations in these planes. 

The relations between the components of the strain and the 
stress fields in a spherically transversely isotropic material have 
the known form 


2v'o, 


vid, (1 — v)o, 


E 


a,T, 
(1) 


+a,T, € = 


———Nomenclature 


6, 4 ~ polar co-ordinates An, Au = cocfficients defined by Ay 
a’, a, a" = radii corresponding to inner Ax, 125 
and outer layer, respec- A, D,, D, ee a 2',| = coefficients defined by Equa- 
tively a), F,, Fs, tions (9) 
p = pressure 31, 3) = coefficients defined by a, a’, 
7 = temperature Bs, Equations (5 w’, B, B’} 
u = radial displacement m, di, de 
E', E = Young's moduli g(p),¥(p) = functions of p defined by 
v',v = Poisson coefficients Equations (5 di 
Q,, @, = coefficients of thermal linear K, L = constants of integration peace 
expansion 6=1 Ayn = a coefficient ‘ = prime, denoting quantities 
€>, € = unit elongations a‘ = Winkler’s coefficient of me- connected with inner 
Op, 7, = normal stresses dium layer 
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where 0, = oy, = oe, and a, and a, are the coefficients of the 
thermal linear expansion in the radial directions and in the sur- 
faces of isotropy, respectively. We assume that all elastic and 
thermal coefficients do not depend on temperature in the range 
of the changes of the temperature field considered. 

By solving Equations (1) with respect to stresses we obtain 


= + 2A ute DT, 
O, = +> (An + Ane, — DeT, 


(2) 


where the following notations were used: 


E 
Ay = (1 - Vv) E A, Aw = vA, 


E 
}’ 


D, = — E a, + A, Dz = (v'a, + @,)A. 


An + Ay = 


— vp — 


The solution of the given thermoelastic problem for a trans- 
versely isotropic sphere yields the following components of the 
stress field:* 

3 
, 


+ Bl¥(p) — Lip * 


a, = alg(p) + K Ip * 


= Bil¢g(p) + K\p * 


in which 


a, = 


! 
(1 + Sm?) 


An + As — Ar = EQ 
Ay E\1 — v) 


Tp dp, 
a 

+ l 


D, — 2D, dy = ~—* D, 2D, 


- 


= 


i Tp * dp, Wp) = 
/a 


dy 


K and L are the constants of integration and a the inner radius 
of the sphere. For the radial displacement one obtains 
—yu-1) 


—[W(p)-Llp §, (6) 


u = 6 + K\p * 


where a notation 6 = 1/A,, is used. Denote the Winkler co- 
efficient of the elastic medium surrounding the two-layer sphere 
by x. We have the obvious boundary conditions in the instance 
considered: 


o,'(a’) = —p, o, (a) = 4,(a), u’(a) = u(a), 


o,(a”) = —Kxu(a”), 


which, after some elementary computations, vield the following 
values of the constants of integration: 
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1 1 
K = — 'F, — K' = F, — 
A (¥2'Fi re Vif 2) 


L’ =a’ + 
where 
— 
+ |, 
= + Ba~“(a")*), 
+ 


= a" — a2Ba~ “(a" )*}, 


*| 


da~*/“a — + 


t+3 
9 


+ Ya"), a’ = 


a~“'la’ — W(a)], B= = 


a, — 


Limit Cases 

Clearly, for « = 0, and no difference between the basic quanti- 
ties (5) with and without primes, one obtains the known solution 
for a unilayer transversely isotropic sphere.* > 

For kK = ©, a case of a two-layer sphere surrounded by an 
ideally rigid medium is obtained. In this instance 8 = 1. 

Assume now that the surrounding medium is transversely iso- 
tropic, and denote the respective elastic constants by a star. 
Then it is easy to find the respective value of the Winkler co- 
efficient by using the results of the foregoing discussion. To this 
end we attribute primes to all basic quantities (5), and substitute, 
in the final equations a” and, say, b for a’ and a”, respectively. 
Again we put x = 0 and substitute for p the value x. The last 
quantity will now be obtained from the obvious condition 


(10) 


u'(a’) = 1 


(before a” being substituted fora’). A lengthy calculation yields 


finally 
a, — 
— 
For a limit case, b ~ ©, we obtain for a transversely isotropic 
surrounding medium 
(u* + 1)A,,* 
A => 
2a” 


(12) 


or, for an isotropic medium 


2E* 
= + v*) 


By substituting the values (12) or (13) for « into the formule 
(9) for 8 we obtain, clearly, the solution for a transversely iso- 
tropic two-layer sphere surrounded by a classical transversely 
isotropic or isotropic medium, respectively. 

5S. G. Lekhnitsky, “‘The Theory of Elasticity of an Anisotropic 
Body” (in Russian), Gos. Izd. Tekhn. Teor. Lit., Moscow-Lenin- 
grad, 1950, p. 287. 
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Transient Analysis of Stress-Wave 


This paper carries out an analysis of the propagation cf a transient stress pulse con- 
centrated at a point on the boundary of a plate whose thickness is of the order of a wave 
lenoth, It is based on an expansion method used by Caignard in geophysical-layer 
problems which obviates the contour-integration difficulties and whose terms represent 
successively reflected waves of increasing time delay. From the general formulas ob- 


in Plates 


tained in this paper for an arbitrary forcing function, the stress versus time distribution 


along the axis of a 1-in-thick aluminum plate is obtained for a 5-microsec exponentially 
decaying pressure pulse. Inside the plate it is found there is a compressed zone which 


is relieved by a negative front traveling with the distortional wave velocity. When this 
interferes with a certain reflected negative front, the stress reverses in sign. A compart- 
son of the location of this reversal is made with those based on plane-wave assumptions, 


es work is a continuation of an analysis of stress 
waves penetrating axially into plates, caused by a concentrated 
impact on the boundary. This is described in [1]? and in [2]. 
One purpose of this analysis is to furnish basic theoretical in- 
formation for determining scabbing effects in plates. Since this 
type of damage is caused by changeover of the initial compression 
wave into a tensile wave at a free boundary of the specimen, it is 
necessary for the analysis not only to follow the wave across the 
plate, particularly along the axis, but to study up to a certain 
point the superposed effect caused by multiple reflection at these 
free surfaces. 

In principle, the steady-state analysis of stress waves is made 
equivalent mathematically to the transient-pulse problem by 
means of the Fourier integral theorem. However, it is another 
matter to actually carry through the synthesis expressed by this 


1 This research was performed at the Pennsylvania State Uni- 
versity, and was sponsored by the Office of Ordnance Research, U. 8. 
Army, under Contract No. TB2-0001(1253), entitled “‘Scabbing and 
Fracture cf Materials by Stress Waves.” The support is gratefully 
acknowledged. 

? Numbers in brackets designate References at end of paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, Atlantic City, N. J., November 29- December 4, 
1959, of Tae AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion on this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1960, for publication at a later date. Discussion 
received after the closing date will be returned. 

Notre: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 


Division, September 22, 1958. Paper No. 59—A-16. 


Limiting cases are discussed. 


theorem. This has been done in a few seismological wave-propa- 
gation problems, which are somewhat related to our present 
problem; e.g., Pekeris [3] for the buried line source. Neverthe- 
less, there are some significant differences between earth-layer 
analyses and the type of information desired for metal plates: 
(a) The time duration of the pulse in plates is of the order of the 
time required for it to propagate across the specimen. (b) The 
behavior of the wave through the plate is of primary interest, 
rather than surface displacements or stresses 

Pursey [4] has obtained propagation data for harmonic inputs, 
including briefly the case of thicknesses of the order of a wave 
length. In this paper we consider the transient problem, which is, 
in certain respects, more difficult than the steady-state one. For 
one thing, the time variation can no longer be eliminated from 
the analysis through its replacement by a single constant, the fre- 
quency. One cannot infer the location of stress-reversal points 
from the steady-state solution or from nodal points, as the suc- 
sessive modes do not superpose in a simple way. Essentially 
another integration would have to be performed over the fre- 
quency variable, which enters into the expressions in a compli- 
cated way. 

Mencher [5] has made an analysis of a problem of waves in a 
stratified layer emanating from a point source in the center 
Garvin [6] has worked out the exact transient solution for the 
buried line source in closed form. These have been based on the 
pioneering work of Caignard [7]. The present paper, by starting 
from the representation of the desired stresses as Laplace trans- 
forms, works out the normal stress distribution along the axis of 
the plate. This is done by an expansion method originally em- 


Nomenclature 


cylindrical co-ordinates in = Lamé constants 6(r) = singularity (Dirae delta) 
plate 0,,, 0, = stress components function 
t = time = [op?/(X + v2 = x = e—phd,y = ¢—pkd 
d = thickress of plate [pp?/p)'/? b fall-off rate of input pulse 
a = half-thickness = d/2 7, h, k = wave-number parameters; m, n = summation indices 
P(t) = foreing function h= [y:* + d,B, 9, A, Tir 
P, = maximum force ine? + 9°)" functional abbreviations 
& = displacement vector h = h/p,k = k/p, ¥ = ¥/p defined in text 
u,, ug, u, = displacement components A. B,C,D = coefficients L{...] = Laplace transform 
density p = frequency parameter H = unit step funetion 
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ployed by Caignard which obviates the need for having to invert 
the Laplace transform directly.* 


Basic Mathematical Solution 


Fig. 1 shows a plate which is assumed to be infinite in extent, of 
given thickness d, together with the appropriate cylindrical co- 
ordinate system. The impact is represented by a concentrated 
force acting at the point O of the boundary, with prescribed time- 
variation P(t). Tension is taken as positive. 

The front and back faces of the plate are supposed free of stress 
except at the impact point, where the normal stress is infinite. 
This is expressed by the following conditions: 


a,(r, 0) = Or), 0) = 0 (1) 
d) = 0, d) = 0 (2) 
= 0 by radial symmetry (3) 


where 6(r, ¢) is a “Dirae delta function’’; i.e., such that 


4(0, 1) = x, 6(r,t) = 0 for r #0 (4) 


and ff, = P(t) (4a) 


The equations of motion, in vector form, are given by 
ps = (XN + 2u) grad divs — uw curl curls (5) 


where s = (xu,, ug, «,) is the displacement vector, A, uw are the 
Lamé constants, and p the density of the material. These are 
the classical Pochhammer-Chree equations [8]. Their basie radi- 
ally symmetric solution, as can be verified, is given by 


u, = + Be + Ce™ + De) (6) 


Ah B Ch D 


(7) 


where A, B, C, D, are functions of the wave-number parameter Y 
to be determined, A and k wave numbers, given by 


= 24) = pp*/u (9) 

Z», Z, functions of Bessel type, and C some path of integration 
or contour. When the parameter p is real, as shall be taken 
hereafter, the solution is referred to as of exponential type. The 
stresses are calculated from the relations 


or T oz 
(2 + ou, (11) 


Working out, starting from (6) and (7), 


2 
fil» — (A + 2p) (Ae + Ce 


— 2uy(Be*™ + De: toh (12) 


= — + 
Cc 


* Broberg, in a paper to be published (Transactions of the Royal 
Institute of Technology, Stockholm), has also approached the prob- 
lem starting from this standpoint and has done some interesting ex- 
periments measuring the displacement opposite the point of impact. 
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P(t) 


bock surface 


Fig. 1 Plate specimen, 
normal impact 


u(t + *) — Zi(yrjertdy (13) 


The quantities A to D are functions of y to be determined next 
from the boundary conditions. 


Completion of the Boundary-Value Problem 


In this section we shall work out the values of the coefficients A 
to D from the boundary conditions. 

First, we represent the concentrated load function (4) as an 
integral of Bessel a function, as follows: 


l 2D 
= | ¥ Jo(yr)dy (14) 
2r Jy 


This may be verified by starting from the known definite integral 

flan) = = (18) 
differentiating with respect to p, and letting p — 0, giving 


= 0, r #0, 6(0) = 


f f “8(r)rdrdO = 1 
0 0 


Also, in order to be able to cancel a common time factor in the 
boundary equations below, we assume the basic load time- 
variation to be in the form 


and 


P(t) = er (16) 


to be extended later by the Laplace transform. 

Starting from the operations (10), (11), and applying the 
boundary conditions (1)-(3), choosing the Bessel function J» for 
Z, and the positive real axis for path C, as required by (14), we 
obtain 


-f {aca + C) — + J 
iz=0 0 


l 
0 


| = {2uh(A — C) + — D)Ji(yrjertdy = 0 
(17b) 


| = {a(Ae4 + Ce4) — 2u7(Bet4 + De-*4)} 
z=d 0 


= 0 


Oy, -f {2uh(Aet4 — Ce-4) + wB(Bet4 — De~**)} 
0 


Ji(yrje"dy = 0 (17d) 
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=Ay (A+ = -- + 2y%) 
(18) 
7? 
B= k+ = (12 + 
Since these equations must hold for all values of r, 
a(A + C) — 2wy(B + D) = 
— C) + D) =0 
(19) 
a(Ae4 + Ce*4) — 2uy(Be*4 + De-*4) = 0 
2h(Ae*4 — Ce-*4) + B(Be*4 — De-*4) = 0 
The solution to this set of linear equations is 
Au [Suyh — — 4] 
7B ‘ ( cosh ka sinh ka 
A, A: 
yh 
B= [—2a8 + — 
yh ha sinh ha 
2r A, A: 
(20) 
[Suyh — — thd) 
ka 4 sinh ka | 
A, A: 
yh 
D= [—2a8 + — 
yh , ( cosh ha sinh ha | 
= et — 
A A: 
where 
p = 4pyh + aB = — [4y*hk — + 2y?)2] 
(21) 


q = 4pyh — a8 = [4y*hk + -+ 2y?)?] 
yk 


a = 
and A is the determinant, given by 
A = 2(p? — — pte“ thd — 
+ (h~k)d + (22) 


= —4A,A, 


where 


A; = psinh (kh + — qsinh (h — 
(23) 
A, = psinh (hk + k)a + qsinh (hk — k)a 


The Axial Normal Stress 

When the expressions (20) are substituted into the stress ex- 
pressions (10) and (11), the exact mathematical solution to the 
plate problem is obtained. We shall exhibit the result explicitly 
here for the normal stress: 


sinh h(z — a) cosh ka 
3 — g(y) sinh k(z — a) cosh ha 


+ 


) sinh ha cosh ka 
— g(¥) sinh ka cosh ha 
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cosh h(z — a) sinh ka 

ee — g(y) cosh k(z — a) sinh ha 
cosh ha sinh ka 

— g(¥) cosh ka sinh ha (24) 


in which we also have introduced the notation 
4y*hk 
a8 + 27%)? 


From the physical point of view the most important direction of 
propagation from the source is that along the axis r = 0, where 
the shearing stress is zero, and where the factor J(yr), being equal 
to unity, may be dropped. We shall continue the explicit analysis 
on this basis. 

At this point the classical mathematical analysis would pro- 
ceed to a solution for arbitrary time variation of the load, by in- 
tegrating (24) with respect to the frequency variable p. The dif- 
ficulty of carrying this out is increased by the presence of p im- 
plicitly under the integrals in (24), since it enters through (9). 
We shall use a procedure in the remainder of this paper which 
avoids having to integrate either with respect to p or ¥. 

The first step is to rewrite our expression (24) for the stress 
in a form where p enters explicitly. To this end, introduce the 
following reduced variables: 

Y= dy = dy/p 
h = h/p; k = k/p 


Then g(y) = g(7), since p cancels. We then have, for the normal 


stress, 


- - 4 (1 - 
q g sinh pk(z a) cosh pha dy 
(1-0 = sinh pha cosh pka 


ar anh pha 


+f cosh ph(z — a)y dy 
tanh ph ‘ 
0 (1 > inh 


g 
tanh pka 


pk(z — a) sinh pha 7 dy 
tanh pha > - » (26) 
0 l-g cosh pha sinh phat 


“tanh pka 


sinh p h(z - a)ydy 


tanh pka 
q = sinh pha 
tanh pha 


This breakdown into four terms corresponds physically to wave 
components of different delay, as will be seen later. 

Next we note, since g() is independent of p, that the integrands 
in (26) are rational function of 


as follows: 


p? fe — phe ph d—z pkez pk(d-—- 
- (1 — gR)(1 — y) 


(1 — g/R)Q1 + z) (1—g/R1+y) RJ 


where 
R=(14+2)(1 —y)/(1 — + y) 


The parts containing g, R, z, and y may now be expanded formally 
in a power series in z and y. We need not consider whether it 
converges nor justify rearranging or regrouping of terms as the 
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final solution is justified directly. We obtain, again formally, 


m, n=O 


0 


0 


(28) 


It will be seen later that the terms represented by the indexes m, 
n are successively reflected waves. The functions ¢,,,, Wma are 
weight factors. Their first few values are 


2g/(1 — g)? 

+ — y)? 
—29(1 + g)/(1 — g)® (29) 


gw = 1/(1 — g) Yo = 
Wu 
= 2g/(1 — g)? Yo 
(1 + g)?/(1 — 
—293 + — g)® Yu = 29(38g + 1)/(1 — g)® 


+ — Yoo = —Gg(1 + y)?/(1 — 


2y(1 
= —(1 + 9)*/(1 — 
When the values (27) for z and y are substituted in (28), 


p(hz+ mhd+ nkd) Cn¥ dy 
0 


prer' 


en pih(d— z)+mhd+ nkd dy 
0 


en p(kz+ mhd+ nkd)y dy 


5 


| pikid—2)+mhd+nkdy, ¥ ay) (30) 
0 


These represent, respectively, downgoing dilatation, upgoing 
dilatation, downgoing distortion, and upgoing-distortion-type 
Wives. 

Figs. 2 and 3 interpret in physical terms how the successive 
terms in the series are generated. Thus a ¢g,-term refers to a dila- 
tution-wave operator generated from 7 previous dilatation waves 
and ) previous distortion waves by successive i + j reflections. 
When either type wave is incident at a free surface it generates 
the pair of reflections with modifying factors as follows: 


Gijon = Vi(1 + — g) (30a) 
Wins 


Fig. 3 diagrams the successive reflections up to the second order. 

Expressing the fact that each wave is generated by reflection 
from incident waves of both types, we have the following re- 
currence relations: 


starting from 
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Fig. 2 Reflection operators at free surface of plate 
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Fig.3 Wave reflecti on tral axis of plate 


Gu = 1/(1 Yoo =-g (1 (32) 


(If an index is negative, the corresponding function is zero.) 

The identical procedures given in this section for the axial nor- 
mal stress can be carried through for any of the other stresses, or 
for any location in the plate. 


Arbitrary Forcing Function 


The work of the previous section has been to put the expression 
for the required stress in a form where the parameter p in addition 
to pe? appears explicitly as part of a negative exponential, as in 
(30). This is essential for carrying through the remainder of the 
procedure, since it forms the kernel of the Laplace-transform 
operation. 

To put our expressions in the desired form, a change of variable 
must be made affecting the functions in parentheses which multi- 
ply p in each of the integrals of (30). These functions are in- 
dividually replaced by new independent variables 7,,as follows: 


( f rs) (33) 


= hz + mhd + nkd 
h(d — z) + mhd + nkd 
kz + mhd + nkd 
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tT, = k(d — z) + mhd + nkd (34) 


and 
= (VY H(r, — 7(0)) 
Sant = — DF =x H (1, — r(0)) 
2 dr, 


in which H is the unit step function and 7,(0) = 7,(y = 0). In 
order to make each /,,,, a function of the corresponding 7,, it is 
necessary to solve each of the relations (34) for y and substitute 
for it in the corresponding expression of (35). 

The purpose of introducing the step functions in (35) is purely 
formal in that it permits writing the lower limit of the integrals 
as zero, instead of 7,(0). When y = 0, this value represents 
physically the arrival time of the corresponding wave, before 
which the disturbance must be zero. There is of course a diseon- 
tinuity in the function at this time. 

It is to be noted that the quantity in parenthesis in (33) is in the 
form of a Laplace transform. If we multiply (33) by any function 
of p it still remains a solution to the wave equations (5) and con- 
tinues to satisfy the boundary conditions (1-3). We shall now 
choose this function as the Laplace transform of the prescribed 


load function P(t): 
LI|P()| = f, (36) 


Thus each term of (33) now takes the form (we shall suppose the 
subscripts ¢ and m, n to be understood on each symbol f up to 


equation (48) 
2ro,, = L{P(t)\f(p, ze" (37) 


Since the inverse Laplace transform of this expression involves 
only a further integration with respect to p, the result of this 
transformation remains a solution to the wave equations: 


0) = 2)} (38) 
The factor ¢?* no longer appears explicitly as it is part of the 


operator L~'. This result now satisfies the time condition (4a) 
also. For, on the front boundary of the plate z = 0, 


2ra,(0, 1) = L([P(O\f(p, 0)f (39) 


But f(p, 0) = 6(r) as may be seen+by putting z = 0 in (24). 
Hence (38) becomes 


2na,(0, = LY LIP()) = LO = (40) 


as was to be shown. 
From (33) and (38) we have 


2ro,, = p*L|P() (41) 
Next, by employing the convolution theorem‘ we may write 


t 
LIP(OIL[A) = L f, P(t — r)f(rdr (42) 


Its use is legitimate since f(r) is piecewise continuous, as is re- 
quired. We next apply the identity’ 


4 Reference [10], p. 36. 
5 Ibid., p. 8. 
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LIF"()| = p*L[F()) — pF(O) — FO) 


t 
to F(t) = P(t — r)f(r)dr. ‘In this expression F(O) = 0, 
and from 


t 
= f. P(t — r)f(r)dr + (43) 


follows that F’(0) = P(O0)f(0) = 0, since the arrival time of any 
of the waves in the interior is always positive. At these times, 
however, discontinuities occur in f(r) which introduce additional 
terms in the foregoing differentiations. For the sake of carrying 
on the main argument we shall suppose, for the moment, that all 
jumps have been smoothed off by gradual transitions. With this 
in mind, 


t a t 
— r)f(r)dr = L P(t -- r)f(r)dr (44) 
0 . 0 


By differentiation once under the integral sign and integrating 
by parts, noting that f(0) = 0, this becomes 


d 
L P(t — r)f'(r)dr (45) 
dt 


Hence when this is substituted into (41), the L and L™ opera- 
tions cancel, leaving the expression 


d 


= | P(t — rf'(r)dr (46) 
0 


dt 


It is not advantageous for practical purposes to carry out the 
differentiation indicated here. 

We can now easily take care of the discontinuities. Each fune- 
tion f(r) has a step at 7(0) = 7(y = O) where it jumps from zero 
to f*(7(0)) signaling the arrival of the wave. Differentiation of 
the step funetion H(r — 7(0)) is formally handled by inserting a 
6-function, so that, from (35), 


= + f(r(O))6(r — 7(0)) (47) 


r=r (0) 
The first term on the right refers to the derivative from the right- 
hand side. When this is substituted into the integral (46), the 
first term changes the lower limit to (‘(0), while the 6-function 


integrates out, giving 


d 
= P(t — + — 700 
dt 


Summarizing, the complete expression for the normal stress is 


= T,) finn’ 


mn=Or1=1 


Thus we have expressed the stress explicitly in terms of the forcing 
function, with the Laplace-transform operation eliminated. 
Questions of convergence of the series appearing in (48) do not 
actually arise since only a finite number of terms differs from zero 
Given a value of , only those terms contribute whose indexes m, n 
are such as to make the values of 7, in (34), for Y = 0, less than ¢. 
This of course corresponds physically, because of the increasing 
delay, to the fact that only a finite number of waves has been 
generated up to the time ¢. That (48) satisfies the boundary 
conditions may be verified directly, with the help of the relations 
(30a) and that the wave equation is also satisfied, from the fact 
that each term is traceable to the terms of (30), which is in the 
elementary form of solution when the radial factor Jo(yr) is rein- 


serted. 
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Particular Cases—Exponential Pulse, Step Pulse 


We shall consider the case of an input pulse which rises suddenly 
to unit amplitude then declines more gradually at an exponential 
rate, as shown in Fig. 4(a). This type of pulse when reversed in 
sign is a good approximation to the pressure variation caused by 
explosives. The step pulse is shown in Fig. 4(b). 

For pulse (a), we have 

P() =0 0 
i>o 


= 


Each term of the stress in (48) becomes 


d t 
0 


When the differentiation with respect to t is carried out, this be- 
comes 


t 
2ro,, = f, f'(r)dr + + 


The complete expression is obtained by summation on m, n, 7, 
as previously. 

The corresponding expression for the step pulse is obtained by 
letting b — 0, giving 
(51) 


2ra,, = f'(t). 


The Aluminum Plate 


In actual physical problems the waves decrease in amplitude 
rapidly enough so that only the first few reflections need be con- 
sidered. We shall use this fact in considering here an aluminum 
plate with d = Lin. having the following constants: 


0.4105 & 107° see/in. 
¥: = 0.823 10° see/in. 


The dilatation velocity happens to be just twice the distortional. 
On the diagram in Fig. 3, the region of practical interest lies be- 
tween t = Oandt = 7:2 sec, which is the time when the incident 
distortion wave Woo reaches the back surface. If failure should 
not have occurred by this time, the material will probably be 
safe from further destruction, as we shall see. Thus the only 
waves with which we have to deal, referring to (35) and Fig. 3, 
are: 
foo! = incident dilatation 


= incident distortion 


= first reflected dilatation 
= first reflected distortion 


The remaining waves in the series get started too late to be of any 
practical importance for this problem. 

For the pulse, we must select a value for the constant b. Now 
if b is large compared with ¥;, the pulse is practically over by the 
time required for the leading wave to reach the back face, so that it 
behaves essentially as though it were in an infinite medium. On 
the other hand, if 6 is small compared with 7¥;, it acts as in a thin 
The in-between case we are interested in studying thus 
We shall here actually 


plate. 
occurs when by, is of the order of unity. 
make this unity, so that 
2.435 105 
(a) The 0,0 Wave. Starting from (34) and (32), 7, 

= Fiz, and gw = 1/(1 — g). Also 

as 

ydy = > so 
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A. EXPONENTIAL PULSE 6B STEP PULSE 


Fig. 4 Pulse inputs 
foo'(t, 2) = t< 
(52a) 
= Poo 2 t> 
This is not completely explicit in ¢ as it also enters into gw via 
the variables g and y. It does not pay to carry out its elimination, 
however. 

The form of the function shows that a wave front advances with 
velocity z/t = ¥;, decreases in amplitude as the square of the 
penetration distance, but is subject to a shape modification factor 
go. For the stress, noting that go = 1 when y = 0, from (50), 


t 


To evaluate this it is convenient to introduce the function 


t 
F(t) f'(r)dr + 72) (54) 


v1 
We then have simply 


1 
C,, = F(t) 
2xz* 


and note that the following differential equation is satisfied 


F(t) = —bF(t) + f(t) (56) 


Numerical Evaluation 

The job of calculating from an expression such as (53) a set of 
stress curves from given numerical data is still far from straight- 
forward. Hence an indication of the techniques used may be 
helpful. 

First a general table was calculated with y as the independent 
variable ranging at steps of 0.1 from 0 to 1; summarized in Table 


From the relation 
dg dy dy 
dg dy dl 


we get 


d 2 
= 9 ( = 
dt (1 —@)*\y¥y? 


(57) 


which is a convenient formula for calculating ¢g’(f), and then 
= te() + ¢. For y = 0, dg/dt = 


Next we decide on a series of positions inside the plate where 
the time variations of the waves are to be determined and 
For each such value of z we calculate the values of ¢, 
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Pin 
= 
. 
= 
| 
1 8 
= hz, 7,(0) 

J 

| 


x x x 10°5 
0.0 0.4109 0.8230 0.0000 
0.1 0.4229 0.8290 0.0288 
0.2 0.45°0 0.8469 0.1081 
0.3 0.5088 0.8759 0.2182 
0.4 0.5734 0 9150 0.337 
0.5 0.6472 0.9629 0.450 
0.6 0.7272 1.018 0.543 
0.7 0.8116 1.080 0.626 
0.8 0.8914 1.148 0.690 
0.9 0.9894 1.219 0.7408 
1.0 1.081 1.295 0.7813 
0.4105 X 107° sec/in. 


- 


0.823 sec,in. 


= hz 
10-5 x 10-5 F(t) 
0.00 0.370 2.000 0.370 
0.1 0.381 2.099 0.382 
0.2 0.411 2.415 0.418 
0.3 0.458 2.948 0.483 
0.4 0.516 3.699 0.586 
0.5 0.583 4.724 0.737 
0.6 0.645 5.879 0.948 
0.7 0.730 7.455 1.219 
0.8 0.810 9.242 1.574 
0.9 0.891 11.37 2.012 
1.0 0.973 13.42 2.545 
1.057 15.89 3.150 


25: 


NORMAL REDUCED STRESS « 277 


AXIAL 


04 
TIME 


then via ¢g, ¢’, the values of f’(t), using (57). Next, in order to 
obviate the necessity of calculating the integral in (53), an itera- 
tive numerical procedure based on the differential equation (56) 
was used. Table 2 shows an example of this work as carried out 
for the position z = 0.9. 

In constructing this table, first the values of ¢ and f’(t) were 
calculated. Then F(f) = 7.2 was entered for the value of ¢ on the 
top line, then —bF(t), then F(t) from (56), across the line. Then 
the value of F for the next entry ¢ + At was obtained simply from 


F(t + At) = + 


The remaining waves were calculated in the same manner as 
the foregoing. The progress of the stress wave through the plate 
is shown in the series,of figures mentioned in the following text. 
The two incident waves gy and Y« alone are shown in Fig. 5 so 
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Table 2 Typical Stress Calculation z 


Fig. 5 Stress wave amplitudes versus time at 6 locations in plate (incident waves only) 


Tabie 1 Wave functions for aluminum plate 


go = I/(l —g) #10 vio 
1.000 —0.000 — 1.000 0.0000 
1.030 —0.0297 —1.092 0.0612 
1.121 —0.1214 —1.392 0.2722 
1.279 —0.279 —1.993 0.7136 
1.508 —0. 508 —3.040 1.532 
1.818 —0.818 —4.792 2.97 
2.188 —1.188 —7.387 5.198 
2.67 —1.672 —11.60 8.935 
3.23 —2.23 —17.64 14.41 
3.89 —2.89 — 26.37 22.48 
4.57 —3.57 —37.23 32 66 


—bF(t) = F'/2* 
—0.900 1.100 1.36 
—0 928 1.171 1.45 
—1.016 1.399 1.73 
—1.178 1.770 2.19 
—1.428 2.271 2.81 
—1.795 2.929 3.62 
—2.307 3.572 4.41 
—2.965 4.490 5.54 
—3.830 5.412 6.68 
—4. 900 6.47 7.99 
—6.19 7.23 8.92 
7.69 8.22 10.13 


os 06 09 
in SECONDS «10°? 


that we can see how they would propagate through a semi-infinite 
medium. When @w reaches the back face of the plate it reflects 
two waves i and Yo which are shown in Fig. 6. The combined 
effect of all the waves at each of the positions is shown in the 
series of curves of Fig. 7. Finally, the series of profiles was just 
enough to sketch a contour plot as shown in Fig. 8 of the stress 
as function of time and distance over the region 0 < t < 0.823 X 
10~§ see, 0.5in. < z < 1 in., respectively. From this diagram we 
also can take horizontal cross sections which show the appearance 
of the wave in the plate at any given moment. 

For the unit-step pulse, where the stress is given by (50), the 
stress variation (considering only the two incident waves) is quite 
similar to the curves in Fig. 5. The only difference is that the 
tail of the pulse tends asymptotically to a constant value greater 
than zero. From (52a), at a constant position z, 
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Fig. 6 First reflection from back face 


2ro,, = f(t) = 


(goo + Yo) + + Yoo") 


To evaluate the limit of this as /— ©, it is necessary to express 
the funetion g and W explicitly in terms of (and expand in descend- 


ing powers of f. When this is accomplished we obtain (for z = 1): 


272? — 
29°) (294 — + 39) 
(y2? 
+ — + 
272? — 


on 17) 720? 


It is seen that the ascending power terms cancel, and we have 


Lim gw + Yo = 3 


Yo’ + Yo’ = 0 
Our limiting stress is therefore 
3 


o 
292? 


= 


This checks with the classical statie value for a unit load on a 
semi-infinite body, as it should.® 


Propagation Features—Limiting Cases 


We consider first the question of pulse-shape preservation 


® Timoshenko and Goodier [11], p. 364. 
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Fig. 7 Combined wave system in plate 
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Fig. 8 Stress-contours showing distance-time propagation of pulse; 
numbers = stress X 27 
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during propagation through the plate. From Fig. 5 we note that 
the sudden initial rise propagates with the dilatation velocity 
and signals the arrival of the pulse at each position. However, 
after this front has passed the intensity continues to rise until a 
negative front arrives with the distortion velocity. This cancels 
out most of the wave, leaving only a small residual tail which de- 
creases further at an exponential rate. Unlike the input pulse, 
the peak intensity is reached just ahead of the second front, 
rather than at the primary one. Its magnitude however, di- 
minishes as the square of the distance into the plate, as is to be 
expected from the spreading of the wave. 

Thus wave shape is preserved only after a time long relative 
to that required for the zone of high stress to pass by. 

The fact that there exists (a) the front moving with distortion 
velocity, and (6) the zone of high stress, is not predicted by steady- 
state analysis or by plane-wave theory. The generation of the 
distortion front is, however, well understood physically—its 
source is the interference or reflection of the spreading wave at the 
front surface. Sauter [12] and Goodier and Bishop [13] have 
discussed the formation of this second wave in plates from con- 
siderations of Snell’s law of refraction at glancing incidence. 
Christie [14] and Schardin [15] also have studied this question 
and observed it experimentally. Fig. 9 shows this, together with 
the spreading stressed zone (here compression) in the plate. 
Satisfying the boundary conditions at A, A’ requires the two shear 
waves AB and A’B’. At C, by symmetry, these must result in an 
axial stress moving with the distortion velocity. 

While the foregoing ray analysis does predict the secondary 
wave at the front surface, and thus would apply in a semi-infinite 
medium, it does not predict the first distortion wave (Yj) reflected 
off the back surface, since an axial ray is normally incident there. 
The reason is that one cannot here assume the wave front to be 
plane until it is at least several wave lengths away from the 
source. 

If we consider pulses of other shape than the exponential one, 
the same essential features of the propagation are present. Thus 
it has been pointed out that the step pulse also propagates a 
high-stress zone quite similar in shape. Here static equilibrium 
with the load left on is attained shortly after the unloading dis- 
tortion front passes—certainly by the time required for the load- 
ing front to go about three times the distance from the source to 
the observing point. 

When the first wave front is refleeted from the back face of the 
plate, we have seen that two additional discontinuity fronts of 
opposite sign are reflected, interfering in a rather complicated 
manner with the oncoming waves. The contour map of Fig. 8 
gives a better physical picture of the state of stress in the plate 
than do the profiles. The figure being drawn for a compression 
pulse, the regions of reversed stress (tension) are demarcated by 
shading. The triangular region near the boundary is of low in- 
tensity, and probably of little significance. The main tensile 
region begins at z = 0.7, 5.35 & 10~5 see after the initial pulse, 
and soon builds up in intensity while spreading over a large part 
of the plate. If a tensile crack should start at this point it further 
weakens the material nearby to the extent that a full seab de- 
velops. There may possibly be enough tensile stresses still 
trapped in the remaining material to repeat the process, resulting 
in multiple seabs. 

It is interesting to compare the foregoing results with what che 
more elementary plane-wave theory would give. Here, of course, 
there is no loss allowed for due to spreading of the wave. Also, 
the input pulse must here be considered as being spread over the 
entire front surface of the plate, instead of being concentrated at 
one point. On this basis, if we suppose an input stress pulse of 


the standard form 
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Fig. 9 Formation of di.jortion front by glancing incidence at front 
surface of plote 


and suppose it transmitted through the plate without loss of 
shape, it will have the form 


= —P + Pie 71(2d —2z)] 


ae 
where we have included the reflection off the back face. If @,, 
denotes the critical fracture stress (or any critical stress), we can 
find the corresponding critical point in the plate as the intersec- 
tion of the locus ¢,, = o,, with the equation ¢ — y,(2d — z) = 0 
of the reflected wave front. This gives the relation 


o,, = — — 2) — 4. P.. 
or 
2=d+ : log (1 2) 
If we assume arbitrarily that 
o,, = '/P,, 


under the same numerical conditions used in the example of this 
paper, we obtain z = 0.653. 

A comparison with the value z = 0.71 obtained from Fig. 8 
would seem to show that the plane-wave result is not too far 
off—at least in this instance. However, we must be careful to 
note that the stress is reversed for different reasons. The analysis 
presented here shows that it occurs because the unloading dis- 
tortion front meets the negative reflected dilatation front. The 
unloading due to the decreasing amplitude of the pulse itself 
plays a very small role. As an extreme case, the step pulse would 
never cause a reversed stress at all if it were analyzed on the 
plane-wave basis. 

The effect of plate thickness d depends on its relation to the 
pulse length, measured, for example, by the value 1/by,; in equa- 
tion (49). If dis increased by a factor of about 3 or more, the re- 
flected stress Waves are weakened ibs the square of this factor and 
we have essentially an infinite medium. At the opposite limit 
where a < 1/(hy,) we can take b ~ O which makes the pulse 
effectively a step pulse, discussed already. However, from the 
point of view of practical situations, it may be that the actual rise 
time of the pulse becomes appreciable. Under these new input 
conditions, the corresponding propagation problem can be worked 
by essentially the same method as the foregoing 

Impacts with prescribed displacement boundary conditions in- 
stead of stress, or shear stresses, will, of course, lead to different 
expressions for the coefficients A D (20); but after these have 
been found from the boundary conditions, the same method of 


procedure can be carried all the way through 
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Transverse Flexure of a Semi-Infinite 
Thin Plate Containing an 
Infinite Row of Circular Holes 


The problem of finding stress resultants in a semi-infinite plate under plain bending 


and containing an infinite row of equal and equally spaced circular holes is discussed 
on the basis of the Poisson-Kirchhoff theory of thin plates. A method of perturbation 
is adopted for the determination of parametric coefficients included in the solution. 
The maximum bending moments occurring on the rim of the hole across the minimum 
section are calculated for several cases and shown in graphs, from which the mutual 


Tax problem of determining the deflection and 
stresses in a plate under transverse bending and containing one 
or more holes has long attracted the attention of the elastician as 
well as the engineer. When the plate may be considered infinite, 
the influence of a single hole of various shapes has been solved by 
several investigators. Such names as J. N. Goodier [1],! H. 
Neuber [2], S. Holgate [3], G. N. Sawin [4], Yi-Yuan Yu [5], 
FE. Reissner [6], and P. M. Naghdi [7] may be mentioned in this 
connection. Further, the presence of adjacent boundaries greatly 
influences the maximum stress and introduces some complica- 
tions. For instance, the solution for a semi-infinite plate with a 
circular hole, subject to plain bending along the direction of the 
straight boundary [8] indicates a considerable stress concentration 
at the rim of the hole on the minimum section. On the other hand, 
an infinite row of circular holes in a thin plate, transmitting the 
constant bending moment about the cross axis to the line of cen- 
ters [9], shows the shielding effect which reduces the maximum 
stress. Thus the mutual interference of adjacent boundaries in 
a bent plate may be considered to be a problem of both theoretical 
interest and practical importance. 
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interference of adjacent boundaries will be informed. 


The present paper concerns the problem mentioned. The plate 
is supposed to be semi-infinite, bounded by a straight line, and 
to contain an infinite row of equal and equally spaced circular 
holes. A solution of the plain bending problem is sought by use 
of the Poisson-Kirchhoff theory of thin plates [10]. A method of 
perturbation is adopted for the determination of parametric co- 
efficients involved in the solution. Numerical examples of the 
solution also are worked out in several cases and compared with 


the results available. 


Method of Analysis 

Consider a semi-infinite plate with an infinite row of circular 
holes and take its middle plane, before bending occurs, as the z, y- 
plane. Let the plate occupy the region z > —d in the z, y-plane. 
The holes will be supposed to have the same radius a (<b/2) and 
to have their centers at the points (0, +mb), m being any integer 
or zero, Fig.1. At the center O,, (0, mb) of each hole, a subsidiary 
co-ordinate system is taken parallel to the x, y-axes. Referred to 
these axes, complex co-ordinates z and z,, may be defined as 

z=2+ iy = z = 2, + ty, = rae, (1) 

both co-ordinate system being connected by 


2. = 2 — imb (2) 


It is convenient to introduce nondimensional quantities meas- 
ured in a unit d as follows: 
f=2/d, §=2/d, n= y/d, p=r/d 
=7,/d, 9, = Pun (3) 


and 


Nomenclature 


x,y = rectangular co-ordinates w = deflection of plate ka, *B,, \ _ coefficients of transfor- 
r, 6 = polar co-ordinates = 2/d, 4 = y/d = dimen- mation 
2 = 2+ iy = re” = middle sionless rectangular co- M,, Mo, Ha = bending and twisting mo- 
plane of plate ordinates ments per unit length 
D = flexural rigidity of plate p = r/d = dimensionless ra- with reference to (r, 8)- 
v = Poisson’s ratio dial co-ordinate direction 
a = radius of circular hole = a/d dimensionless hole 
4 = center distance of holes radius won 
d = distance between straight uw = b/d = dimensionless cen- @2 = conjugate function of 
boundary and line of ter distance Vw 
centers of holes M, = applied bending moment V? = Laplacian operator 
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Fig. 1 


XN=a/d, = b/d (4) 


Now we shall seek the solution for the case where the plate is 
bent about the z-axis and all the rims of the holes as well as the 
straight boundary are supposed to be stress-free. The plate will 
be considered subject to the limitation of the Poisson-Kirchhoff 
theory of thin plates. Then the transverse deflection of the plate, 
free from lateral loads, can be expressed by a biharmonic function 
of x and y. 

If no hole is present, the deflection of the plate under the plain 
bending about z-axis is given by 


Md? 


Md? 2e 
= - 2 10s 20| (5 
— v2)? tee ] (5) 


where D is the flexural rigidity of the plate and v is Poisson's ratio 


Wo = 


a) — 


of the plate material and 
e = (1 — v)/(3 + pv) (6) 


M, means the intensity of the uniformly distributed moment M,. 
It is clear that woo leaves stress resultants of the same amount on 
all the holes. To satisfy the stress-free conditions at the rims of 
these holes, we shall introduce series of biharmonie functions. 
These functions are to give no stresses at infinity, no tractions on 
the straight boundary and the same stress resultants on each hole. 
With these functions added to woo, the boundary conditions at the 
rim of one of the holes are satisfied by adjusting the parametric 
coefficients attached to the functions. Then the conditions on the 
other holes of the set will be automatically satisfied and all the 
requirements of the solution will be fulfilled. 

To derive the biharmonie functions having the characteristics 
just alluded to, we first construct a fundamental set of biharmonic 
functions which have singularities at the center O,, and leave no 
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stress at infinity and satisfy the stress-free condition on the 
straight boundary. Of these, the following are required for our 
present purpose: 


—log p,, 
—log p 
cos nO, 


€ 
= n—le—2ul(] 2 — UEm 
+ ( + Que 
+ un,, — (7) 


(Vim = cos n6,, 


€ 


| —n + 1 — 2nu 
0 


+ 4u + — 2(n — 1 — Qu)ut,e~ 


+(-1) 


cos un,, — ute-"(e~? — (n 2 2) (8) 


where 6,,,,, is the Kronecker delta and n! is interpreted as unity 
when n = Oand —1. 

Summing up these functions, we obtain the biharmonic func- 
tions having the requisite properties,which are then expressed in 
terms of the polar co-ordinates (p, @) by using Equations (1), (2), 
and (3) as follows: 


U,= > (U,), = 1, + + cos 0 


cos nO 


+ (ta, + cos (9) 
k=2 
V,= (Vidn = cos + %,p? + cos 6 


+ + cos (10) 
k=2 


where some of the constant terms are omitted as they contribute 
nothing to the stress resultants and the plate can be placed at any 
level since the boundary conditions are given by stresses. The 
coefficients in Equations (9) and (10) are designated by 


8, = 


ka, = + ea, , 


ll 
where 

1 
k 
thay, = 2 ') 
>(k = 1) 
(26 +2n) (n > 
2k + 2 1 
= ( 2k an ) 


(n > O) 


= + 2n — *) 


2k 
Can 
(k =>1,n 21) 
2k + 2n 
2k+1 (0) (—1)*¥*"2 
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2k +1 


—(2k + 
(2k 


(0 + 2n ') ) 


Trk+2n 


> (k > 0,n 2 1) 
2k +2n+1 
2k+2 


+, | 


+18, = tnt+1Q ( 


ta, = ty, =, = 0, if k +n = odd, 


kay = — 


kn — 1)! 
yl, (k 2, n 2 0) 
1 


(E+ — On 20) 


= 


1 
— 2) 


kin — 2)! 
— 2, wl — 1)O 

— yl], (k 2 2,n = 2) 

— 

(k + 1)"n — 2)! 
20 (k 0, n 2 2) 


o,, and o,,, are defined as follows: 


m=1 4 
m”" exp —2m (12) 


m=1 


Now, the required function which expresses the deflection of 
the plate is constructed in the form 


Md? : 
u u 2D(1 — v) | + 4) (13) 


where d,, and e,, are parametric coefficients to be determined from 
the boundary conditions. The corresponding bending moments 
M,, Mg, and twisting moment H, are 


D| 
M +v + w 


(M,/2) — cos 26 + dyp~? + d,2p~* cos 6 


[d,n(n + 1) + e,(n — 1)(n + 1 — cos nb 


n=2 


+ mo —1 + + cos 6 + — 1) 


n=2 


+ m,(n + 1)(n — 1 + €7!)p?]p"~? cos not, (14) 


M D o? 
d? | pdp op? 
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= (M,/2) {1 + cos 20 - dp~? — d,;2p~* cos 0 


[d,n(n + 1) + e,(n — — 1 + cos nb 


n=2 


— m(l — — m2(2 — €~')p cos — — 1) 


n=2 


+ + + 1 — €7')p*|p"~? cos not. (15) 


D 


= (M,/2) —sin 20 — sin 


{d,n(n + 1) + e,(n — 1)np?|p~*® sin n? + m)2p sin 0 


n=2 


> — 1) + m,n(n + 1)p?|p"~? sin nol (16) 


n=2 


where 


~ 


+ dy"ay + > (d,"a, + | 
(17) 
m, = dyo"By + d,"B, + (d,"B, + e,"6,) 
The boundary conditions at the rims of the holes are satisfied 
when 
M, =0, DQ + Hy = const, 


on the circle r = a, where Q is a conjugate function of T*w, V? 
being the Laplacian operator referred to z, y; that is 


1 + A~%do + (—1 + = 0, + Ze~'Am, = O, 
(—1)b., + n(n + 


+ (n — + 1 — + n(n — 
+(n+1)n —1+ = 0, 


(n 2 2) 

(—1)b., — n(n + 
—(n — + 1 + + n(n — 
+ (n + e')Am, =0 
These are equivalent to 
dy = — (—1 + 
d, = 
d, = — (n — 
(18) 


— [(n — n=) € + (ne) 


+ (n + 


The set of Equations (17) and (18) solves completely the problem 
of determining the parametric coefficients included in w. 


Determination of Coefficients d, and e,, 


To solve the infinite set of Equations (17) and (18), it is rather 
convenient to use a method of perturbation in which A and € are 
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the perturbation parameters. Now, we shall seek a solution in 
the form 


© 2p 

dy = dy 2 + +2, 

p=1q=90 

» 2p+l 

d, = + > (ad, 
p=1 q=0 

(19) 

» 2p+l1 

= + > (De (ead 420-2, 
p=1 g=l 

l, = m, = > 
p=1q=0 p=l1q=1 ) 


Substituting these expansions and Equations (11) into Equations 
(17) and (18) and then equating the coefficients of the same 
powers of A and € on both sides, we obtain 


ids = —1, = 1/ Me = —1, (20) 


and for p > 0, 


| 


t 
("a 
k=1 | 
| 
” | 
k=1 
= 
k=} 
‘ | 
J 
where 
jp — (4/2) > 
lp - — 1)/2]’ 
-1' odd 
and 


= 


| 
| 
| 
| 
| 
| 


(aq = —(n — 

n m,, (n n~*) m,, (n > 2) 
@e = +(n+ 1)@-9m, 


In the foregoing expressions, all the coefficients which are not in- 
cluded in the Series (19) are tobe zero. With these formulas the 
coefficients @d,™, %e,, @1,@, and @m, in the Series (19) 
can be determined successively for p = 1, 2, . 

The foregoing method of solution is valid in so far as the series 
in Equation (19) are convergent. No proof of convergence is 
pursued here, for brevity, but numerical computations carried 
out show that the Series (19) truncated after p = 7 gives prac- 
tically satisfactory results for X < 0.35 when uw = 1 and for 
< 0.65 when = 2 and 2.5. 
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Numerical Examples 

The foregoing solution was worked out for the cases b/d = 1, 2 
and 2.5. The calculation of @d,, e,,..... is carried out 
until p = 7 and corresponding values of g, but their values are 
not shown here for brevity. 

It is now rather straightforward to compute the deflection and 
stress resultants in the neighborhood of the holes. The most in- 
teresting, however, is the maximum value of bending moment 
occurring at the rim of the hole across the minimum section where 
(p, 9) = (A, 7). Since M, = 0 on the same rim, the maximum 
bending moment is given by 


Maax/Mo = [—D(1 + = 1 
= 1) (=1)(n = = my (23) 
n=2 


Substituting in this equation for e, and m, from Equation (19), 
we obtain 


t 
=0 


p=2 q= 
where 
Pp even 
t= J , if p= J 
\p - 1 lodd 
and 
) 
n=1 
+ (2n — 
n=1 
(25) 
n=1 
> mg, FY 


n=1 
Here upper limits of the summations take the following values 


even 


lodd 


except g = 0, for which s = s’ = p. 
The value in the limiting case a/d —~ 0 is 2 — € = (5 + 3v)/(3 
+- vy) which coincides with the one obtained for an isolated hole 


Fig. 2. Maximum bending moment versus o/d for various v and b/d 
values 
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in an infinite plate [1, 2!. Fig. 2 shows the results graphically. 
In this figure, the maximum moments are plotted versus a/d for 
the cases of y = 0, 0.3, 0.5 and b/d = 1, 2, 2.5. The values for 
the limiting case b/d — © [8] are also shown for comparison. 
When the distance between adjacent holes is small, e.g., b/d = 1, 
the shielding effect is predominant and the maximum moment de- 
creases with increasing value of a/d. But when the adjacent 
holes are somewhat apart, e.g., b/d = 2 and 2.5, the shielding 
effects are weakened by the effect of the straight boundary, and 
the maximum moment decreases slowly up to a certain value of 
a/d and then increases rapidly. Thus, for this range of b/d, the 
maximum moment attains its least value at some values of a/d. 
It is known from the figure that the corresponding values of 
a/d becomes smaller when b/d is Jarge and vy small. If the maxi- 
mum moment has its least value at a/d = 0, and it increases with 
a/d, it may be said that the effect of the straight boundary be- 
comes stronger. As is easily seen from Equation (24), this situa- 
tion occurs when 


Mon, €) + Mz (mye + Me of >0 (26) 


Table 1 
v=0O0 0.3 0.5 
b/d > 3.33 3.76 4.08 
22, 


os 


Fig. 3 Maximum bending moment versus a/b for various » and d/b 
values 
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The values of u(= b/d) that satisfy the foregoing relation are 
shown in Table 1. 

Fig. 3 shows the maximum bending moment plotted versus 
a/b, d/b, and v being parameters. The limiting case d/b—~ =, 
i.e., the case of the infinite plate containing an infinite row of holes 
[9], is also plotted. It is shown that the values of the limiting 
case give a good approximation for the case where the distance 
between the straight boundary and the line of centers is larger 
than the center distance of the holes. 
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The Fundamental Frequency of a Thin, Flat, 


Circular Plate Simply Supported 


R. Y. BODINE 


Department of Mechanics, 
University of Wisconsin, 
Madison, Wis. 


Along a Circle of Arbitrary Radius 


The fundamental transverse frequency is determined for a thin, flat, circular plate 


simply supported along a circle of arbitrary radius. 
support locations which coincide with ‘‘classical’”’ plate solutions. 


It is shown that there are three 
The dimensionless 


frequency is plotted against the ratic of the support radius and outer-edge radius, show- 


ing the frequency variation with support location. 
when the support is located at the diameter of the first nodal circle of a free-edge plate. 


* differential equation describing the transverse 


oscillation, in vacuo, of a thin, flat, circular plate of homogeneous, 


isotropic material is [1]? 


mh 


D at (1) 


= 


where 
1 


1 
+ 
r? oy? 


or? r or 
The solution for the fundamental, or umbrella, mode, with 
time implicit, is 


w(r) = adolkr) + asYolkr) + aslolkr) + ayKo(kr) (2) 


The frequency is given by 


p?\( 
\(2) (3) 


where kb = p, zero root of the frequency-criteria equations de- 
veloped in the following sections. 

The plate, Fig. 1, is considered composed of two elements, an 
inner panel and an outer web, joined at the support by reasons of 
equal slope and radial bending moment, and hence curvature. 

It is noted that there Are three locations of the support which 
produce solutions corresponding to “classical’’ solutions: 


1 When a/b = 0, the support at the center, the plate has zero 
deflection at the center. Since the slope at the center is always 
zero for reasons of symmetry, the center has the same conditions 
as if it were fixed, a problem previously discussed by Southwell 
{2}. 


2 When a/b = 0.680, the support radius coincides with the 
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The maximum frequency occurs 


OUTER WEB | INNER PANEL 


| / 


| 
| | 
| 
Fig. 1 Typical diametral section 
radius of the first nodal circle on a free-edge plate, a problem dis- 
cussed by several authors [3, 4]. 
3 When a/b = 1.0, the support at the outer edge, t 
becomes “‘simply supported,” a problem solved by Poissow in an 
early paper to the French Academy [5]. 


plate 


Since the calculations in this paper were performed using a 
Poisson's ratio of 1/3, the special problems of a/b = 0 and 1.0 
are solved using this value. Reference [6] was employed as the 
source of the tabulated Bessel functions, and the form of the 
functions and their derivatives used in this paper are those de- 
fined therein. 


Solution 


The boundary conditions for the inner panel, 0 < r < a are as 
follows: 
(i) w(0) @ 
(ii) V(O) 
(ili) = 0 
(iv) Aa) = 
(v) Pla) = Po 


Equation (2) represents the deflection curve, with time im- 
plicit and, by applying boundary conditions (i), (ii), and (iii), the 
deflection of the inner panel can be written as 


u(r) = as [ | (4) 


Differentiating Equation (4) once for the slope and twice for the 
curvature results in the following equations, respectively: 
Aa) = = ask | Ii(ka) + - (5) 
J (ka) 
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The boundary conditions for the outer web, a 2 r Z b are: 


(i) wla) = 0 
(ii) Oa) 
(iii) P(a) = Po 
(iv) M(b) = 0 
(v) V(b) 


A different set of constants is used in the equation defining the 
elastic plane of the outer web, 


w(r) = bJolkr) + bsYo(kr) + balo (kr) + bsKolkr) (7) 


When this equation is differentiated appropriately [7] the 
boundary conditions at the outer edge can be expressed as in the 
following equations: 


0) | 


M(b) = 0 =k [ 


— Eo + 


— bs 
ib (8) 


V(b) = O = k®[bJi(kb) + + bali(kb) — bsKi(kb)] (9) 


It was noted at the beginning of the paper that there are three 
locations of the support which will produce known solutions to the 
vibrating plate. From these solutions the range of ka, the Bessel 
function argument at the support, could be anticipated. Rather 
than forming a 4 X 4 matrix of the coefficients of b,, be, bs, and b, 
which could be accomplished by solving for a; in terms of by, be, bs, 
and b, by equating support slope and curvature equations, the 
constant a; was assumed equal to unity. Inspection of equation 
(4) will show a; is only a scale factor for the amplitude, the separa- 
tion constant & being the only term that reflects the existence of 
the outer web. With a; equal to unity, the support slope and 
curvature can be numerically computed for any presumed value 
of ka. Since the range of ka could be anticipated from the 
classical plate solutions, quite reasonable values of ka could be 
presumed. The complete solution can best be illustrated by a 
numerical example, using a typical value of ka. 

When ka = 1.500, @ and Po are equal to 2.7737k and 1.4428k?, 
respectively, from equations (5) and (6). From the outer-web 
slope and curvature equations at the support, found by differen- 
tiating equation (7) once for @ and twice for P, the constants b, 
and }, are found in terms of b, and 5; as 


by = —83.4416 — 14.4604, + 36.9626), (10) 
by = —134.6492 — 23.6304), + 58.6999, (11) 


From equation (7) at the support, where r = a, bs, bs, and by can 
be expressed in terms of b;. Equation (7) becomes 


w(r) = bi[Jo(kr) — 0.2577 kr) + 0.3554] o( kr) 
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kb= 2.694 
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Fig. 2 Graphic representation of solution of Equation (12) for gravest 
root 


| 


| 


° 02 04 


Fig. 3 Dimensionless frequency p*, versus radius ratio a/b, for funda- 
mental mode 


— 2.7685Ko(kr)] — 2.1743 Yo(kr) + 2.1424] o(kr) 
— &.8805Kol kr) 


(12) 


By applying to equation (12) the boundary conditions of zero 
edge moment and vertical shear force, two equations are ob- 
tained with two unknowns, }; and kb. The gravest kb is then 
found by trial and error as shown in Fig. 2. The radius ratio, 
a/b, and the dimensionless frequency are then established for the 
presumed support location. 

The support locations where a/b = 0 and 1.0 have, as it was 
noted, known solutions. The present analysis produces the solu- 
tion for a/b = 0 if a new boundary condition for the center panel 
is added, V(0) — ©, since the central support is essentially a 
concentrated load. The solution for a/b = 1.0 was found by 
using a ka slightly less and slightly greater than Poisson’s root, 
2.204 [5], and interpolating for a/b = 1.0. Using uw = 1/3 this 
produced a kb equal to 2.228. 

The numerical computations outlined for ka = 1.5 were per- 
formed for several other values, producing Fig. 4, showing the 
effect of support location on the dimensionless plate frequency. 
All computations were performed on a 10-place Marchant desk 
calculator, but the accuracy was limited to five significant figures 
by the tabulated Bessel functions. 
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Flexure of Nonhomogeneous 
Cylindrically Aeolotropic Plate 


R. L. THORKILDSEN' and W. H. HOPPMANN, IP? 


A method is presented for determining the deflection of a circular 
plate in which the elastic constants are cylindrically aeolotropic but 
vary along the radius 


Nomenclature 
D = bending stiffness of the core 
D* = 128° = radial bending stiffness of the ring 


2 
Q= f tdz = vertical shearing force 
h 


(M,, Mo) = f o,, Og)2dz = radial and tangential bending 


moments 


S,, = elastic compliances 
Su Sw 
So Sx 
hk = thickness of the plate 
p(y) = transverse load per unit area, acting in the + 2- 
direction 
r, = inner radius of the ring-type plate or outer radius 
of the isotropic core 
r: = outer radius of the plate 
r, 6 = radial and tangential co-ordinates 
w = deflection, in the +2-direction, of the middle sur- 
face of the equivalent plate 
z: = co-ordinate perpendicular to the plane of the plate 
€; = extensional strains 


Su 


' General Electric Company, Schenectady, N. Y. Assoc. Mem. 
ASME. 

2 Professor of Mechanics, Rensselaer Polytechnic Institute, Troy, 
N. ¥. 

Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until January 10, 1960, for publication at a later date. 
Discussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by Applied Mechanics Division, 
February 27, 1959 
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o, = extensional stress 


T = vertical shearing stress 


= w’ 
Primes indicate differentiation with respect to r. Single sub- 


scripts 1, or 2 (on J, K, R, S, 7, U) indicate that the function is 
evaluated at the inner, or outer radius, respectively. 


Analysis 

IN THE analysis, the circular plate is treated as a uniformly 
thick ring, with cylindrically aeolotropie properties, and an iso- 
tropic core. 

The three-dimensional stress equations of equilibrium with 
central symmetry 


) 0 
— 0) = 
or dz 


—+—"*+-r=0 
or oz r 


where body forces are neglected, and r,, is written simply as T 
Using the surface conditions 


\o,] = 0, —p(r) 


and neglecting stretch of the middle surface, (1), (2) can be in- 
tegrated over the thickness h of a uniformly thick plate to obtain 


1 
mr) =0 (5) 
M,’ + -(M, — Me) -Q =0 (6) 


The stress-strain relations for a cylindrically ‘aeolotropic ma- 
terial may be written in terms of the compliances S,, as 
€, = Sua, + 
€ = Sag, + Sno 
where 
Se = Sa 


The strains are defined as usual 


u 
(€,, €) = (w, ) (9) 


*S. Timoshenko and J. N. Goodier, “‘Theory of Elasticity,” 
MeGraw-Hill Book Company, Inc., New York, N. Y., 1951, p. 343. 
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BRIEF NOTES 
where 
so that, combining (7) to (9), the 


us —w'2z 


stresses may be expressed as 
(10-11) 


Integrating over the thickness of the plate, the resulting bending 
moments are 


M, = 


(so 


w’ 
Me + Su =) 


Now, substituting Q from (6) into (5), introducing the moments 
from (12-13), the resulting differential equation is 


+ + Hw" + Hw’ = 


D (14) 


(15-18) 


By first integrating equation (5), substituting Q(r) thus ob- 
tained into equation (6), and then using the values of M,, Mg 
from (12), (13), the equation of equilibrium can be written as 
follows: 


Su S»S*’ 
x (5 + ) 
where, from (5), 
1 Tr 
Qr) = p(r)rdr 


Solution of the Differential Equation 
The homogeneous part of (19) may be rewritten 


+ Aig’ + Aw = 0 
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It is now assumed that the expressions in braces in (22-23) 
can be expressed as convergent infinite power series so that 


1 @ 


and that the solutions of (21) are in the form 


= > bp **, 


The deflection w can be found by integrating (25). This intro- 
duces another independent constant B which must be evaluated 
to satisfy the boundary conditions. Then, 


bb 0 (25) 


Substituting (25) into (21), 


(26) 


b,pite-2 + cll +e¢—1) 
=0 


+ + cau + anit =0 (27) 


The indicial equation for c, and the recurrence equations for the 
b, are obtained by equating to zero the coefficients of the lowest 
power, and successively higher powers, of p in (27). 

The indicial equation is 

c* + (aw — lle + an = 0 (28) 

If the roots of (28) are distinct and do not differ by an integer, 
then there are two linearly distinct solutions of (21) of type (25). 
If the roots are equal or do differ by an integer, then only one 
solution of type (25) exists; the other solution will contain 
logarithmic terms. 

In terms of the series (24-25) then, the deflection, slope, and 
moments can be expressed as 


piters 
B+ 
w’ = >> 
f=0 


M, = — + — Sis) 


12S* 
Me = + + Su] 
Now, the recurrence relations reduce all b, to expressions in by 
and b,, so that (29-32) can be rewritten 
w = B+ Jbo + Kh 
= J'bo + K’b; 
M, = Rbo + Sh 
Me = Th + Ub 


The functions J, K, R, S, T, and U are obtained directly from 
(29-32) after the S,;; and c have been specified. 
Particular solutions of the nonhomogeneous equation (19) 


Q(p) 


+ Aw’ + Aw = — (37) 
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1 Sx’ s* 
Su 
So r r 
1 
i j1/Sy 
x [sr (2[ 
* 
(29-32) 
w’ = (19) 
(20) 
(21) 
where 
p 
wg 


are only indicated here, since J and K are left as unspecified func- 
tions of p. If the method of variation of parameters is used, 
a particular solution is given by 


® = aJ’ + BK’ (38) 
where the coefficients a, 8 are computed from 
(K’, — J')Q(p) 
B) fz dp (39) 
The complete solution of (37) is then 
= J'bo + + ® (40) 


Discussion 
If the S;; are independent of radius, equations (14) and (19) 
reduce to the usual equations for a cylindrically aeolotropic 
plate,‘ viz., 
2 A\? 1 p(r 


(41-42) 


Complementary solutions of (41) are 


w(X 0 or £1) = + 4+ agr? + 
w(X¥ = 0) = a, + aor? + agr + aar 
= +1) = a + aor? + aglnr + 


(43-45) 


For \ = 1 (isotropic), the constant a, can be eliminated by re- 
quiring that there not be a cusp in the deflection curve at r = 0. 
For \ # 0 or +1, the constant a; must vanish to insure that the 
radial and tangential moments are identical at r = 0. These con- 
ditions reduce (43-45) to the solutions obtained from equation 
(42). The remaining three constants are evaluated from two 
boundary conditions at the outer edge and a single condition 
either at the inner edge or at the center of the plate. The center 
condition is that the slope must be zero. 


Typical Problems 


1 Ring With Uniform Moments on Both Edges. Simply Supported 
Outer Edge, and Free on the Inner Edge. 


Boundary conditions are 
= Mz 


Min) = M, (46-48) 
w(r2) = My 
From (48) and (33), 
B = —J2bo — Kah (49) 
and from (46-47) and (35), 
bo = V(M2S; — M,S:) 
(50-51) 


= ViM.R: M:2R;) 


where 


V = (RS, — RS) (52) 


Thus, from (33-36), 


*G. F. Carrier, “‘The Bending of the Cylindrically Aeolotropic 
Plate,” JouRNAL oF AppLiep Mecuanics, vol. 11, Trans. ASME, vol. 
66, 1944, pp. A-129-A-133. 
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w= — J2) + RAK — Kz)] + — J2) 
— R(K — K;)}} 


w’ = V[M\(K'R: — J'S:) + — K'R,)) 


(53-56) 
M, = = + MAS,R R,S)] 
Ms = V(M\( RLU — S:T) + MAS,T — RV)) 
where 7' and U are: 
T= ( + ) 
(57-58) 


y= (-Suk + 


2 Plate With Solid Elastic Core and Uniform Moment M, Applied on 
the Outer Edge of the Ptate. 


The equations which apply to an isotropic core with uniform 
edge moment M, are 


2D(1 + n 


Mer 
Dil + 


(59-60) 


Equations for the ring are (53-56). 
Matching conditions at the ring-core interface are 


Wring (71) = ore (71) 


M, = M, 


(61-62) 


Thus, substituting (62) into (60), and equating (60) at r, to (5)4 
at Ti, 


N =/|- (63) 
1 
V(K,'R, — J,'S 
Da +») + 2) 
The equations for deflection are obtained by substituting M, 
= NM; into (53) and (59). The results are 
wn Sr Sr) = — — N82) 
— (K — — NR:)} (64) 
M.Nr\? r\? 
02940) 


3. Ring With Clamped Outer Edge and Uniform Moment on the Inner 
Edge. 


The boundary conditions 
Mn) = M, 
w(r2) = 0 


w'(r2) = 0 


(66-68) 


lead to the values 
B = —Jibo — Ki 
bo = —V*°K,'M, 

bh = 


(69-71) 


V* = — (72) 
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where 
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M.V*((K — — (J — 
= — J'K2’) 
M, = M,V%(SJ2’ — RK2’) (73-76) 
— 


8 
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Heat Transfer From a Nonisothermal 
Disk Rotating in Still Air 


J. P. HARTNETT 


THE LAMINAR velocity distribution occurring in the vicinity of 
a large disk rotating in a fluid of infinite extent, with the main 
fluid at rest, has been given by Karman [1]? and Cochran [2)}. 
Assuming the disk to be at a constant temperature different from 
that of the isothermal surroundings, the heat-transfer perform- 
ance of such a surface has been detetmined by Wagner [3] and 
Millsaps and Pohthausen [4]. Ostrach and Thornton [5] have re- 
cently treated this same isothermal rotating-disk problem, extend- 
ing the results to include the influence of variable physical proper- 
ties for gases with a Prandtl number of 0.72. The present note 
examines the influence of a variation in the surface temperature on 
the heat transfer from a disk rotating in still air, allowing the tem- 
perature difference between the disk surface and the fluid at rest to 
vary as a power function of the radius, 


Nomenclature 
¢, = Specific heat at constant pressure 
F = dimensionless radial velocity defined by Equation (3) 
H = dimensionless axial velocity defined by Equation (3) 
h, = local heat-transfer coefficient for rotating disk, 
= Ta? 
h, = local heat-transfer coefficient for flat plate geometry, 
— Ta) 
k = thermal conductivity of the fluid 
exponent in the assumed power function wall temperature 
distribution, Equation (5) 
Nu, = local Nusselt number for rotating disk, (h,/k)(v/w)'/* 
Nu, = local Nusselt number for flat plate geometry, h,2r/k 
Pr.= Prandtl number of the fluid, we,/k 
q, = local heat transfer from rotating disk per unit area per 
unit time 
qd, = local heat transfer from flat plate per unit area per unit 
time 
r = radial distance from center of disk 
7’ = temperature 
u = radial velocity 
w = axial velocity 
distance from leading edge of flat plate geometry 
= axial distance from rotating disk surface 


2 


w = rotational speed of disk 

uw = dynamic viscosity of the fluid 
v = kinematic viscosity of the fluid 
p 

60 

n 


fluid density 
dimensionless temperature, Equation (4) 
dimensionless distance from disk, Equation (2) 


! Professor of Mechanical Engineering, Heat Transfer Laboratory, 
University of Minnesota, Minneapolis, Minn.; also, Consultant, 
The RAND Corporation, Santa Monica, Calif. 
? Numbers in brackets indicate References at end of Note. 
Manuscript received by ASME Applied Mechanics Division, 
June 4, 1959. 
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Subscripts 

w = conditions at the solid surface 

© = conditions in the main fluid region outside the boundary 
layer 

iso = isothermal conditions (m = 0) 


Analysis 

Employing the usual boundary-layer assumptions, the equa- 
tion describing the conservation of energy in the fluid surrounding 
a large rotating disk with the main body of the fluid at rest, may 
be written 


+ pew =k (1) 


This partial differential equation may be transformed into an or- 
dinary one if the following substitutions originally proposed by 
Karman and Cochran are introduced: 


7 = V w/v (2) 
u = rwF(n), w = V vw H(n) (3) 


We next introduce a dimensionless temperature 0, which is a 
function only of the new variable 7: 
T-T. 
Hn) = (4) 
1 uw 7 
At this point, we depart from the isothermal analysis by allowing 
the wall temperature to vary in the following manner: 


= Ar™ (5) 


When Equations (2) through (5) are substituted into equation (1) 
there results: 
1s 


FO+H = 6 
mF@ + de Pr dn? (6) 


Boundary conditions: 
6=1latn=0 
(7) 
= Oatn— = 


Using the velocity functions F and H previously reported else- 
where |2, 5], the solution to this equation was obtained for a 
Prandtl! number of 0.72 (i.e., air) for values of m ranging from 0 to 
10. The resulting dimensionless temperature profiles @ are 


shown in Fig. 1. 


8 

4 


OISK ROTATING IN STILL AIR (Pr*O 72) 


DIMENSIONLESS TEMPERATURE DIFFERENCE , 
\ 
6 


oar 


\\ 


a 


' 2 3 4 
DIMENSIONLESS DISTANCE FROM DISK SURFACE, 7 


Fig. 1 Effect of power-function wall-temperature variation on temp 
ture distribution 
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Heat-Transfer Results 


The local heat transfer per unit area, g,, is of major interest and 
is generally given in the form of a local Nusselt number. To ac- 
complish this we define the local heat-transfer coefficient, h,: 


q, = h,(T, = T.) (8) 


-« (27) (9) 
Oz 


Equating (8) and (9) and transforming to the new variables 


where gq, is determined from 


dé 
v dn 
we obtain the desired result, the local Nusselt number: 
h 
(1) 
k dn 


The local Nusselt number is, therefore, directly obtainable as 
the slope of the dimensionless temperature distribution shown on 
Fig. 1, evaluated at the disk surface. The results are given in 


Table 1. 
Table 1 
m Nu, (Nu,)/(Nu, is 
0 0.330 1.00 
l 0.437 1.33 
2 0.524 1.59 
4 0.661 2.00 
10 0.935 2.83 


Fig. 2 presents these results as the ratio of the local Nusselt 
value for a power-function wall-temperature variation to the 
isothermal Nusselt value, (Nu,)/(Nu,)iso. Similar results are 
available for (a) the flat plate, placed in a laminar air stream 
(6), and (6) the vertical flat plate in laminar free convection {7}, 
in both cases allowing the temperature difference between the 
wall and free stream to vary as a power function, Le., 
(1, — = These results referred to the isothermal 
Nusselt values are also shown in Fig. 2. It is seen that the 
influence of the wall-temperature variation is somewhat less for 
the rotating disk than for the other two convection situations; 
however, the effect is still appreciable and considerable error 
would result from using isothermal relations in the presence of 
nonisothermal temperature variations. 


40 
PRESENT STUDY, ROTATING DIT, ar” | 
----- LAMINAR FREE CONVECTION, VERTICAL FLAT PLATE — 
Te (6) — 


——-—— LAMINAR FORCED CONVECTION, FLAT PLATE - 
(7) 


8 


9 10 


' 2 3 
m, EXPONENT IN WALL TEMPERATURE DISTRIBUTION 


Fig. 2 Effect of power-function wall-temperature variation on local 
heat transfer. Pr = 0.72. 
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At the present time, no comparable nonisothermal analysis is 
available for the rotating disk when the flow is turbulent. How- 
ever, a semiempirical analysis by Seban [8], recently substanti- 
ated by experiment [9, 10], is available for the nonisothermal flat 
plate in turbulent flow. From the present laminar results it 
would appear that such a flat-plate prediction should serve as an 
upper limit for turbulent flow over nonisothermal disks rotating 
in air. 
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Harmonic Analysis of Crank-and-Rocker 
Mechanisms With Application 


F. FREUDENSTEIN' 
Introduction 


THE increasing use of mechanisms for high-speed applications 
requires knowledge of inertia forces which in turn requires a 
Such analyses have 


harmonic analysis of the motion involved. 
been developed for the slider-crank mechanism [1, 2],? for the 
connecting-rod drives in high-speed engines [2], and more re- 
cently to link work involving sliding pairs [3,4, 5]. The following 
represents an analysis of the general crank-and-rocker linkage 
with turning pairs, yielding the previously developed analyses as 
special cases. The results are applied to determine crank-and- 
rocker proportions minimizing the higher harmonics and optimiz- 


1 Chairman, Department of Mechanical Engineering, Columbia 
University, New York, N. Y. 
2 Numbers in brackets indicate References at end of Note. 
Manuscript received by ASME Applied Mechanics Division, 
March 10, 1959. 
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ing the transmission angle [6]. The methods can be applied also 
to problems of kinematic synthesis, to the harmonic analysis of 
other types of four-bar mechanisms, and to coupler motions. 


Harmonic Analysis of Crank-and-Rocker Mechanisms 


We begin by mentioning two well-known series expansions [7]: 


+k 
1 + 2k cos + k? ' 


= (—k)"™— sin mp <1) (2) 


1 + 2k cos p + k* 


and note that in the crank-and-rocker mechanism in Fig. 1, 


-1 i -1 sin 8 
te + tan 
(3) 


cos 8 = + cos ¢, 


a? + b? + d? 
Qed » Me 


Squation (3) will be expanded in a Fourier series in @. Let 


@ 


y, = > a,, sin md 


where 

1 f ” 

sin 
Integrating by parts, 


cos mit 
a, = -- sm 


A + cos 
m [2 1 + 2h cos @ + na 


- sin m@ using equation (1) (5) 


Since yz is an even function of ¢, 


= b,, cos mm 


m=0 


where 


b,,(m #0) = cos 


1 


Solving for the derivative dy./d@, we have 


balm #0) = [2 fo sin moi | (6) 
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a 
FIXED LINK 


Fig. 1 Four-link mechonism with crank AB=b, coupler BC =c, driven 
link CD =d, fixed link AD=a. Input angle ¢= angle XAB, output angle 
v¥=vi +¥2=angle ADC; angle BCY= 8; angles in radians, length units 


where 


sin 
f= sing +A 36 + cus @ + 


1 


It follows from equation (6), that (—mb,,) is equal to the coeffi- 


cient f,, of the Fourier sine series for F = fg = i S, sin md. 
m=1 
Thus we can obtain b,, from the product of the series for f and g, 
each of which can readily be obtained separately 
From equation (2), we can deduce at once that 


m=1 


With the MacLaurin series for (1 — z*)~'/*, = + cos 
and the formulas expressing cos” @ as a series of cos pd (p = 0, 
1,2...m), g can be expressed as a Fourier series in @. This, in 


the special case uw, = 0, we have 


go) = Cy + C2 cos 26 + C, cos 46 + Ce cos 66 + Cy cos 8 


where 
35 
128 
+ 
(35: 
(128)? 


1 


(3528) 


3 
bat + (128)? 


64 2506" 


35 
Cs = (128)* pe 
In general, 


= C, cos kp 
=0 


Transactions of the ASME 


BRIEF NOTES 
DRIVEN OR 
d 
\ 
) 
b 
a d 
| 
| 
| 
pons do sin modo | 
: 
... 


v m+ 
where 


> fn sin md = fo = (15, 


m=? 


sin md — (13) 


m=1 


m=1 


Equating coefficients in equation (14), and using the formula 
2 sin A cos B = sin(A + B) + sin(A — B), we obtain finally 


(—d)™ . 1 

1-— & 

-> \m (Cua + cau) + 


+E, +pD,)% (15) 


m 


= > 2); = 0 | 
(16) 
E,, [(—*/2) (—A)*Cm+a + —A)™ | 


Equation (15) is the required expansion and can be used to caleu- 
late the harmonics of the output link motion. 


Proportions of Crank-and-Rocker Linkages for High-Speed 
Operation 

An examination of equation (15) reveals the desirability of the 
following proportions: 


(i) c/d = 1; this eliminates a portion of the cosine series. 

(ii) mw, = 0; this eliminates another portion of that series 
{equation (8)]. 

(iii) (b/a) to be as small as possible; this attenuates the sine 
series and corresponds to good slider-crank proportions. 


Crank-and-rocker linkages satisfying these proportions are de- 
fined as follows: Let a = 1; b = tan '/u; ¢c = d = 1/( ¥2 
cos '/2u), where sin u = ge. Geometrically, the angle u is the 
maximum pressure angle of the linkage, where by pressure angle is 
meant the complement of the transmission angle, angle BCD in 
Fig. 1. Thus the requirements of good transmission and minimum 
“overtones” coincide in this case. While equation (15) is gen- 
erally valid (except possibly when A = 1,6 = 1), the convergence 
of the series, especially for g in equation (11), is quite rapid for 
erank-and-rocker proportions suitable for high-speed operations, 
as can be seen by examining the magnitude of C, in that equation. 

Example: When the maximum desired pressure angle is u = 30 
deg, we = '/2,a = 1, b = 0.2680, ¢c = d = 0.7320, 

(—0.268)" 


sin md — - Cocos 
m 8 


=b- 


m=1 


= m 
Sm 
m=1 
where 
Co = 1.073107, C. = 0.076975, C, = 0.004079, Ce. = 0.000221, 
Cs = 0.000008 
from equation (11). The amplitudes a,,, b,, of the first six sine 
and cosine terms are as follows: 
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+ 
0.386078 
0.035912 
0.007250 
0.001290 
0.000297 
0.000062 


Om 
0. 268 —0.277899 


0 
—0.003377 
0 
—0.000108 
0 


—0 035912 
0.006416 
—0.001290 
0.000277 
—0. 000062 


Conclusions 

The derivations enable a designer to determine whether a 
given mechanism possesses sizable overtones. Charts can be 
constructed based upon the recommended crank-and-rocker 
proportions and tables computed for the coefficients C, in equa- 
tion (11). The approach to ideal harmonic transformer behavior 
is asymptotic and can be realized to any required degree of 
accuracy at the expense of range. 
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Deflection Curve of a Simply 
Supported Beam' 


D. GOSPODNETIC’ 


A THIN elastic beam, of a constant cross section and flexural 
rigidity E/, is forced to deflect by three symmetrically arranged 
knife-edged supports which, in the absence of friction, exert 
forces normal to the deflected beam. 

The differential equation of the deflected beam is 


dg/ds = —M/EI (1) 


By introducing B = |P/FI)'/* and integrating once, we obtain 


2 \ds 


1 

( *) = —B' sing + B tan gocosg + C (2) 
The integration constant C is equal to zero because of dy/ds 

= Oforg = go. Hence 


dg/ds = —Bv/ 2 [tan ¢o cos ¢ — sin go] (3) 


The negative sign of the root is chosen to satisfy dp/ds < 0. 
Because of dg/ds = sin gdg/dy = cos gdg/dz, we can separate 
the variables and integrate. We obtain 


7] 2 sin cos 6 + cos 
( 
V 2 cos go cos — sin 


! Written during a visit to the Electrical Engineering Department, 
University of Birmingham, Birmingham, England, which was made 
possible by the British Council. 

? Physics Department, Faculty of Electrical Engineering, The Uni- 
versity, Zagreb, Yugoslavia. 

Manuscript received by ASME Applied Mechanics Division, Dec. 
5, 1958; revised draft received June 17, 1959. 
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Geometry of the beam 
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. Fig. Comparison diagram 


xr” cos g cos — sin 
V2 COs COs Oy — sin A) (9) 
where 
cos 8 = [sin(go — ¢)]'/* cos = [sin 
(0) = F(k, 90°) — F(k, 0) — 2E(k, 90°) + 2E(k, 8) 


—().8472 — F(k, 0) + 2E(k, 0) 
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spectively. There is also 


F and E are the elliptic integrals of the first and second kind, re- 


Bl = V/cos $0 [V/ 2 cos g cos % — sin goP(A)] (6) 


Two special cases merit a closer inspection. One is the case 
where go = 90°, and the other is the case for which the reaction 
force 2P at the center support reaches its maximum value. 

Consider the case go = 90° first. From (4) and (5), it follows 
that 


y/t = —Vcos V 2/80) = 1.6693Vcos (7) 
x/l = = —1.18034(0) (8) 


Vertical forces at the supports vanish because of Bl = 0. Hori- 
zontal forces at the end supports are found from (1). 


We obtain 


¥3 


Ymax/l 


yl = —&(0) = 0.8472 y = VQ/EI 


The second particular case involves the analysis of 67/? and 
Ymax/l as functions of go, the result of which is shown in Fig. 2. 
There is 


(Bl) max? = 0.8340 for go = 38.301° 


The corresponding deflection is Ymax/l = 0.4764. 

Our results can now be used to solve the problem of large de- 
flection of a centrally loaded simply supported beam. We have 
only to remove the central support and apply a force which now 
causes the deflection. Note that, if (Bl)? > (Bl)\max? = 0.8340, 
the beam becomes unstable, begins to move, and finally, in the 
absence of friction, slips off the supports. This critical point 
gives us either the largest force which can be applied to the beam, 
if it is used as a carrying element, or the largest restoring force 
achieved, if the beam is used as a spring element. 

It is interesting to compare this exact solution with the elemen- 
tary one, which gives as the maximum deflection 


Ymax'/l = (Bl)?/3 


Let us introduce r = Ymax/Ymex’ a8 a coefficient which compares 
the exact with the elementary solution. This is plotted on the 
diagram in Fig. 3. This diagram is not in agreement with the 
analogous diagram given by Conway.' 


On Plane-Stress Solution of a 
Compressible Wedge With the 
Use of Mises’ Yield Condition’ 


A. KALNINS* 

Tue complete plane-strain solution for an acute, elastic, per- 
fectly plastic wedge of incompressible material under uniform 
pressure on one face (valid for both Mises’ and Tresca’s yield 


3H. D. Conway, “The Large Deflection of a Simply Supported 
Beam,” Philosophical Magazine, series 7, vol. 38, 1947, pp. 905-911, 

1 The results presented here were obtained in the course of research 
sponsored by the Office of Naval Research under Contract Nonr-222- 
(69), Project NR-064-436, with the University of California, Berkeley, 
Calif. 

2Institute of Engineering Research, University of California, 
Berkeley, Calif. 

Manuscript received by ASME Applied Mechanics Division, April 
13, 1959. 
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conditions) was given by Naghdi [1],* and was subsequently ex- 
tended for a compressible material by Bland and Naghdi [2] 
employing Tresca’s yield condition. The corresponding plane- 
stress solution of the acute wedge for a compressible material, 
again employing Tresca’s yield condition, has also been given by 
Naghdi [3]. The general plane problem of the elastic, perfectly 
plastic wedge under uniform surface tractions has been examined 
and discussed by Murch and Naghdi [4]. The stress field of a 
wedge subjected to uniform pressure on one face has also been 
discussed in the state of plane strain by Sokolovskii [5] and 
Shapiro [6]. More recently, the corresponding problem in the 
state of plane stress has been investigated by Kachanov [7], 
where, after presentation of the form of the expressions character- 
izing the stzess field, which is statically determinate, the determi- 
nation of displacements was done by means of a simple total strain 
(deformation) theory. 

The purpose of this note is to present a complete solution for 
an acute, compressible, elastic, perfectly plastic wedge in the state 
of plane stress subjected to uniform pressure on one face employ- 
ing Mises’ yield condition and its associated flow rules, and 
thereby to offer a comparison with the solution given previously 
in [3]. 


Analysis 

Consider an acute wedge in the state of plane stress having an 
included angle 8, occupying the region 0 < 6 < B, where @ de- 
notes the polar angle, and subjected to a uniform pressure p on 
@ = 0. Then, with reference to the fully elastic solution for 
stresses as given in [1], it can be easily shown that, according to 
the Mises’ yield condition, yielding originates on @ = 6 when the 
pressure p assumes the value p* = 1/3 (tan B — B)/tan 8B, 
where k denotes the yield limit in simple shear. For values of 
p > p* an elastic-plastic boundary in the form of the ray 6 = ¢, 
will move away from @ = 8, and a plastic zone will form in the 
region P;: ¢ < 6 < 8. Ata definite pressure p = p and the 
corresponding position of the elastic-plastic boundary @ = ¢ the 
Mises’ yield condition is also satisfied on 8 = 0, and subsequently 
for values of p > p asecond elastic-plastic boundary 8 = @: anda 
plastic zone P2, defined by 0 < @ < gd», will be formed. At this 
stage, that is for values of p > p, the wedge will consist of an elas- 
tic zone, given by ¢@: < 6 < gi, with nonsymmetric plastic zones 
on each side. The limiting plastic state of the wedge will be 
achieved at the pressure p = p**, when both elastic-plastic bound- 
aries coincide on 6 = @**. It may be of interest to recall that in 
[3], where Tresea’s yield condition was employed, yielding was 
found to begin simultaneously on 6 = 0 and 6 = B when the 
pressure reached the value p* = 2k (tan B — B)/tan B, and the 
subsequent locations of the two elastic-plastic boundaries pos- 
sessed symmetry about 6 = 6/2. 

The expressions for the stresses ¢,, o@, 0,6 and displacements 
u,, ue in the elastic zone with reference to cylindrical co-ordinates 
(r, 6, z) may be found in [3] where they may be seen to depend 
on four arbitrary functions of time a, b, c, and d, Poisson's ratio pv, 
and shear modulus G@. 

The stress field in the plastic zones, which is statically deter- 
minate and has been given previously in [7], may be written in 
the form 

T + M cos 2X0 — y) 
ae (1) 
= —M sin 20 — y) 
where T? = 3(k? — M*), and M and y are arbitrary functions of 
time. 

According to the flow rules associated with the Mises’ yield 

condition, the plastic strain-rate components are expressed in 


3 Numbers in brackets indicate References at end of Note. 
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terms of the stress components by relations of the type €,." = 
'/s\(20, — a6), €&e” = Ao, and so on, where dot denotes dif- 
ferentiation with respect to time and J is a function of @ and time 
only, which is determined from the compatibility equation in a 
fashion similar to that in [2, 4]. The arbitrary functions of time 
a, b,c, d, M, and ¥ as well as the arbitrary functions of integration 
arising from the computation of displacements are determined 
from the usual continuity requirements. This procedure may be 
followed the same way as given in [3], and theréfore only the 
final results will be recorded here. 
For values of pressure p* < p < p: 
The arbitrary functions in the elastic zone are 


1 cos — B) — cos 28 
4 1 — cos 2g, 
Se ie 1 V3 2! — cos 2) — 2¢, sin 28 (2) 
4 1 — cos 2g) 
1 1 sin 2 
ec=-—-—d= V3k in 
2 4 1 — cos 29, 


In the plastic zone P, the stresses are given by (1) and the dis- 
placements are 


1 r 20,1) 
u, = ~ log 
2Al+v) N 2(te, t) 
[T + 3M cos 206 — y)\dt 


+ — v)T + (1 + cos 2(0 — vit 


6 ph AE, 0) (3) 
M cos — y)didé 
+ M sin 2.0 — y) - d + war} 
where 
t) = 3M + T cos — y) + N sin 2E — 
T + 3M cos AE — y) 
N = (9M? — 


Here 
= hi; - oy 3 &k; = B. (4) 


The relation between pressure and the elastic-plastic boundary ¢, 
is given by 


1 — cos 2¢; — 2¢, sin 28 — cos 28 + cos2 (d, — B) 
(5) 
1 — cos 2¢, 


and @ may be found from 
6 sin 28 [sin 26 cos 2.6 — B) + sin 28 — d) — sin 28] 
+ 4? sin? 28 — 4g sin 28(1 — cos 26) = 0 (6) 

Pressure p may be calculated from (5) after é is known. 

For values of pressure p < p < p**: 
In the elastic zone the arbitrary functions are 

V3 k cos — B) sin 22 + 2M cos sin 
4 sin 2g — 
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l 1 
V3 k cos — B) cos 2g + 2M cos cos 2g 
4 sin — or) 


where M will be specified by (8). In the plastic zone P; the solu- 
tion is identical to that given before and is specified by (1), (4), 
and (3), except that now the coefficient d in (3) must be taken 
from (7). In the plastic zone P; the stresses and displacements 
are given by (1) and (3) where 


4=0, Mea (+ [12k* — 3p"); y= 0 (8) 


The positions of the two elastic-plastic boundaries as a function of 
pressure may be found from the system of equations 


sin (dy — de) (-» + M + > V3 = — (9a) 


F sin = V3 k sin 28 


where F = [4 k? + M? + V3 kM cos 28 | ; (9b) 


The limiting pressure p** can be easily evaluated from (9a) by 


5° 
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Fig. 1 Pressure versus location of elastic-plastic boundaries for 8 = 1/4 
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Fig. 2 Distribution of circumferential stress for 8 = 7/4 
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setting @: = ¢:; @** can be then found from (9b) after p** is 
known. 


Discussion 

It may be noted that in the plastic zone P; the derivatives of 
Mises’ yield condition with respect to the stresses are functions 
of time and not constants as in [3]. This fact prohibits the direct 
integration of the displacements in P: with respect to time, which 
was possible in [3], but here necessitates numerical integration 
which, however, may be performed along the same lines as in [4] 
and therefore will not be repeated here. To bring out the dif- 
ferences between the solution obtained here with the use of Mises’ 
yield condition, and that obtained in [3] with Tresca’s yield con- 
dition, the curves showing the dependence of elastic-plastic 
boundaries on pressure are plotted in Fig. 1, and the circumferen- 
tial stress distribution for various values of p/p* is shown in Fig. 
2. It may be observed that the difference in circumferential stress 
between the two solutions varies from 0 to about 15 per cent which 
is reminiscent of a similar variation for the yield limit in simple 
tension as predicted by Tresca’s and Mises’ yield conditions. 
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An Application of a Dynamic 
Reciprocal Theorem 


F. L. DIMAGGIO' and H. H. BLEICH? 


A.ruouau the Betti-Maxwell reciprocal theorem of statics is 
familiar and often used, the existence of a similar theorem in 
dynamics does not appear to be as well known. In this note, the 
theorem is stated and an application to a wave propagation 
problem is discussed. 


Let a concentrated force f; g(t) applied at a point P; in an 
elastic body initially at rest produce a displacement U;(P2,t) at 


a point P,. Similarly, a concentrated force fz g(t) applied at a 
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point P; produces a displacement U2(P,,t) at P;. Graffi [1]* 
has shown that 


hi Ux Ppt) = ha U,( (1) 


and that under the same restrictions on forces and initial condi- 
tions a relation analogous to Betti’s also is valid. These are 
special cases of a general reciprocal relation for elasticity [2}. 
Rayleigh [3] had previously given a reciprocal theorem from 
which the above can be inferred, and Lamb [4] presented a 
general reciprocal theorem for a wide class of dynamical systems. 

An interesting application of Equation (1) occurs in the problem 
of finding the vertical displacements W(R,¢,t) in the interior 
of an elastic half space produced by a concentrated vertical 
surface force varying with time like the Heaviside step function 
A(t), Fig. 1. 

Pekeris and Lifson [5] have determined curves for the vertical 
displacements W(R,¢,t) at the surface of an elastic half space 
produced by a buried pulse A(t), Fig. 2. It follows from Equation 
(1) that 

W(R,o,t) = W(R,¢,t) (2) 


In a similar manner, using the work of Chao [6], the horizontal 
interior displacements due to a vertical force on the surface 
could be obtained by finding vertical surface displacements due 
to a horizontal buried pulse. 
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Simple Thickness-Shear Modes of 
Vibration of Infinite Sandwich Plates’ 


YI-YUAN YU? 


Tue simple thickness modes of free vibrations of a plate are 
those in which the faces of the plate are traction-free and the 
displacements are independent of the co-ordinates in the plane of 
the plate. The simple thickness-shear modes are further charac- 
terized by displacements parallel to the faces of the plate. In the 
case of infinite homogeneous plates, such modes were discussed 
by Mindlin’ on the basis of both the exact elasticity theory and 
the plate theory that includes the effects of transverse shear 
deformation and rotatory inertia. The discrepancy between the 
lowest frequency values obtained from the elasticity and plate 
theories, respectively, was removed by introducing in the latter 
a correction factor, namely, a shear coefficient of the constant 
value of 4?/12. In this note the simple thickness-shear modes of 
infinite sandwich plates are similarly investigated on the basis of 
both the elasticity theory and the new sandwich-plate theory 
presented in the companion paper,‘ the latter also involving a 
shear coefficient. By matching frequencies as in the homogeneous 
case, the shear coefficient may likewise be determined directly for 
sandwich plates. 

Notations used in this note are identical with those in the com- 


panion paper.‘ 


Solution Based on Elasticity Theory 
For our purpose here, the displacement components may be 
chosen to be 


= u,(z, t), 4 =w, =0 


and the only nonzero stresses are then 


ou, 


Teri = Bi (1) 


By virtue of Equations (1) and the fact that all quantities are in- 
dependent of z and y, the stress equations of motion in the elas- 
ticity theory reduce to 


The general solutions of these equations are, with a factor e* 
neglected in writing in the sequel, 


u; = A; sin + B, cos B,z 


from which 
Taxi = cos Byz B, sin B,z) 
where 


= (2) 
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Research of the Air Research and Development Command under 
Contract AF49(638)-453. 
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By satisfying the boundary conditions 
(z = —h) 
(z =h) 


Taxi = = U2 


= 
Ts = 0 

(z = —h,) 
(z = h) 


= = Us; 


the solution for the antisymmetric mode may readily be deduced. 
The frequency equation is found to be 
Bi 


3 
8, (3) 


tan tan Bohs = 
Me 


and the mode is given by 
= A, sin Biz 
FA, sin 
cos Bohs 


By making use of the definition of 8; as given in Equation (2) 
and the notations 
V2 


cos B(h + z) (4) 


1+r,’ 


he 
1 


Equations (3) and (4) may be rewritten as 


tan f tan (; ‘ — 
V 
z 
= A, sin 
cos (; ++) 


= sin = 
Us 
cos | f 


Solution Based on Sandwich-Plate Theory 

The lowest antisymmetric simple thickness-shear mode is also 
contained in the assumed form of the displacements in the sand- 
wich-plate theory in the companion paper.‘ For this mode, the 
first two of Equations (30) in the previous paper* reduce to 


— = plud; + + — v2) 
—Gih = + polit: + pala(di — v2) 
By substituting in Equations (8) 
= 


(8) 


the frequency equation is found to be 
[eit — + In) + — 
— + In) + + + 26,4, = 6 
(9) 
and, with a factor e neglected in writing as before, the displace- 
ments may be shown to be of the form 
u = Viz 


le 
— (Plu + Polo (z+ | (10) 


(Polis — Pola, )w* 


Making use of the notations given in Equations (5), we further 
write Equations (9) and (10) in the following form: 


Us 
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2 
(3rpr, + 4)f* — 12k (sn +1 + 


= 


K — (rar, + 


1/.)f2 (12) 
— (z+ 


In each specific case the value of k is determined so as to make 
the lower root of f calculated from Equation (11) equal to the 
lowest root of f given by Equation (6). The value of x is constant 
for a given sandwich plate but differs for sandwich plates with 
different values of the plate parameters, in contrast to the case 
of homogeneous plates in which we always have « = 72/12. 


us 


Ordinary Sandwich Plates 

For ordinary sandwich plates the ratio 7, is usually rather 
small, r, large, and r, very large, as compared to one. The frac- 
tion r,r,?/r, should therefore be much smaller than one for such 
plates, for which Equation (6) thus reduces approximately to 


f tan f = 1/r,r, (13) 
provided that f or V2 is sufficiently small. Similarly, the fre- 
quency equation (11) of the plate theory yields approximately, 
by omitting the first term, 


&= (rors +-! (14) 


The shear coefficient x for ordinary sandwich plates may now be 
determined from Equation (14) when f is first solved from 
Equation (13). It is interesting to note that « depends entirely 
on r,r, for such plates. 

It is also interesting to examine the limiting values of « for the 
case rpr,?/ru< 1. For r,r, equal to zero, the right side of Equa- 
tion (13) becomes infinite, and the lowest root is seen to be f = 
7/2. Equation (14) in turn yields k = 72/12, which is the value 
for homogeneous plates. On the other hand, for sufficiently large 
values of rpr,, Equation (13) becomes approximately 


f= 1/ror, 


and Equation (14) yields in the limit 


(15) 


k=1 


The limiting value of k = 1 is approached very rapidly as r,r, 
increases. For example, for r,r, = 1 and 2, the corresponding 
values of x are 0.988 and 0.996, respectively. For r,r, > 2, k 
may be taken equal to 1 without appreciable error. 

The value x = 1 implies that perfect match of the frequency 
of the simple thickness-shear mode is attained between the elas- 
ticity and sandwich-plate theories even when no correction factor 
is used in the latter. That this can be very nearly so, may be ex- 
plained by examining the corresponding mode shapes for such 
cases. For Equation (15) to be valid, f and f{r,r,2/ry)'/? in Equa- 
tion (6) must both be small so that they may replace their tan- 
gents. It follows that Equations (7) reduce to 


= 
1 


u 
Us 


which represent the approximate mode shape given by the elas- 
ticity solution. On the other hand, according to the sandwich- 
plate theory, the mode shape is given by Equations (12). For 
ordinary sandwich plates the approximate Equation (14) is 
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f? + 36x? = 0 
(11) 
7 
(6) 
( (7) 
— 
(16) 
| 


valid and r, is not zero; Equations (12) thus reduce to, also 
approximately 


4 

(17) 


The approximate mode shapes given by Equations (16) and (17) 
are obviously the same, which explains why the frequencies given 
by the two theories are also very nearly the same in those cases 
in which ryr,?/r4< 1 and r,r, > 2, even when no correction factor 
is used in the sandwich-plate theory. 


The Nonlinear Conical Spring 
R. SCHMIDT: and G. A. WEMPNER! 


Tue large symmetric deformations of shallow conical shells are 
of interest in the design of nonlinear conical] disk springs. In most 
applications a uniformly distributed axial load acts at the inner 
and outer edges; these edges are otherwise free. Several ap- 
proximations have been proposed to describe the behavior of 
these springs. A first approximation [1]? is based on the assump- 
tion that meridional! strains are negligible. This requires that the 
shell remain conical after deformation and also that the exten- 


sional strain of meridional lines on the middle surface vanish. 
Another approximation [2] retains only the assumption that the 
shell remains conical. The first assumption satisfies neither of 
the two boundary conditions at the free edges; the latter 
violates the condition of vanishing moment at the free edges. Re- 
cently the authors presented a series solution [3] for a special 
case, namely, the case of an annular plate under similar loading. 
Numerical solutions for the shallow conical shell under these 
conditions of load have also been obtained [4]. An examination 
of these results indicates that the meridional bending stresses are 
of much smaller magnitude than the circumferential bending 
stresses. Hence the present analysis is based on the neglect of the 
meridional bending moment. 


Nomenclature 
r,@ = polar co-ordinates of the middle surface 
a,b = radii to the inner and outer edges, respectively 


@ = initial slope of the cone 
h = thickness of the shell 
E = modulus of elasticity 
vy = Poisson’s ratio 
P = total axial edge load 
B = rotation of the meridian of the middle surface 
bu, bw = radial and axial displacement components, respec- 
tively 
N,, Ne = meridiona! and cireumferential tensions per unit 
length 
M,, Me = meridional and circumferential moments per unit 
length 
€,, = meridional and circunéerential extensional strains 


For convenience, the following dimensionless quantities are in- 
troduced: 

(1 — 
a=-, a =-, = = 

h 
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Differential Equations and Potential Energy 

For finite (but small) deflections the behavior of the shell is 
described by differential equations of the von Karman type [5). 
In the absence of surface tractions the differential equations, in 
dimensionless form (see Nomenclature), are [2] 


Pen 
[ = (ay, | = —(1 — pv?) ¢ B (la) 
da La da 2 a 


12 
(aB)| = NAB — - 4 (1b) 
da La da a 


The displacements u, w are given by the equations 


iN lw 
u v)N, +a = ‘| = B (2a, b) 


1 — da da 


and the tensions V,, Ng and moments M,, Mg by 


d 
Ne = =- (aN,) (3a) 
da 


M, 


(3b, c) 
da a a da 


The total potential energy V of the system is given by the in- 
tegral (in dimensionless form), 


1 
21 — pv?) 
Method of Solution 
The exact solution of the stated problem requires the solution 
of the nonlinear differential equations (la, b) subject to the 
boundary conditions 


N,(ao) = NL) = 0, Mao) = M1) = 0 (5a, b) 


If we exclude the case of a very small inner radius, previous studie® 
[3], [4] indicate that the meridional moment M, is small through” 
out the shell. Consequently a good approximation is obtained by 
setting MV, = 0. Then Equations (36, c) yield 
B= Me=(1-*) (6, 7) 

where C is a constant, as yet undetermined. 

By means of Equation (2b) the constant C is expressed in terme 
of the axial edge displacement we, 


1 
= Bda = (1 — ay'~”) (8) 
ay 


Also, from Equation (la) and the boundary conditions (5a), we 


have 
N, = — + Kia~*) 


— K, + Kya »| (9) 
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K, a? ’ 
— *”) 


1 — a? 


Ky ’ 
By means of Equation (3a) the circumferential tension N¢ is 
expressed in terms of the constant C. Thus all of the quantities 
appearing in the potential energy expression are expressed as 
functions of the independent variable @ and the constant C; 
or, equivalently, in terms of the edge displacement w) according 
to Equation (8). The desired relation between applied load p 
and displacement wo is obtained from the condition that the po- 
tential energy V, Equation (4), is to be stationary. That is, 


Ow 
The foregoing equation expresses the load p as a polynomial of 
third degree in C 
p = B(A\C + AC? + (10) 
where 
vy*Ke 


29? 
(2 — 


A 


- K, — (1 — —— K# |, 
a? 
3¢ 
4(1 — — pv) 
2 — + Sy? 1 — 
2 3p 1 — a? a? 
16(1 — v)? 
1 — 1 - 


A; 


B = (1 — — v?)(1 — ao?) /2v%1 — a! ~”) 


By means of Equations (3), (7), (8), and (9) the tensions N,, Ne, 
and moments M,, Mg may be expressed in terms of the displace- 
ment wo. 


Discussion of Results 

A graphical comparison of Equation (10) with the load-deflee- 
tion relations of previous analyses [1], [2], [4] is shown in 
Fig. 1. Itis noted that the present results are in very good agree- 
ment with previous numerical results [4]. 

An indication of the accuracy is obtained by a comparison with 
the series solution [3] fora flat plate. It is apparent from Table 1 
that the accuracy is very good for the parameters chosen. How- 
ever, it should be noted that the present approximation is invalid 


v=03, 


p=01, 


a= 0.4 
y =0.03 


Present 

-———-— Wempner (2) 
Almen-Laszio (1) 
Numerical (4) 


0 
We x 10° 
Fig. 1 


if the inner (hole) radius is small. This is not a serious limitation, 
since the inner radius is relatively large in most practical applica- 
tions. 
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Table 1 


p = 0.000, 041, 325 
a 0.5 0.6 
Approximate 0 
Series sol’n +0.00505 
Approximate +0.165 
Series sol’n +0.165 
Approximate +0. 251 
Series sol’n +0.249 
Approximate +0.911 
Series sol’n 2. +0.913 
Approximate +0.109 
Series sol’n +O. +0.108 
Approximate +4.01 


10° X w Series sol’n +4.04 
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» = 03 


y = 0.05, 

0.7 0.8 

0 0 0 
+0.0105 +0.0121 +0. 00862 
+0.135 +0.114 +0.0975 
+0.138 +0.118 +0.102 
+0.282 +0.220 +0.118 
+0.282 +0.221 +0.119 
+0.086 —0.483 —0.896 
+0.099 —0.473 —0.901 
+0. 104 +0.100 +0 0964 
+0.104 +0.101 +0 .0982 
+2.95 +1.93 +0.949 
+2.98 +1.96 +0 .969 
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+ 
K; = 
16 
1 — ay”) 
4 om 
/ 
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/ 
/ 
i = / 
— 
| 
A; 
= 0.5 
1.0 
M, 
+0.0850 
Me +0.0870 
10? x N, 
: 108 x Neo “133 
8 +0.0934 
+0.0956 
0 
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A Note on the Calculation of 
Shallow Shells 


W. FLUGGE! and D. A. CONRAD? 


In 1947, S. A. Ambartsumyan* presented a method for the 
calculation of shallow shells. The method depends on the separa- 
tion of the Fourier series solution into a portion recognizable as 
that of a flat plate under the same loading, and the remainder due 
to the small curvatures of the shell. In 1956 the present authors,‘ 
unaware of the Russian work, using the same method, computed 
some solutions for shallow spherical, cylindrical, and hyper- 
boloidal shells under corcentrated loading. The purpose of this 
note is to present these solutions ard to point out the substantial 
computational simplification which results from the method. 

Fig. 1 illustrates a shallow shell described by the distance 
2(z, y) of its middle surface from the z-y plane. The differential 
equations of the problem, including the effects of load and tem- 
perature are: 


1 Z 
= — — 2 
Da D + t ay. (AT) 
(1) 
Et 
+ = Eta V2 T 


where the various symbols are defined as follows: 


= normal deflection of shell 

= Airy stress function 

= bending rigidity = Et?/12(1 — pv?) 

= Young's modulus 

= shell thickness 

= Poisson’s ratio 

coefficient of thermal expansion 

= average temperature through shell thickness 
= temperature difference between shell surfaces 
= radius of curvature in y-direction 

= radius of curvature in z-direction 

= a/b 


SYR 2 E 


It has been assumed that the z and y-axes are projections of the 
lines of principal curvature and that these curvatures are con- 
stant. Note, however, that \ can be negative. 

The stress resultants are obtained from the Airy stress function 


ow, 


and the moment resultants and tangential displacements result 
from the stress-displacement relations, which can be written in 
the form 
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Fig. 1 Shallow sheil 
ou 1 w 
— vN,) 
or Et (N, v. ») + b + aT 
Et N, a 
l 
Ox? Oy? t 
wow (3) 
o*w » 
-8 [= + a(A7 
Et ov 
M., = — v) = = E + 
oroy 21 + v) Loy or 


The load and temperature terms are then expanded in double 
Fourier series and the solution taken in the same form. For 
simplicity, only the even portion will be considered here, so we 
expand the right-hand sides of equations (1) as follows: 


Z 
D 


A COB MI COB NY 


= B,,,, CO8 mz cos ny 
mA 
where 
i= » (5) 


with m’ and n’ integers and |; and /, the extent of the shell in the 
z and y-directions. 
The stress function and displacements then assume the forms 


¢= 5 ®,,,, cos mz cos ny 


mn 


w= > W nn COS MI COS NY 
m,n 


u= > U Sin mr COS ny 


mn 


(6) 


v= V nn COS MZ SIN NY 


Ly substituting the expansions into the differential equations 
(1) we find for ®,,,, and W,,,, 
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4% 
p 
¢ 

ox? dy?’ Ox? + oy? 
= 
| 


(m? + + B*) 


(m? + n2)*(1 + B?) 
where 


t m? + An? (8) 


(1201 — pa(m? + n*)? 


The corresponding values for the plate result when a —~ @, leaving 


EtB,,,, 


ang (m? + n?)? (m? + n?)2 


By separating the plate portion from the remainder, equation (7) 
becomes 


an MBA mn 
(m? + + 8?) 


PA. + 


(m? + n?)%1 + B?) 


‘The advantage that this form has over equation (7) is its superior 
convergence. The slowly converging parts now appear in the 
plate portion and the remainder is improved by the factor B? 
which goes like 1/m* and 1/n*. So if the plate solution is readily 
available, or can be obtained by other means, the separation indi- 
cated in equation (10) is of substantial benefit to the computation 
of shallow shells. 

The corresponding tangential displacement coefficients, which 
result from equations (3) by using equations (4), (6), and (7), are: 


A 
(n? — — 
— 


(m? — vn?)pB — - 
a 

[4.. 


+ + B) 
‘The plate portions are given by® 


mol + v) “ n(l + v) 
= 


= (12) 
m? + n? m? + n? 


mn 


It should be noted that the solutions developed here are com- 
_plete only in the case of freely supported boundaries, i.e. 


z= +1,/2:; w=0,M, =0,N, 
(13) 
y = +1./2: w = 0, M, = 0,N 


In this case there are shears N,,, M,, remaining on the 
boundaries. Other boundary conditions can be obtained by su- 
perposition of appropriate edge load solutions. 

To illustrate the application of the method, several examples 
have been computed, namely, the shallow sphere (A = 1), cylinder 
(A = 0), and hyperboloid (A = —1), acted upon by a single con- 
centrated force P at their center. For this loading, and for |; = 
l, = 1, the coefficients 

= pp? (14) 


5 The authors’ earlier equations’ corresponding to (11) and (12) 
specialized to the hyperboloid (\ = — 1) appear to be in error. 
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Fig. 2 — deflection along lines of symmetry 


CYLINDER, V(0, 


HYPERBOLOID, x 10°? 


=-U(X, 0) x 1072 


SPHERE, U(X, 0) = v(0, y) 
— 


“SCYLINDER, U(X, 


0.1 


My (x, 0) 


=My(0, y) 
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Fig. 4 Bending moment along lines of symmetry 


are independent of m and n. In fact, the series representation of 
the load does not even converge; however, its integrals do con- 
verge, and the solutions obtained from (10) and (11) yield the 
correct result. Figs. 2 to 5 show the results of the computations, 
which used only three terms of the series. The only constants 
specified are // V po = 102 and vy = 0.3. For comparison, the 
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Fig. 5 Tangential stress along lines of symmetry 


plate solution is also shown, and a solution for the simply sup- 
ported sphere taken from Conrad.‘ The condition for simple 
support is that u, v, w = 0 on all boundaries, M, = 0 on z = 
+ 1/2, and M, = Oony = +1/2. 

The results show that for the sphere not much stiffness is gained 
by restraining u and v at the edges, and that the stiffness of the 
hyperboloid is roughly equal to that of the flat plate. 
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A Solution of the Steady Linear Heat-Flow 
Equation With Heat Generation and Con- 
ductivity Arbitrary Functions of Temperature 


R. P. STEIN’ 


A REMARKABLY simple, direct, and general integration of the 
steady-state linear heat-conduction equation can be obtained for 
the case when both internal heat generation and thermal conduc- 
tivity are arbitrary functions of temperature. So far as the writer 
knows, this form of solution has not been reported elsewhere in 


the literature. 

Consider the homogeneous isotropic solid bounded by the 
At x = 0 the heat flux density into the 
For z > 0 the heat flux 
Heat is generated 


plane « = 0, andz = z. 
solid is gy and the temperature is &. 
density is g(a) and the temperature is ¢(x). 
within the solid at a local volumetric heat-generation rate equal to 
q,- The familiar steady-state heat-conduction equation for this 


d k dt 0 
dx dz 
For the case to be considered, both the thermal conductivity, 


and q, are arbitrary functions of ¢. Equation (1) is actually a 
combination of Fourier’s heat-conduction law, ; 


situation is 


(1) 
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and a simple heat balance over a differential element of solid 
thickness, 


dq =q dz. (3) 


Now multiply both sides of equation (3) by equation (2) and 
simplify as follows: 


dt 


qdq = —k rs q, dx 


d(q*) = —2kqdt 


Equation (5) can be directly integrated to give g? as a function of 
t. The square root is taken to obtain g with its sign chosen con- 
sistent with the direction of heat flow for the problem. Equation 
(2) is then used to eliminate g, and a second integration gives ¢ as 
a function of z. Thus a complete solution can be obtained with g, 
and k any known functions of temperature. (These functions 
may have finite discontinuities. ) 

For example, let qo and & be the known boundary conditions. 
The integrations proceed as follows: 


to 
g? — = of, kq,dt (6) 
= 2( to, t) (7) 
q = + (8) 

dt 
= —k (9) 

dx 

and finally 

(10) 


te k (A) dX 
‘ [qo? + 2 @(%, A)]'? 


where A is a dummy variable of integration. 
As a specific example, consider the case when go = 0, k = hy 
[1 + a(t) — t)], and g, = gwl[l + Bl& — t)|. For convenience, 


let 0 = t% —¢. The first integration gives 
1) = kogw[l + + 4 6 (11) 
and the second integration results in 
(12) 


( \'/; (°° (1 + ad) dd 
wie 24.0 0 ap 
+ + BA 4 3 


Although it does not appear possible to evaluate equation (12) in 
terms of known functions, graphical or numerical integration 
should not be too difficult. An interesting form of equation (12) 
is obtained when the following dimensionless parameters are in- 


troduced. Let 
= 0/0, 
a = ah 
b = 
where 
Gui 


Note that % is the temperature distribution for the case of a = 8 

= 0, ie., negligible temperature dependence of g, and k. 
With an appropriate change of the variable of integration, 

equation (12) becomes 
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” 
f 1 l ab v2 
+ +b)A*+ 3 ] 


Equation (13) is a convenient form for numerical, graphical, or 
power-series evaluation of 7 as a function of a and b. 

As another example, which leads to an interesting result, con- 
sider the case of an electrical current flowing through a metallic 
plate such that the volumetric heat-generation rate is approxi- 
mated by 


= 1 


(13) 


9 ~ ye (14) 
where ¥ is the electrical conductivity and € is the voltage gradient 
norma! to the heat flow. As with the previous example, take q = 
0 (i.e. let the plate be insulated at z = 0). Let 7) be the absolute 
temperature at z = 0, and 7 be the absolute temperature at any 
z > 0. Now, for most metals, the thermal conductivity tem- 
perature dependence can be satisfactorily represented by equa- 


tions of the form 
\* 


where n is a constant usually, but not always, larger than zero. 
For relatively pure metals at temperatures less than 0 C, equation 
(15) with n = 1 is known as Eucken’s relation and is quite ac- 
curate. At higher temperatures appropriate values of n satisfac- 
tory over moderate temperature ranges are usually less than 
unity. At very high temperatures, n may become negative. 
Almost always-—Tl 2 n 2 1. Lorenz’s equation predicts that the 
ratio of the thermal conductivity to the electrical conductivity is 
proportional to the absolute temperature. When combined with 
equation (15) this results in 


Use of these thermal and electrical conductivity temperature de- 
pendences with equations (7) and (10) results in the following 
dimensionless integral expression: 


20) us 1 dX 
) (1 (17) 
To 


Yo €* z* 
2ko 
Equation (17) is readily integrated for certain values of n. The 


following results have been obtained: 
(A) Forn = 1 (metals at low temperatures) 


(15) 


(16) 


where 


= 


6=T,-—T 
(B) For x = '/; (metals at moderate temperatures? ) 
6 = 


(For this case the effects of thermal and electrical conductivity 
temperature dependence on the temperature distribution evi- 
dently completely counteract each other.) 
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(C) Forn = —1 (metals at high temperatures? ) 


These results suggest the following generalization. With elec- 
trical heat generation in a metal plate, if temperature distributions 
are computed assuming thermal and electrical conductivities in- 
dependent of temperature, the fractional error will be less than 
the ratio of the temperature difference to the absolute tem- 
perature. 


Bending of Thin Rectangular 
Plates With Edge Beams 


M. N. KESHAVA RAO' 


Nomenclature 


w = deflection of plate at (z, y) 
q = load per unit area on plate at (z, y) 
a, b = dimensions of plate in z and y-directions, respectively 
flexural rigidity of plate 
= Poisson’s ratio 
= flexural ridigity of beam on edge £ = k 
torsional rigidity of beam on edge § = k 
= 
Sinh Ba 


Age = elastic restraint factor of plate at edge £ = k 
Mek = spring constant of elastic support at edge = 


TuHovuGH a number of problems occur in prac- 
tice, where a plate has beams on all or some of the edges, usually 
such elastic restraints are replaced by one of the ideal conditions 
such as a fully fixed or a simply supported or a free edge. In this 
Note, equations are given leading to the solution of the general 
problem of a plate with edge beams of different flexural and 
torsional rigidities. The same equations contain the solution 
for the ideal conditions also, as special cases, for the limiting 
values of the rigidities. Solution for plates partially fixed or 
elastically supported can also be easily included. 

The form of the solution and the notation adopted is that 
developed by Fletcher and Thorne? using finite Fourier 
transforms. The flexural and torsional rigidities of the edge 
beams are given by B and T, the subscripts referring to the 
edges. The loading is given by a function q(z, y) expressible as 
a multiple Fourier series as in [1]. Expression for the deflection 
w is taken in three parts as w = w, + W:; + @;. @ is the de- 
flection of the loaded plate simply supported on all edges. , is 
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the deflection of the plate with no load, such that deflections and 
moments on all edges are arbitrary except at the corners where 
the deflections are zero. This function contains eight sets of in- 
finite number of unknown coefficients, B,, to i, as in a paper 
by Fleteher and Thorne.? a, represents the deflection of a free 
plate bent by concentrated loads at the corners. 

The boundary conditions are written down as 


w,,(a, y) vw,,(a, y) D @,,,(4, y) (la) 

w,,(0, y) + vw, (0, y) = w,,(0, y) (1b) 
Ty 

w,,(2, b) + vw,(z,b) = — > Wyex(%, (le) 

w,,(2, 0) + vw,,(z, 0) = @y22(2, 0) (1d) 


B 
y) + 2 — vw,,,(4, y) = Wyyy4,y) (Ie) 


zoe 


= y) = D Wyyyy (9, ¥) (If) 


@,,,(0, y) +2 


B 
Wyyy(t, b) + 2 — b) = b) 


B 
0) + 2 — vw,,,(z,0) = > Wier, (Z,0) (1h) 


where the subscripts to w denote partial differentiation. 

These eight conditions give eight sets of equations for the un- 
known coefficients, B,, to i,, and can be put into simpler forms 
using formulas due to Estanave, given in footnote 2. 

Using the notation 
S = Sinh Ba; C = Cosh Ba, 

§ ="Sinh ab, C = Cosh ab, 


2d,, — 2vB8*a*B,, = B,, {SC + Ba} 


{8 + BoC 


+ 4B%a(—-1)" 


2 2 


a(2a? + 82) 
(a? + 82)? 


48? dan] 
+ ry a? + (2a) 


2e,, — = B,, {S + BaC} 
+ Ba} — BS {ac 
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a (a? B*)? 


h, i,} 


46° 
+o (*) 


2h, + a!) 


—* — = 
B(—1)" 
((-17°B,, C,} + — 4 dn — 
+ Fa + ad} G, {8 + 
ah, 
ast {ab —8c} += 8} 


(at + pyr} 
B(28? + a*) 


9; 
— WataG, = Tyo 


DLb & (a +B) 
- 
2aaG, 


- {ab — §} + fob — 8C} 
= Bann 9 
+ (a? + (24) 


—" {1 — (28C + Ba) +1+¥SC} 


2B 
D B‘a*B,, 


28 + BaC) + 14+ 8) + Bd, {1 — 
Ss? s? 


+ 1+ {1 — vBaC + 1 + 


a(2yv + le? + vB?) 
+ 46% a ‘ (a + {(-1)"F, — (-1)" 


ava? + 2 — vB) 
| 


4 aia? + 2 — vB?) 
(— 1)" (2e) 


(a? + 82)? 
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Neglecting in each set of these unknowns all after a certain 
number, depending on the accuracy required, it is possible to solve 
for these unknowns. The convergence of a few cases, involving 
such a procedure, is discussed elsewhere.* 

The solution may be easily extended to include that for a plate 
elastically restrained to different degrees on different edges. If 
the restraint is rotational (i.e., rotation = 4 X moment acting 
on the edge,* (la) has to be replaced by 


{(—1)" d,, — en} — — + ab) +1+ 


+ {1 = (28 + ab) + 1 + 


{1 — vab 4-1 + = {1 — vabC — 1 + 
ay 


+ 


as? 


4 (B? + 2 — va’) l 
Qma(—1)™ (2g) w,,(a, y) + vw,,(a, y) = w,(a, y) 


ath (a? + 


+ 18? + vat) , 
b (a? + i( ) m m 


— 
ab (a? + B2)? m 


- — 28 + abC) + 1 + vs} 


— »~2C8 + ab) + 14+ Cs} 
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in equation (2a). 
edges rest on elastic supports; i.e., with the condition, deflection 


which is equivalent to writing 


1 
Pee — 


A similar treatment is possible when the 


= uw X reaction on the edge. 
3S. P. Timoshenko, ‘‘Theory of Plates and Shells,” McGraw-Hill 
Book Company, Inc., New York, N. Y., 1940, p. 17. 
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BRIEF NOTES 


The Effect of Turbulence on 
Slider-Bearing Lubrication’ 


M. LESSEN.? The effect of turbulence on bearing lubrication 
may be qualitatively evaluated in the following manner. For an 
idealized model of a gas, statistical mechanics vields the form of 
the stress tensor as 


= Puiu; 


where p is density and u; is the peculiar (random) velocity of the 

articles of the gas. In turbulence the form of the Reynolds 
stress is the same except that the random velocity is that of the 
continuum. In both cases the magnitude of the stress is affected 
by the scale of the transport phenomenon. 

For the case of laminar flow, the scale of the transport phe- 
nomenon is the mean free path of a particle. In the case of tur- 
bulent flow, the approximate analog is the mixing length. Since 
the scale of the mixing length is much greater than that of the 
mean free path, the Reynolds stress is much greater than the 
viscous stress. Hence, qualitatively the turbulent situation should 
be and is roughly the same as a laminar situation with greater 
viscosity. 

The finer differences in the laminar and turbulent situations 
may be explained in the following manner: The mixing length 
varies across the flow region and hence the velocity gradient 
must vary accordingly. Where the mixing length is greater, the 
velocity gradient is least. In the laminar case, the mean free path 
is substantially constant over the flow field and hence so is the 
velocity gradient 

The authors are to be commended for carrying out a forthright 
and definitive investigation. 


J.M.ROBERTSON.*® As the authors note, it is now necessary that 
we consider the possibility of turbulent, rather than laminar, flow 
in lubrication problems. Their essay into this uncharted field is 
to be commended. Unfortunately, their model of turbulence is 
questionable and the solution obtained may be irrelevant to the 
problem. Thus, assumption AIV in regard to the lateral mixing- 
length and shear distribution in this turbulent flow seems in- 
appropriate while their justification for it is fallacious. Also, by 
inference from the velocity distributions shown, much too weak 
a turbulence has been assumed. 

The authors consider Prandtl’s assumptions for the mixing 
length | ~ y and then base their model on erroneous comments 
concerning the shear. Apparently it is not realized that Prandtl’s 
mixing-length model near a wall is independent of shear-stress 
considerations. Actually, near the wall Prandtl assumed that the 
shear stress, entering into his momentum-transfer equation, 
may be taken as a constant. This assumption is correct for the 
flat-plate boundary layer and yields satisfactory results for other 
flows, e.g., the wall region of a pipe, even though it is but an ap- 
proximation. Following the Prandtl model therefore, the authors’ 


1 By Ye Tsang Chou and Edward Saibel, published in the March, 
1959, issue of the JourRNAL or APPLIED Mecuanics, vol. 26, TRANS. 
ASME, vol. 81, pp. 122-126. 

? Professor, Engineering Mechanics Division, University of Penn- 
sylvania, Philadelphia, Pa. Mem. ASME. 

? Professor of Theoretical and Applied Mechanics, University of 
Illinois, Urbana, Ill. Mem. ASME. 
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statement of zero shear at y = 0, h cannot be justified. It is true 
that the turbulent portion of the shear must pass to zero as one 
approaches a wall from a turbulent-flow region. However, 
boundary conditions inside the laminar film (or sublayer) cannot 
be applied to a turbulent-flow model since this can only hope to be 
rational outside of the film. Therefore near y = 0, h the turbu- 
lent shear is finite. 

The flow solutions shown in Fig. 3 of the paper indicate a slight 
curving of the turbulent velocity profile about the profiles that 
would occur if the flow were laminar. Since these latter are 
closely linear, comparison with the case of plane Couette flow is 
appropriate. In plane Couette flow, which represents the limiting 
lubrication case of h = const (or the flow at the z-station where 
dp/dz = 0), a linear velocity profile is predicted in the laminar- 
viscous flow case. Several solutions for the turbulent velocity 
profile have been developed for plane Couette flow since Th. von 
Karman [1]* first attacked this case in 1937. All except one of 
these (S. I. Pai [2] in 1953 and modification by Yau Wu [3} in 
1958) are based on the fact that in this case for turbulent, as for 
laminar-viscous, flow the shear stress is constant from y = 0 to h. 
Various assumptions concerning the mixing-length or eddy-vis- 
cosity distribution then lead to solutions for the velocity profile. 
The solution by H. Reichardt [4] was based in part on his ex- 
perimental study of the velocity profile at Reynolds numbers 
(AU /v) of 5800 and 36,000. The approach introduced by Pai in- 
volves a rigorous solution to the Reynolds equations of motion, 
Equation (1) of the paper, in series form, which solution, however, 
loses any hope of achieving physical rationality. It develops that 
Pai assumed too weak a turbulence in the main portion of the 
flow and Wu has attempted to correct for this. As part of a study 
[5] of homologous turbulence under a National Science Founda- 
tion grant, the writer has developed yet another solution for tur- 
bulent plane Couette flow and has compared all the solutions with 
the results of experimental measurements. Fig. 1 shows the type 
of velocity profile obtained, in comparison with the laminar- 
viscous case. The turbulent profile is rather closely predicted by 
von Karman’s solution, if one chooses the proper skin friction, and 
by Reichardt’s and the writer's solutions which include predictions 
for the skin friction coefficient. 


* Numbers in brackets designate References at end of discussion. 
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Fig. 1 Viscous-flow velocity profiles for plane Covette flow 
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Comparison of the turbulent plane Couette-flow velocity profile 
with the profiles of the authors’ Fig. 3 strongly suggests that they 
have assumed much too weak a turbulence. Extension of the 
plane Couette-flow approach to the more general slider-bearing 
case is apparently rather straightforward, since all that is required 
is an appropriate relation for the lateral (y-wise) shear-stress dis- 
tribution at various z-stations. Owing to the obvious interest in 
the lubrication problem, the writer is currently performing this 
exercise but the calculations are not yet complete. 
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L. N. TAO. The authors are to be complimented for their 
rational analysis of the effect of turbulence on hydrodynamic lub- 
rication. This investigation is of special interest to the writer. 
In a recent publication® and a submitted paper,’ the writer also 
has analyzed bearing problems with turbulent flow. 

In the present discussion, only the assumptions employed by 
the authors will be discussed. The writer intends to supplement 
few additional justifications on some of the assumptions. 

The authors use the Reynolds equations of motion for turbu- 
lent flow and adopt the following assumptions: 


(a) No side leakage. 

(b) Order-of-magnitude approximation on account of the thin- 
ness of the oil film. 

(c) Negligible laminar friction. 

(d) An experimentally determined constant k. 

(e) Negligible inertial effect. 


On this basis they obtain a solution of a first-order approxima- 
tion. 

Within the scope of a two-dimensional bearing problem, the 
first two assumptions are certainly permissible. The third as- 
sumption is a common simplification in seeking solutions to the 
Reynolds equations of motion for turbulent flow. The justifica- 
tions of these assumptions are well explained in the paper. 

Adopting an experimentally determined constant in turbulent- 
flow problems is actually indispensable. In order to solve a 
dynamic problem it is necessary to have a stress-strain-rate rela- 
tionship. In laminar flow it is the linear expression of Newton's 
law of viscosity. In view of the invalidity of Newton’s law of 
viscosity in the turbulent regime, some other stress-strain-rate 
relationship must be used. The authors follow Prandtl’s mixing- 
length concept in pipe flow and propose a simple form 


pl? = kty(h — y) 


Though there is no experiments! verification of the validity of the 
expression, the concept is quite logical and reasonable because 


5 Department of Mechanics, Illinois Institute of Technology, Chi- 
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of the zero turbulent shear stresses at the walls. However, a re- 
finement may be suggested. Evidently, the value k* has a dimen- 
sion of density, hence it is neither a constant nor a dimensionless 
quantity. Rewrite k* in the form 


k? = pd? 


Here i? is a true dimensionless quantity, though it may or may 
not be a universal constant. Only experimental results can verify 
this unanswered question. 

As to the Jast assumption that the inertial effect is negligible, 
the writer may use the argument of his own analyses. As just 
mentioned, in a dynamic problem it is necessary to have a stress- 
strain-rate relationship other than Newton’s law of viscosity. 
Instead of expression (3) of the paper, Blasius’ law of friction has 
been used. It is well known that in the laminar case the ratio of 
the inertial force to the viscous force is of the order 


Inertial force 
Viscous force 


where Re is the Reynolds number and / is a physical linear 
dimension. By the adoption of Blasius’ law of friction, it can 
be easily verified that 


Inertia] force = (Ree *) 


Viscous force 


for turbulent flow. This expression includes the laminar-flow 
problem as a special case where n = 1. For fully developed tur- 


bulent flow the exponent n is smal], having a value between 0 and 
0.25. This indicates that for a Reynolds number of 10,000 in the 
turbulent regime the ratio of these forces will have, at most, the 
same order of magnitude as that of Re = 10 in the laminar case. 
Hence the assumption of ignoring the inertial effect in bearings 
with turbulent flow is justifiable. 


Authors’ Closure 


We want to thank Professors Lessen, Robertson, and Tao for 
their discussions. We are in complete accord with the comments 
of Professors Lessen and Tao. With reference to Professor 
Robertson’s comments, the authors are well aware that in his 
derivation of the universal velocity distribution law for pipe flow 
Prandtl assumed, in addition to | = ky, that the shearing stress 
remained constant in the entire flow field. This does not mean 
that the authors, in treating a different problem, must make the 
same assumption. Theirs is a finite convergence nonparallel 
plane Couette flow problem (h = A(x), dp/dz = 0) and not a pipe 
or parallel plate flow problem (h = const, dp/dz = 0). They as- 
sumed |? = k*y (h—y) in analogy with the first part of Prandtl’s 
assumption | = ky, but believed it improper to introduce 
Prandt!’s second assumption of constant shear. 

Professor Robertson also states that, ‘following the Prandtl 
model, therefore, the authors’ statement of zero shear at y = 0, 
h cannot be justified.”’ Again, the authors only used Prandtl’s 
mixing length concept in a general way and did not intend to 
follow Prandtl’s treatment for pipe flow in their problem. In 
fact, the authors’ assumption that the turbulent shear stress is 
zero at the walls has been used by many workers in the field, such 
as Schlichting and Pai. 

The authors are very much interested in Professor Robertson’s 
experimental results on Couette flow, but since these are as yet 
unpublished, are unable to comment. These experimental re- 
sults could lead to further refinement of the author’s work; how- 
ever, the physical aspects of his experiments should be carefully 
checked against the case dealt with by the authors before a com- 
parison can be made. 
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An Experimental Surface-Wave 
Method for Recording Force-Time 
Curves in Elastic Supports’ 


ENRICO VOLTERRA.” This paper is an important contribution 
in the field of stress-wave propagation. It furnishes a method for 
recording force-time curves when the well-known method, based 
on the use of the Hopkinson-Davies compression bar, fails be- 
cause of dispersion effects connected with short pulses. In fact, 
this new method records Rayleigh surface waves propagated on 
the plane surface of a solid block, which waves are not affected by 
dispersion. For recording the short pulses produced by the im- 
pact of smail hard-steel balls on the plane surface of the block, 
this method utilizes techniques already developed and used by 
one of the authors of this paper and described in previous papers 
{1, 2]. Another important feature of this paper is the experi- 
mental verification of Lamb’s theory of propagation of surface 
waves on elastic solids [3]. 

Concerning the verification of Hertz’s theory of impact, in 
addition to the works mentioned by the authors in their bibliogra- 
phy, two other papers could be mentioned. The first is by C. V. 
Raman [4] on transverse impact of elastic spheres on horizontally 
held infinitely extended plates of finite thickness. Raman derived 
a formula for the coefficient of restitution expressed as a function 
of the elastic constants and densities of the materials, the diame- 
ters of the spheres, the thicknesses of the plates, and the velocities 
of impact. In Raman’s paper [4], experimental results of hard- 
steel balls dropped on glass plates were compared with the 
theoretical ones. The second paper is by C. Zener [5]. In Zener’s 
paper a theory is developed for the study of short-duration im- 
pacts of spheres on large plates. Since the impacts were of short 
duration, the effects of the reflection from the boundaries of the 
plates were neglected. 

Table 1 of this discussion shows the principal results of some 
experiments, carried on under the sponsorship of the Office of 
Naval Research, on the longitudinal elastic irapact of steel balls on 
a very long cylindrical steel bar [6,7]. Balls of diameters ranging 
from 1 to 2 in. were dropped from heights ranging from 7.5 to 30 


1 By J. N. Goodier, W. E. Jahsman, and E. A. Ripperger, pub- 
lished in the March, 1959, issue of the JouRNAL or ApPLIED Me- 
CHANICS, vol. 26, TRans. ASME, vol. 81, pp. 3-7. 

? Professor, Department of Engineering Mechanics, The University 
of Texas, Austin, Tex. Mem. ASME. 

3 Numbers in brackets designate References at end of discussion. 


em to impact longitudinally a 1l-in-diam bar. The stress-time 
curves produced during the impacts were obtained from an 
oscilloscope record of the pulse waves measured by strain gages 
fixed on the impacted bar. The experimental results are com- 
pared with the theoretical results obtained by applying Hertz’s 
theory of impact. The nonlinear differential equation which was 
used in deriving the theoretical results to be compared with the 
experimental ones was the same as the one derived independently 
a year later by Goodier and Ripperger (6, 7]. The writer be- 
lieves that the lack of agreement between theoretical and ex- 
perimental results indicated in Fig. 6 of the paper is probably be- 
cause of the fact that the heights of drops were much larger and 
the times of contact much shorter than those used in Table 1. 

The writer wishes to congratulate the authors upon the work 
they have done in connection with this paper. 
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Authors’ Closure 


Professor Volterra’s discussion carries further the question of 
the applicability of the Hertz theory of impact of elastic spheres 
to impacts of spheres on other bodies—plane surfaces of large 
blocks, thin plates, and ends of cylindrical bars. In all these 
cases the conditions of the Hertz theory are not met for the reason 
pointed out in the paper in connection with the block, and yet in 
some a close correspondence of durations is found experimentally, 
and a more or less close correspondence of force magnitudes. 
In view of the violation of the Hertz conditions, the authors have 
taken the view that it is this agreement which calls for explanation, 


Table 1 Comparison between experimental and theoretica! results for impact tests 


~-Duration of—— 


pulse, 
microsec 

Ex- 

Ball Ball Theo- peri- 
diam, height, reti- men- Differ- 
in. cm cal_ tal ence 
30 75 78 
1.00 22.5 77 79 -+2.6 
15 80 82 +2.5 
{ 7.5 86 86 0.0 
30 95 97 +2.1 
1.25 22.5 98 102 +4.1 
15 102. 1 +2.9 
| 7 1 110 
30 20 124 +3.3 
1.50! 22.5 21 123) ++1.7 
15 2 +2.4 
{ 7.5 34 «136 41.5 
1.75; 51 0.0 
{ 78 61 1 —1.9 
2s ie i 
2.00) 15 80 180 0.0 
7.5 90 198 +4.2 
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-——Maximum—— 


amplitude, -—Peak times. 
microsec 
x- Ex- 
Theo- peri- Theo- peri- 

reti- men- Differ- reti- men- Differ- 
cal tal ence cal tal ence 
141 153 +8.5 35 +5.7 
119 120 36 +2.8 

92 97 42 40 —4, 
62 59 —4.8 41 40 —2.4 
202 212 ++5.0 43 4 +7.0 
171 181 +5.9 42 46 +8.7 
135 141 46 47 +2.2 
94 50 51 2.0 
270 284 51 54 +5.9 
2 229. +1.2 52 54 +3.8 
178 187 55 +7.3 
1 122.) +1.7 59 45 0.0 
330 353 -+6.1 58 61 +5.2 
280 302 7.9 59 63 +6.8 
223 256 +14.8 62 65 +4.8 
1 164 9.3 7 +1.5 
392 401 +2.3 65 68 +4.6 
349 67 69 +3.0 
7 290 +8.6 70 74 
181 182) 76 79 +3.9 
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rather than any lack of agreement. Hunter (Ref. [11] of the 
paper) has thrown some light on this for the block, and through 
his paper connection is made with the earlier work of Zener and 
Raman. 

It may be, as Professor Volterra believes and as the experimen- 
tal values he gives suggest, that experimental curves of the type 
shown in Fig. 6 of the paper would be in closer agreement with 
the Hertz curve if plastic flow did not occur. Yet the fact that 
the results actually obtained were closely repeatable in a large 
number of successive impacts on the same target seems to mean 
that plastic flow was not an important factor. A more extended 
investigation would be required to resolve these difficulties. 
The main purpose of the paper is to present the new method, 
with its present imperfections, in order that its potentialities as 
an adjunct to the Hopkinson pressure bar may be assessed. The 
authors thank Professor Volterra for his contribution to such an 
assessment. 


A Mathematical Model Depicting 
the Stress-Strain Diagram 
and the Hysteresis Loop’ 


JoDEAN MORROW.? This paper is of great interest to the 
writer. About a year ago, in the course of a study of mechanical 
hysteresis as a criterion for fatigue failure, the writer expressed 
mathematically a curvilinear stress-strain curve as the integrated 
behavior of a set of “domains’’ each having different flow-stress 
properties. The subject was discussed subsequently at a graduate 
seminar on flow and fracture under the title, “Yield by Do- 
mains.’’ The concepts involved are basically the same as pre- 
sented by the author. The approach, however, is from the op- 
posite direction; that is, a mathematical expression for a curvi- 
linear stress-strain curve of a polydomain mass is manipulated to 
obtain the frequency-distribution curve of the domain strengths. 
The development follows: 

Yield by Domains. The assumption is made that a body is com- 
posed of small discrete domains each having a stress-strain re- 
sponse like the author’s Fig. 3. The elastic modulus, EZ, is as- 
sumed to be the same for each domain, but each has a different 
yield point. It is presumed that as load is applied to a polydo- 
main mass, all domains experience the same strain in the diree- 
tion of loading. As the weaker domains yield, the distribution of 
stress across the body is not uniform. The weaker domains con- 
tinue to deform without increase in stress while the stronger 
domains still strain elastically. For any given average stress on 
a polydomain mass of unit area, there will be a certain fraction, 
k, of the cross section which is composed of fully plastie domains. 
Under these conditions the stiffness of the body or the tangent 
modulus, F,, will be 


= E(l — k) (1) 


The total strain in the direction of loading, €, of a body may be 
expressed as the sum of the elastic strain, €,, and the plastic 


strain, €,,: 


€, + €, (2) 


The strains €, and €, may be written as functions of stress, o, 
as follows: 


1 By I. R. Whiteman, published in the March, 1959, issue of the 
JouRNAL or AppLiep Mecuanics, vol. 26, Trans. ASME, vol. 81, 
pp. 95-100. 
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ao 


where €, and a, are known corresponding values of plastic strain 
and stress and where n is the slope of the log o — log €, curve.* 
Differentiating Equation (3) with respect to a, the reciprocal 
of the tangent modulus is obtained. 
1 


1 € o 

n 
— 4) 
E (+) 


Solving for Ey, substituting in Equation (1), and solving ex- 
plicitly for k, the following is obtained: 


an 
Ee, ( 
Since * is defined as the fraction of domains which have vielded 
at a particular stress, Equation (5) represents the cumulative fre- 
quency-distribution curve of the domain strengths. 
The frequency-distribution curve may be obtained by dil- 
ferentiating Equation (5) once with respect to ¢: 


n 
dk Ee, 


do 
Ee, \o, 

The types of cumulative frequency and frequency curve ob- 
tained for Equations (5) and (6) for two types of materials are 
shown in Fig. 1 of this discussion. 

Work is continuing on this subject. Space does not permit de- 
tails, but in closing the writer wishes to make a few comments 
concerning the promise of such an approach. 

For many years the concept of domain behavior has been a 


(5) 


a\l/n 


’ The plastic-strain function, ¢, is empirical. It_pre- 


sumes that a plot of log ¢ versus log ¢, is linear for the polydomain 
body. 


(a) MATERIAL WITH (b) MATERIAL WITHOUT 
A YIELD POINT A YIELD POINT 

4 4 


do 
| 


Fig. 1 Domain strength distribution for two types of materials 
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part of the thinking of people working in the field of flow and 
fracture. To physicists, the concept of a domain applies to dislo- 
cations and other atomic imperfections; to a metallurgist the con- 
cept may bring to mind slip bands, the random distribution of 
grain size and orientation in a metal, or possibly microresidual 
stresses. 

A materials engineer may think of “internal stress concentra- 
tions,”’ regions of nonuniform stress, and at least qualitatively be 
able to explain why there is such a thing as “size effect.”’ 

If solid-state physics and metallurgy concepts are ever success- 
fully “married’’ to engineering design, it is the writer’s opinion 
that the vows will be spoken in the language of statistical proba- 
bility based on a domain or single-element model. The author is 
to be congratulated for contributing to the vocabulary of this 
language. 


Author's Closure 

It is a pleasure to read the comments of Professor Morrow. 
Many attempts have been made to obtain a suitable formula 
to describe the stress-strain diagram in a form that lends itself 
to the study of fatigue failure. It is to be hoped through use 
of concepts such as domains or elements or whatever else is 
developed that eventually a better understanding will result. 

A model is of interest because its behavior is similar to that 
which oecurs in reality. Assumptions are made which are proba- 
bly not or are not fully realized in nature. However, if a 
better understanding of reality is obtained, this is more than 

ufficient justification for using the model. 

Attempts to correlate the fatigue limit with points or combi- 
nations of points of the stress-strain curve have not proved too 
fruitful: it is felt that if success is to be obtained that the curve 
in its entirety must be considered. 

Certain advantages accrue by describing the stress-strain curve 
in terms of some frequency distribution and being able to des- 
cribe resulting hysteresis loops in terms of this same frequency 
distribution. As changes take plaee, the state at any time is re- 
flected in the distribution; the frequency distribution at any time 
is some function of its past history. By the same token, starting 
with a known stress-strain diagram and a known history of the 
change of the hysieresis-loop width, the function which produces 
the history from the initial frequency distribution can be deter- 
mined. At hand, then, is a method for describing the changes 
which take place with time in a measurable fashion; this is what 
is required for a quantitative description of fatigue phenomenon. 


Theory of Flight of the 
Sounding Rocket’ 


R. A. STRUBLE.? This paper generalizes a closed-form solution 
of Blatz® apparently unknown to the author. The generalization, 
however, is superficial as the variable-drag-coefficient case 
treated by the author may be inferred from Blatz’s constant- 
drag-coefficient case. In fact, the term C;M~? in C, = Cy, + 
C);M~?* corresponds to a constant in the general equation of mo- 
tion, (2) of the paper, and thus may be absorbed (notationally) 
into the constant-thrust term. The mathematical solution of the 


' By V.C. Liu, published in the March, 1959, issue of the JourNaL 
or Apptiep Mecuanics, vol. 26, Trans. ASME, vol. 81, pp. 127-129. 

? Associate Professor of Mathematics, North Carolina State College 
of Agriculture and Engineering, Raleigh, N. C. 

P. H. Blatz, ‘Kinematics of a ‘Vertical Booster,’ Jet Propulsion, 
vol. 24, 1954, p. 37. 
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more general case is then effected by the constant-drag-coefficient 
solution. 

The author contributes materially to the usefulness of these 
closed-form solutions by a judicious choice of dimensionless per- 
formance parameters. His plots of these parameters versus alti- 
tude greatly facilitate trajectory calculations based on the 
analytical results. 

The restriction to constant atmospheric density in the power- 
flight analysis limits the closed-form solution to small changes in 
altitude. This is a serious handicap in sounding rockets and 
somewhat annuls the acute treatment of the variable drag co- 
efficient. In many cases, the variations in the drag term due to 
the density may be far more signifiant than those resulting from 
the drag coefficient! The writer suggests that both effects might 
be incorporated in the author's solutions. In fact, the empirical 
constants C, and C, impart very little physical significance and 
are merely selected to yield a good numerical representation of 
measured drag daia. Thus, since the drag force 


1 
D= pAvCy 


itself is require’ in the equation of motion, one might better 
choose C; and » as to obtain a good numerical representation 
of the complete drag term D and not just Cp. For accelerating 
rockets (the only atmospheric case for which an approximate 
treatment of the drag term is justified) the velocity v increases 
with altitude. Hence the density p, which decreases with alti- 
tude, will decrease with increasing velocity. A numerical repre- 
sentation depicting the decay of both p and Cp with v thus appears 
feasible and will yield better engineering results within the same 
mathematical framework. 

Such a procedure requires an a priori estimate of the density p 
as a function of »v (or M),‘ in addition to the measured drag data. 
Since the former ostensibly entails the trajectory solution itself, 
an iterative procedure is suggested. For example, one might ob- 
tain a preliminary estimate of the density-velocity relationship 
from a drag-free solution and plot (p/po)C p versus Mach number 
M. The decay of the latter with M is then depicted by appro- 
priate choices of the empirical constants C, and C; in the equation 


= CM 
Po 


A drag-free solution has been suggested as a starting point since 
the corresponding trajectories are readily available* and are 
inexact only as the drag becomes pronounced.’ Thus if the fore- 


‘going preliminary estimate is used, then the author's solution can 


be expected to yield a similar representation and in most cases no 
further adjustment of the empirical constants will be required, 
In any event, iteration may be employed to yield the best possible 
representation of the complete drag term. 

The free-flight analysis of the author appropriately includes 
variation of density with altitude. Interestingly enough, the 
latter closed-form solution has also been anticipated.* 


‘The dependence of sound speed on altitude may also be incor- 
porated so that Mach-number dependence becomes more realistic. 

5 Note that a displacement, i.e., altitude, versus velocity relation- 
ship is required. 

*H. D. Black, “Characteristics of the Vertical Trajectory,”’ The 
Johns Hopkins University Applied Physics Laboratory Report No, 
(M-9444, August, 1058. 

7R. A. Struble and H. D. Black, ‘A Generalized Closed Form for 
Burnt Velocity,” Jet Propulsion, vol. 27, 1957, pp. 151-155, 168. 

*H. G. L. Krause, “Strenge Integration der Bewegungsgleichung 
einer senkrecht aufsteingenden Rakete nach Brennschluss in der 
Erdatmosphar,"’ Space-Flight Problems, Switzerland Astronautical 
Society, Biel, Switzerland (lectures held during Fourth Astronauti- 
cal Congress, Zurich, 1953), p. 171. 
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Author's Closure 


The author® is indebted to Professor Struble for calling his at- 
tention to the work of Blatz.* 

The suggestion made by Professor Struble to take into account 
the variable density effect by using an iteration process in the 
power-flight analysis is a useful one. In fact, I might mention 
that in Ref. [3] of the paper under discussion the idea of using a 
preliminary estimate of the density-velocity relationship, as sug- 
gested by Professor Struble in the present discussion, had been 
incorporated in numerically integrating the equation of motion of 
a power-flight rocket. The difficulty in such an iteration method 
lies in determining in advance a suitable density-velocity relation- 
ship that is useful for a long-range power flight. One must keep 
in mind the fact that the most accurate method of treating the 
power-flight trajectory problem is available. This is by means of 
numerical integration of the equation of motion for the rocket. 
The purpose of my original paper under discussion is to present 
a simple labor-saving and useful approximation to this trajectory 
problem. For a multi-variable problem such as this, there are 
always numerous combinations of iteration processes that one can 
use to approximate the solution required. The degree of pre- 
cision of the solution obtained often depends on the time one can 
afford to spend. 


Forced Torsional Vibration of Systems 
With Distributed Mass and 
Internal and External Damping' 


J. D. SWANNACK.? The distributed-damping paper has 
been studied with interest. An exact solution for the distributed- 
mass torsional system seems to round out the practical calculating 
schemes. 

Some years ago, the writer’s company used viscous dampers. 
Experience indicated the viscous-damper effect was so great that 
all internal damping in the engine could be neglected. At that 

* Now Professor of Aeronautical Engineering, The University of 
Michigan, Ann Arbor, Mich. 

1 By K. E. Bisshopp, published in the March, 1959, issue of the 
JouRNAL or AppLiep Mecuanics, vol. 26, Trans. ASME, vol. 81, 
pp. 8-12. 

* Chief Design Analyst, Fairbanks, Morse and Company, Beloit, 
Wis. Mem. ASME. 
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time, complex Holzer methods were used even though distributed 
systems were used for undamped calculations. 

As a practical matter, if one has IBM equipment available, the 
Holzer method still would seem preferable. With a desk com- 
puter, the distributed-damping scheme shuld save time. 

Torsiograph tests have convinced the writer that engine damp- 
ing might be well approximated by external damping only. The 
algebra would be somewhat relieved to drop the internal-damping 
term. 

The author has contributed a number of useful methods for 
those who actually must carry out numerical vibration studies. 
As a last thought, even though it violates the spirit of the present 
paper, it would be interesting to see the damping concentrated at 
the location of the torque impulses (for the case of a multicylin- 
der engine). One then has a simple system between torques. 
Should the writer again have to make engine-damping calcula- 
tions, he would work out this last idea. The author’s comment 
on this would be appreciated. 


Author’s Closure 


Mr. Swannack’s comments are much appreciated. In reference 
to his suggestion that the damping be concentrated at the sec- 
tions where the torque impulses are applied, one can readily de- 
duce this solution from the results of the paper. For intermediate 
sections between torque impulses, x; = k2 = 0, hence g = 0, and 
Equations (8a) and (8b) reduce to 


u(x) = Ci cos pr + Cy sin pr 
v(x) = C; cos pr — C2 sin pr 
and similar simplifications follow in Equations (12) and (13). 


After working out the details of the analysis, one finds forfthe 
illustrative example discussed in the paper that 


Tee + we cos pt 
A Pp 


C,' 


Ae — cos p& 
A Pp 


— 

Ci’ + Cy’ tan p& 
= 0 

C.' — C2' tan 

0 


10" 
38.025 6: 0.45000 
39.41925 0.93300 
38.44835 0.91002 
35.17054 0.83244 
(29.78250 (0.70491 
—8.28929i) —0.19620i) 
+1 +0.236 
(22.60751 (0.53509 
—7.79192i) —0.18442i) 
+0.94000 +0.02225 
(14.07607 
—6.82705i) 
-82360 
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Holzer Table 1 
, Mass !o* M 
No. 108 ° 108 108 
1 38.055 38.025 @ 0 
2 2.535 1.39425 6 0 
3 2.535 0 
4 2.535 0 
‘ 5 2.535 1 — 8.28929) 6; 
6 2.535 
0 
7 2.535 (—3.36546 
+0.38062i) 6 0 
—0.04598 


| 
2 MASS METHOD 
2.0J010 
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BY DISTRIBUTED 
MASS METHOD /\ 
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| 
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+ oz t — 
| 
3 4 ott 2 7 
MASS NUMBER MASS NUMBER 
| 
0.04 
-2 Torque and displacement distribution for dam: 
Fig. 1 Torque and displacement distribution for nor- 
mal phase of motion 
Holzer Table 2 
Mass = M = 
1 38.055 —0.04737 —0.80124 0 —1.80124 84.5 —0.07132 
—0.02297i —0.87343i —0.87343i —0.01034 
2 2.535 —0.02605 —0.6604 0 —1.86728 42.25 —0.04420 
—0.01263i —0.3202i —0.90545i —0.02143i 
3 2.535 0.01815 0.04601 0 —1.82127 42.25 —0.04311 
+0.0880i +0.02231i —0.88314i —0.02090i 
4 2.535 0.06125 0.15527 0 — 1.6660 42.25 —0.03943 
+0.02970i +0.07529i 0 —0.80785i —0.01912i 
5 2.535 0.10068 0.25522 +0.80956 —0.60122 42.25 —0.01423 
+0.04883i +0.1238i +0.39265i —0.29140i —0.00690i 
6 2.535 0.11491 0.29130 0 —0.30992 42.25 —0.00734 
+0.5575i +0.14133i —0.15007i —0.00355i 
7 2.535 0.12225 0.30990 0 —0.00002 
+0.05930i +0.15033i +0.00026i 
where —-A =1+ (Te)? A comparative recalculation of the example given in the paper 


sin pl — ap cos pl 
cos pl + ap sin pl 


‘ 


ap cos (l — &) — sin (I — £) 
cos pl + ap sin pl 


Kk = nw/pGl, 
a = GI,/Iw 


Te, = x cos pé 
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with xk; = kp = 0 and all remaining parameters the same except 
n = 6000 gives the following Holzer tables and curves (Figs. 1 
and 2). 


Acknowledgment. The author is indebted to Mr. Ho Chong 
Lee of the Mechanical Engineering Department of Rensselaer 
Polytechnic Institute for aid in preparation of this reply. 
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Plastic Theory 


Plastic Design of Steel Frames. By Lynn 8. Beedle. John Wiley & 
Sons, Inc., New York, N. Y., 1958. Cloth, 9'°/4 * 6'/¢ in., xiii 
and 406 pp., illus. $13. 


REVIEWED BY W. J. HALL’ 


Tue theme of this recently published textbook is the applica- 
tion of the simple plastic theory to practical steel building design. 
The'first two chapters are devoted to a presentation of the simple 
plastic theory. This is followed by a description of two of the 
more common methods of limit analysis in this area, namely, the 
statical and mechanism methods. Axial loads, shear, buckling, 
and other miscellaneous topics are discussed briefly in Chap. 4. 
Next comes a chapter de ted exclusively to the design of con- 
nections, followed by a short chapter on deflections and rotation 
capacity. There are problems at the end of each of the first six 
chapters. The last three chapters, Design Guides, Continuous 
Beam Design, and Steel Frame Design, occupy almost one half of 
the book and contain a summary of design provisions and pro- 
cedures as well as a number of completely detailed illustrative de- 
signs. The emphasis on practical design should make this book 
of particular interest and use to design engineers. The book also 
serves as 4 practical companion reference to some of the more rig- 
orous theoretical works recently published in this field in this 
country and abroad, 


Nuclear Engineering 


Introduction to Nuclear Engineering. Second Edition. By Richard 
Stephenson. McGraw-Hill Book Co., Inc., New York, N. Y., 
1958. Cloth, 9'/4 * 6'/qin., xi and 491 pp., illus. $9.50. 


REVIEWED BY GLENN MURPHY? 


Tue second edition of “Introduction to Nuclear Engineering’’ 
differs from the first edition principally in the inclusion of infor- 
mation that has become available in the intervening four years. 
The new chapter that has been added on reactor core design is 
largely devoted to heat transfer with the inclusion of formulas on 
thermal stresses and four pages on hardware. It is rather unfor- 
tunate that the treatment in this chapter is not tied in with the 
chapter on reactor theory in such a way that it gives the reader a 
feeling for the influence of changes in the mechanical features 
upon the nuclear feasibility of the core. 

The author has added a new chapter on thermonuclear power 
“in case fusion should ever replace fission as a source of energy,”’ 
us he states in the preface. The treatment serves to give the 
reader a good introduction to the subject, and a number of refer- 
ences are included to assist those who are interested in more de- 
tails of specific portions. 

The second edition appears to be designed more for the prac- 
ticing engineer who has some background in the field than it does 
for the nuclear engineering student. The book has a decidedly 


! Associate Professor, Department of Civil Engineering, University 
of Illinois, Urbana, 

? Anson Marston Distinguished Professor of Engineering; Head, 
Department of Theoretical and Applied Mechanics; Chairman, 
Nuclear Engineering Administrative Committee, Lowa State College, 
Ames, Iowa. 
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practical tone and contains an abundance of descriptive material ; 
about fifty pages are devoted to descriptions of reactors. The 
book is well illustrated and well documented. 

The book touches on most of the topics associated with reactor 
engineering, but falls somewhat short of serving as an introduc- 
tion to nuclear engineering in that it does not include indications 
of the extensive industrial radioisotope utilization; the treatment 
of instrumentation is cursory, and the discussion of biological 
damage from radiation is scattered. The terms ‘‘health,’’ 
“safety,’’ “protection,’’ “damage,’’ or “biological damage’’ do not 
appear in the index. On the other hand, “hot channel factors’’ 
rates twelve entries in the index in various places. 

The second edition is definitely an improvement over the first 
edition and contains much to interest the reader who is interested 
in an introduction to reactors... .. 


Gas Dynamics 


Mathematical Aspects of Subsonic and T ic Gas Dy i By 
Lipman Bers. John Wiley & Sons, Inc., New York, N. Y., 1958. 
Cloth, 9'/4 X 6in., xv and 164 pp., illus. $7.75. : 


REVIEWED BY K. G. GUDERLEY® 


Tue BooK by Dr. Bers is one of a series of survey articles in 
applied mathematics. According to the preface, “they are aimed 
not so much at the research specialist ...as...at a broader 
mathematically literate audience looking for contemporary in- 
formation ... whether it be for the use in classrooms and semi- 
nars, or for the sake of possible applications to problems in other 
fields of science and engineering or simply for reasons of personal 
interest.’’ These remarks may be supplemented by some sentences 
of the introduction: ‘This report on subsonic and transonie gas 
flows is written from the point of view of the mathematician. The 
choice of the material was greatly influenced by this point of view 
and the author’s personal interest . . . we shall confine ourselves to 
problems which have been treated with a certain degree of so- 
phistication.” 

A reader, particularly with the background of the physicist or 
engineer, will do well to keep these limitations in mind. The 
language is that of the mathematician, and no pretense is made to 
motivate the work done by its applicability. But this should not 
be considered as a drawback, for this approach is completely in 
keeping with the subject. An exception are the last twenty pages, 
which show examples of transonic-flow patterns. Seen from a 
mathematical point of view (without a physical motivation), 
these problems are rather uninteresting. Quite likely, this feel- 
ing is shared by the author. Inaccuracies in certain historical re- 
marks, in details of many figures and gaps in the material pre- 
sented, would thus find their explanation. 

The first chapter gives the basic differential equations of the 
gas flow and of the hodograph and a rather complete survey of 
modifications which one may use to make the equations more 
tractable. A section on particular solutions of the hodograph 
method goes far beyond the standard tools of the aerodynamicist. 
The second chapter, mathematical background of subsonic flow 
theory, is concerned with the basic properties of the flow differen- 


‘thief, Applied Mathematics Branch, Aeronautical Research Labo- 
ratory, Wright Air Development Center, Wright-Patterson Air 
Force Base, Ohio. 
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tial equation. Besides some less esoteric subjects, such questions 
as smoothness of the solutions, unique continuation, maximum 
principle, quasiconformal mapping, pseudoanalytic function, and 
solutions in function space are treated. Chap. 3 gives some ap- 
plications to problems in subsonic flow. Chap. 4 shows the 
mathematical background of transonic gas dynamics. The im- 
portant discussions of the proper formulation of mixed subsonic- 
supersonic boundary-value problems is its main concern. Chap. 
5 treats, first, subsonic flows with local supersonic regions and the 
important mathematical question of existence of such flows. 
This part will be of great interest to the aerodynamicist who may 
not be familiar with the original papers. Finally, there is a dis- 
cussion of a number of transonic-flow problems. 

The author has a great gift of presenting the essential ideas—in 
particular the more abstract mathematical questions—in a very 
lucid form. Naturally, the study of his book cannot replace the 
study of the original papers, but the book enables the reader to see 
the various methods in «. perspective which would be very difficult 
to obtain by a direct study of the voluminous literature. Thus the 
aim of this article has been accomplished in an excellent manner. 


Physics 


Handbook of Physics. Edited by E. U. Condon and Hugh Odishaw. 
McGraw-Hill Book Co., Inc., New York, Toronto, London, 1958. 
Cloth, 10'/sin. X 7'/:in., xxvi and 1458 pp., illus. $25. 


REVIEWED BY D. C. DRUCKER‘ 


A most distinguished list of almost 90 contributors guarantee 
a very interesting and valuable book for the research engineer who 
must make more and more of physics his working tool. Dr. Con- 
don sets the tone for much of the work by the very appropriate de- 
vice of writing the introductory chapters of six of the nine parts of 
the Handbook: atomic physics, optics, heat and thermodynamics, 
electricity and magnetism, mechanics of deformable bodies, and 
mechanics of particles and rigid bodies. He contributes also to 
Part 1 on mathematics and is acknowledged in Parts 8 and 9, on 
the solid state, and nuclear physics. 

As may be proper for a book written for physicists, the treat- 
ment of applied mechanics of solids is on the level of introductory 
lessons to graduate students. In this area it does not contain a 
compilation of useful results for the specialist nor are the ref- 
erences in general to the most modern or advanced work as in the 
chapter by Dr. Seeger on fluid mechanics. 


Jet Propulsion Engines 


Jet Propulsion Engines. Edited by O. E. Lancaster. Princeton Uni- 
versity Press, Princeton, N. J., 1959. Cloth, 9'/2 X 6'/: in., xvii 
and 799 pp., illus. $20. 


REVIEWED BY B. H. GOETHERT® 


Tuts book is one of the well-known volumes of the “High 
Speed Aerodynamics and Jet Propulsion Series’’ published by 
Princeton University Press. It gives an extensive treatment of 
the wide field of jet propulsion ranging from the primitive historic 
forms of jets to the various forms of air-breathing jet engines and 
finally to the modern rocket engines of various types. This 
book is written in the language of the engineer and assumes as a 
prerequisite the knowledge of the fundamental laws of physics 
and chemistry as presented, for example, in the various other 
4 Professor and Chairman, Division of Engineering, Brown Univer- 
sity, Providence, R. I. 
+ Chief, Engine Test Facility, ARO, Inc., Tullahoma, Tenn. 
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volumes of the high-speed aerodynamics series. It is notable 
that for each major chapter of this book a separate litera- 
ture list is assembled. 

The individual chapters of this volume are written by well- 
known engineers and scientists in the particular field; for ex- 
ample, turbojet engines by C. A. Meyer; turboprop engines by 
Ivan H. Driggs and Otis E. Lancaster; ramjets by DeMarquis 
D. Wyatt and Bruce T. Lundin; intermittent jet engines by 
Joseph F. Foa; liquid-propellant rockets by Martin Summer- 
field; solid-propellant rockets by C. E. Bartley and Mark M. 
Mills; ram-rockets by Irvin Glassman and Joseph V. Charyk; 
jet rotors by A. Gail; nuclear engines by Ratph Zirkind; and 
future prospects of jet propulsion by F. Zwicky. 

First, a very informative chapter on the history of jet propul- 
sion is presented. The most important milestones in the develop- 
ment of air-breathing engines and rocket engines from the first 
modest attempts to the present-day sophisticated engines are 


described. Extensive chapters of the book are devoted to the - 


various types of air-breathing engines, like turbojets and their 
various modifications, ramjets, intermittent jets, ete. Emphasis 
is placed on the analysis of the gas cycles involved, deriving the 
various forms of efficiencies and investigating which type of 
engine offers the most favorable conditions for high efficiencies or 
high specific thrust output. It allows the reader to obtain a quick 
and fundamentally correct over-all picture of the merits of the 
various propulsion systems for different applications. A selected 
group of quantitative values for specific engine parameters, 
like unit mass flow, unit weight, specific fuel consumption, ete., 
are summarized in graphs for a large number of specific engines 
in the past 20 years. 

In a similar manner, the performance of liquid-propellant as 
well as solid-propellant rockets are analyzed. Starting with the 
equations for an ideal rocket engine, the numerous departures 
from ideal behavior are covered in detail. Particularly, the 
various types of combustion instability and hot starts are discussed 
and suitable rules for suppressing these detrimental phenomena 
are reviewed. 

A jet propulsion review would be incomplete when the potential 
of atomic energy for propulsion purposes would not. be considered. 
Due to security restrictions, however, only the basic principles as 
far as are covered in the published literature could be discussed. 
This section presents a condensed valuable review of the problems 
associated with the design of nuclear reactors without being 
specifically restricted to jet propulsion. The book concludes 
with a comparative discussion of the potential of numerous pos- 
sible propulsion systems on the basis of the fundamental laws of 
science. 

In summary, the volume “Jet Propulsion Engines’ with its 
extensive review of present-day propulsion techniques and po- 
tential of new principles, backed up by a large list of references, 
is a valuable book for the practical engineer engaged in engine 
development and testing, and the student as an introduction to 
the propulsion field. 


Stress and Strain 


Introduction to the Theoretical and Experimental Analysis of Stress and 
Strain. By A. J. Durelli, FE. A. Phillips, and C.H. Tsao, MeGraw- 
Hill Book Co., Inc., New York, N. Y., 1958 (Series in Mechanical 
Engineering). 498 pp. $12.50. 


REVIEWED BY D. H. PLETTA® 
Tuts book is intended to introduce engineering seniors or first- 
year graduate students to the theory of elasticity (Part I) and to 
experimental stress analysis (Part Il). The first six chapters 


* Professor and Head, Department of Applied Mechanics, Virginia 
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develop the elasticity equations for the three-dimensional state 
and apply this theory mainly to two-dimensiona! problems. 
There is an excellent discussion of the various methods for repre- 
senting stress and strain graphically. These include the stress 
ellipse, Cauchy’s stress quadric, Mohr’s circle, the diadic circle, 
and so on. This treatment will prove helpful to a beginner. A 
chapter is devoted to the properties of families of curves en- 
countered in experimental analysis, such as isoclinics, isobars, etc. 

Part II deals with strain measurements and gives an excellent 
treatment of the application of statistical methods in experimen- 
tal analysis, and of dimensional analysis as well. Photoelas- 
ticity and bonded electrical strain gages are mentioned briefly. 
The main emphasis is placed on grid methods, brittle coatings, 
and stress coat. A chapter on mechanical strain gages +s also 
included. 

The book has a lucid style and treats topics so thoroughly that 
individuals wholly unfamiliar with this subject should have little 
difficulty following the text material or problems. On the other 
hand, even an expert will find a study of much of Part II worth 
while. A series of exercises is included for most of the chapters 
which should make it valuable as a text. References are cited in 
only a few of the chapters, but this omission in the remaining 
portion of the book is probably not serious. 


Engineering Handbook. Edited by H. Etherington. McGraw- 
Hill Book Co., Inc., New York, 1958. 1872 pp. $25. 


REVIEWED BY R. J. GOLDSTEIN’ 


Tuis latest and without doubt most ambitious compilation of 
nuclear technology by some 70 contributors falls in the category 
of a general reference work. It follows the trend in present-day 
handbooks toward greater emphasis on presentation of formally 
written articles rather than primarily a collection of tables. 
Considerable tabulated data are of course requisite in a work of 
this type and are present in the various sections. The diversity 
of technical fields that converge into nuclear engineering is amply 
shown by the coverage extended to such subjects as mathe- 
matical analysis, nuclear physics, isotope separation, chemistry, 
health physics, reactor control, heat transfer, reactor materials, 
and mechanical design among others. 

Of particular interest to readers of this journal are the sections 
on fluid flow, heat removal, and thermal stresses. The first two 
of these contain a large amount of information in a very handy 
presentation. They do, however, lack a certain freshness, es- 
sentially being abridgments of similar material recently presented 
by the same author in a separate book. The section on thermal 
stresses is quite brief. Physical properties of heat-transport 
fluids are tabulated, and the thermal properties of solids often 
encountered in reactors or associated equipment are presented 
in various sections. 

The editor and the authors have concentrated on a logical 
presentation of a tremendous amount of information including 
theory, experimental data and properties, empirical correlations, 
and descriptive material. The lack of rigor is understandable, in 
fact, desirable in such a handbook. Adequate references are 
given to aid in the pursuit of further information. 


7 Assistant Professor of Engineering, Brown University, Provi- 
dence, R. I. 
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Classical Mechanics 


Classical Mechanics. By J. W. Leech. Methuen & Company, Ltd., 
London, 1958, and John Wiley & Sons, Inc., New York, N. Y., 
1959. Cloth, 149 pp. $2.50. 


REVIEWED BY &. B. LINDSAY® 


Tue appearance of this new volume in the very useful “Me- 
thuen’s Monographs on Physical Subjects’’ is a welcome indica- 
tion of the realization of the importance of classical mechanics as 
a foundation for a large part of modern theoretical physics as well 
as its applications. There has grown up in some quarters a 
tendency to short circuit basic classical mechanics in order to 
enable the student to pass more quickly to quantum and statisti- 
cal mechanics as well as the more advanced parts of applied 
mechanics for engineers and applied mathematicians. Though 
understandable in part from the exigencies of time, it is never- 
theless an unfortunate attitude. It provides a challenge to the 
clever expositor to provide in relatively brief compass a treatment 
of those aspects of the subject which are pf greatest importance 
for the future investigator. The author of the present volume has 
met this challenge rather well and has produced a well-written 
book which should be of value to students of physics, engineering, 
and applied mathematics. 

Emphasis is properly placed on the prime position of the La- 
grangian and Hamiltonian formulations. These are deduced in 
the first instance from Newton’s laws, but are later shown to be 
derivable from a variational principle like that of Hamilton. The 
classical transformation theory is explained and Poisson brackets 
are introduced in order to smooth the transition to quantum 
mechanics. The Lagrangian and Hamiltonian methods are also 
applied to continuous systems and this gives a chance to discuss 
the classical mechanics of fields. There is a brief treatment of 
relativistic mechanics. 

The analysis does not demand much beyond a working knowl- 
edge of calculus and differential equations. Though the reason- 
ing is couched in very concise terms, methods and results are in 
most cases illustrated by well-chosen examples. 


Sound Pulses 


Sound Pulses. By F. G. Friedlander. Cambridge University Press, 
New York, N. Y., 1958. Cloth, 8°/, X 5°/s in., xi and 202 pp., 
illus. $7.50. 


REVIEWED BY R. B. LINDSAY’ 


Tue term “sound pulse” as used by the author of this book 
refers to an aperiodic disturbance in an elastic fluid medium, 
which has a clearly defined front. The book is devoted to a 
mathematical discussion of such pulse fronts treated as charac- 
teristics of the acoustical wave equation. The treatment is 
restricted to the linearized case, but shock-front propagation is 
discussed as an example of geometrical acoustics. 

The author gives detailed analysis of such problems as the 
reflection of a pulse by surfaces of revolution and the diffraction 
of a pulse by a wedge. The book is primarily a mathematical 
exercise in the theory of linear partial differential equations of 
the hyperbolic type, but many of the results obtained will be of 
use to workers in the field of practical wave propagation. 


* Dean of the Graduate School and Hazard Professor of Physics, 


Brown University, Providence, R. I. 
* Dean of the Graduate School and Hazard Professor of Physics, 


Brown University, Providence, R. I. 
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fouanat of APPLIED MECHANICS 


Please 

address all 
communications 
to: 


Technical Editors 
Journal of Applied 
Mechanics, ASME 
Division of Engineering 
Brown University 


Providence 12, R. I. 


* Manuscripts should be submitted in final form to the Technical Editors. Each 
manuscript must be accompanied by a statement that it has not been published 
elsewhere nor has it been submitted for publication elsewhere. A paper which 
would occupy more than five pages of the Journal may be returned to the author 
for abridgment. 


e The author should state his business connection, the title of his position, and 
his mailing address. A short abstract (50 to 100 words) should be included on 
the first page immediately preceding the introductory paragraph of the paper. 


¢ Three copies of the manuscript are required. One of these must be a carefully 
prepared printer’s copy, typed in double spacing, on one side of the page only, 
with wide margins, on 8), by 11-in. opaque white paper. Mimeographed manu- 
scripts, if prepared with exceptional care, can be accepted soathiel they are com- 
pletely edited. 


e As far as possible, all mathematical expressions should be typewritten. Greek 
letters and other symbols not available on the typewriter should be carefully in- 
serted in ink. Care should be taken to distinguish between capital and lower- 
case letters, between zero (0) and the letter (O), between the numeral (1) and the 
letter (/), etc. A letter representing a vector cannot be printed with an arrow 
above or below it. The letter should be underscored with a single wavy line, 
wherever it appears in the text, to designate boldface type. A list of symbols 
carefully marked for the use of the editor (thus: «, Greek I.c. kappa), if it has not 
been included in the body of the paper, should accompany the manuscript on a 
separate page. 

e Before preparing a manuscript the author should study printed articles in the 
Journal, with special attention to the form and style of mathematical expressions, 
tables, footnotes, references, and abstract. Numbers that identify mathematical 
expressions should be enclosed in parentheses. Numbers that identify references 
at the end of the paper should be enclosed in brackets. Care should be taken to 
arrange all tables and mathematical expressions in such a way that they will fit into 
a single column when set in type. Equations that might extend beyond the width 
of one column (fractions that should not be broken or long expressions enclosed 
in parentheses) should be rephrased to go on two or more lines within column 
width. Fractional powers are preferred to root signs and should always be used 
in more elaborate formulas. The solidus should be used instead of the horizcn- 
tal line for fractions wherever possible. 


e A normal paper should not exceed five pages in the Journal. It is about 6000 
words or twenty to twenty-five double-spaced typewritten pages inclusive of draw- 
ings. A Brief Note should not exceed 750 words or about one column in the 
Journal inclusive of drawings. 


e Originals and two copies of figures must accompany the manuscript. Line 
drawings should not be larger than 8'/, X 11 inches and should be planned for 
reduction to column width. Lettering should be large enough to be clearly 
legible when the illustration is reduced. The originals of line drawings must be 
in India ink on white or pale blue tracing paper or tracing cloth. Photographs 
of equipment or test specimens must be glossy prints sal cena be used spar- 
ingly. Captions for figures should be typed double-spaced and included as the 
last page of the manuscript. The figure number and author's name should be 
written in the margin or on the back of each illustration. 


e Titles of papers should be brief. 


e Authors can obtain copies of the ASME Manual MS-4, “An ASME Paper,” from 
the Technical Editors and are urged to do so before drafting their papers in final 
form. 


e Papers published in the Journal of Applied Mechanics must be presented ata 
Meeting, either in person or by title. Scheduling of papers is in the hands of 
the Secretary of the Applied Mechanics Division. Authors should indicate their 
preference in this respect to the Technical Editors when submitting a paper. 


e An author is entitled to 25 preprints free of charge (in the case of two authors, 
15 each; three or more authors, 10 each). Larger quantities of preprints or re- 
prints can be ordered from Editorial Department, The American Society of 
Mechanical Engineers, 29 West 39th Street, New York 18, N. Y. Quotations 


will be sent on request. 
ASME Publications Committee 
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TENTH INTERNATIONAL CONGRESS OF 
APPLIED MECHANICS 


Stresa, Italy, August 31-September 7, 1960 


The technical sessions of the Congress, apart from a number of invited general lectures, will 
be held in two sections: 


Section 1: Fluid dynamics (hydrodynamics and aerodynamics) 


Section 2: Mechanics of solids (rigid-body dynamics, vibrations. elasticity, plasticity, and 
theory of structures) 


It should be noted that thermodynamics and computational methods as such are not in- 
cluded, although specific applications of computational methods to pertinent problems of one 
of the two sections mentioned are acceptable subjects for papers to be read at the Congress. 


Abstracts of papers should be submitted in four copies to Dr. W. C. Koiter, Secretary of the 
international Committee, Prof. Mekelweg 2, Delft, The Netherlands, before January 1, 1960. 


The abstracts should not exceed two typewritten double-spaced pages, but in no case should 
they exceed four pages. It is recommended that abstracts be in two of the official Congress 
languages (English, French, German, and Italian). Authors are urged to make their abstracts 
as clear as possible, since selection of papers has to be based upon them. Decisions of the 
Program Committee are final, and it will be understood that it is impossible to enter into corre- 
spondence about them with authors of papers. Authors will be informed promptly of the 
decision on each paper. - 


Day-by-day organization of the Congress is effected by the Italian Organizing Committee 
(President: Prof. G. Colonnetti. Secretary: Dr. F. Rolla). Information on accommodations, 
also registration forms, should be addressed to: Dr. F. Rolla, Consiglio Nazionale delle 
Ricerche, Uffizio relazioni internationali, Piazza delia Scienza 7, Rome, Italy. 


The Proceedings of the Congress will contain the invited general lectures at full length and 
abstracts of papers accepted for presentation at one of the sections. Authors are therefore 
permitted to submit their papers for publication in a scientific journal provided that such pub- 
lication should not occur before the presentation of the paper at the Congress. 


Executive Committee ot Cc. B. Biezeno, President; 
the International Committee for the Richard V. Southwell; 
Congresses of Applied Mechanics: W. T. Koiter, Secretary. 
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